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Classic volume comparison theorem
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Classic volume comparison theorem
Suppose (M", g) is a closed Riemannian manifold with

Ricg > (n—1)g,

then
Vm(g) < IS
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m Assumptions about Ricci curvature:

Ricg > (n—1)g;

m Ricci curvature controls Jacobi field.
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Question: Can we replace the assumptions on Ricci curvature with scalar
curvature?

Answer: It depends.
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V-static metrics
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For a given manifold M", consider the volume functional

Vis(e) = | v,

with constraint
g € C:={g: Ry = constant}

and
g|TaM =7
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Miao and Tam calculated the Euler-Lagrange's equation of the functional:

vz f = ng — gAzf — fRicz = kg,
where f Z 0 is a smooth function on M and x € R.

Metrics satisfies such a equation, is called V-static metrics.
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m For Kk = 0, V-static metrics are simply vacuum static metrics:
typically spatial slices of Schwarzchild, de Sitter/Anti-de Sitter,
Narai space-times etc.

m For f = 1 constantly, V-static metrics are simply Einstein metrics
with scalar curvature —nk: typically S”, H" and Ricci flat manifolds.
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Theorem (Corvino-Eichmair-Miao, 2013)

Let (M, g) be a Riemannian manifold and Q C M be a pre-compact
domain with smooth boundary. Suppose (2, g) is not V-static, i.e the
V-static equation only admits trivial solutions in C*°(2) x R. Then there
exists an dg > 0 such that for any (p, V) € C>°(M) x R with

supp(Rs — p) C Q and

I|IRg — pllci(a,z) + | Vola(g) — V| < do,

there exists a metric g on M such that supp(g — &) C Q, Ry = p and
Volo(g) = V.
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Question: What about V-static metrics?

Answer: Yes for geodesic balls; it depends for closed manifolds.
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Volume comparison for V-static geodesic balls
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Theorem A (Y., 2016)

For n > 3, suppose (M", g, f,k) is a V-static space. For any p € M with
f(p) > 0, there exist constants ry > 0 and o > 0 such that for any
geodesic ball B,(p) C M with radius 0 < r < ry and metric g on B.(p)
satisfies

B Ry > Rg in B,(p)
m Hg > Hz on 0B,(p)
m g and g induce the same metric on OB, (p)
m [|g - Zllc2a.(p)2) < €0/
the following volume comparison hold:
m ifk <0, then Volo(g) < Vola(g);
m if K > 0, then Volo(g) > Volo(8);

with equality holds in either case if and only if the metric g is isometric
to g.
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m Considering the functional
Flgl = Jo R(g)fdvolz + 2 [+ H(g)fdog — 2kVu(g);

m Fixing the gauge: 3¢ : Q — Q with ¢|,, = id and

m Considering the expansion

Flel=Flal-F (1)~ &) 1) = [ (Ry = Re) fdvolg+h+ By
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m Assume ﬁ(Vo/Br(p)(g)*g) — Vo/B,(p)(g)) <0;

m An Eigenvalue estimate:

1

m Using mean curvature comparison:

Ba > —C[hl|c1(s,(p) HhHW12 (B.(p))’

m Obtain rigidity:

[hl[wr2@) < CllAllcx @Al

implies that h = 0, since ||h|[c>(q) small. ie. v*(g) = &.
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m By replacing (f, k) with (—f, —k), we only need to consider the case
f(p) > 0;

m If kK =0, V-static metrics reduce to vacuum static metrics. Under
same assumptions on g, Qing-Y. showed rigidity holds and thus
volume keeps the same.
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Volume comparison for closed Einstein manifolds
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Schoen’s Conjecture A

For n >3, let (M",g) be a closed hyperbolic manifold. Then the
Yamabe invariant
Y (M) :=sup Y(M, [g])

&]

is achieved at the hyperbolic metric g.

Schoen’s Conjecture B

Forn >3, let (M",g) be a closed hyperbolic manifold. Then for any
metric g on M with
Ry > Rg

we have the volume comparison

Volu(g) > Volu(g).
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Schoen’s Conjecture A & B are equivalent!
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Corollary B (Besson-Courtois-Gallot, 1991; Y., 2016)

For n > 3, let (M", g) be a closed hyperbolic manifold. There exists a
constant g > 0 such that for any metric g on M with

Ry > Rz

and

llg — &llcz(m,z) < €o,
we have

VO/M(g) > VO/M(E)

with equality holds if and only if the metric g is isometric to g.
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m n = 3: true. (Hamilton, Perelman, Agol-Storm-Thurston, 2007)

m Ricg > Ricg: true. (Besson-Courtois-Gallot, 1995)
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Bray’s Conjecture

For n > 3, there is a positive constant €, < 1 such that for any closed
manifold (M", g) with scalar curvature

Ry > n(n—1)

and Ricci curvature
Ricg > en(n—1)g,

the volume comparison
Voly(g) < Volsa(gsn)

holds.
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m n=3: true. (Bray, 1997)

m No other (even partial) results!
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Corollary A (Y., 2016)

For n > 3, let (S", gsn) be the unit round sphere. There exists a constant
€0 > 0 such that for any metric g on S" with

Rg > n(n—1)
and

|lg — &llc2(sn,g00) < €05

we have
Vols:(g) < Vols»(gsr)

with equality holds if and only if the metric g is isometric to gsn.
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Theorem B (Y., 2016)

There is a constant «(n, \) such that for any closed Einstein manifold
(M", g) with
Ricg = (n —1)\g

and
|| W||L00(M’§) < O{(I’l7 )\)7

we can find a constant €9 > 0 such that for any metric g on M satisfies
Rz > n(n— 1)\

and

llg — &llc2m,z) < €o,
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Theorem B (continued)
the following volume comparison hold:
m if A >0, then
Voly(g) < Volu(g);
m if A <O, then
Volu(g) = Volu(&);

with equality holds in either case if and only if the metric g is isometric
to g.
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m The functional

Fle] = /Q R(g)fdvoly +2(n — 1)AVu(g)

works for the case A < 0, but not for A > 0;

m For A > 0, need to consider the scaling-invariant functional

Glel = (Vi(g)) /Q R(g)fdvoly:

m For A =0, i.e. Ricci-flat metric, there is no volume comparison
simply from rescaling of the metric;

m Morse lemma for Banach manifold.
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Volume comparision with respect to Q-curvature
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Gauss-Bonnet Theorem :
Let (M?,g) be a closed surface, then

/ Kgdvg = 2mx(M).
M

Uniformazation Theorem:
Any metric on M? is locally conformally flat.
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Let (M*, g) be a closed 4-dimensional Riemannian manifold, define the
Q-curvature:

1 1. 1
“AgRy — i\RICg@ + = R2

%="% 6 ¢

It satisfies the Gauss-Bonnet-Chern Formula
1
/M (Qg + 4|Wg|z,) dvg = 87r2x(M).

In particular, if Wy =0, i.e. (M,g) is locally conformally flat,

/‘ Qg dv, = 81 x(M).
M

Thus, Qg is a generalization of Gaussian curvature.
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In 1985, for n > 3, Branson extended the definition to arbitrary
n-dimensional Riemannian manifold (M", g):

Qg = AnDgRg + Bo|Ricg |5 + CoR2,

whereAn:—# Bn: (n— 22andc_%
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Define the Paneitz operator

"y
Pg = A; — dI'Vg [(a,,Rgg + bnRng)d] + ! an

2
where a, = 2((,;7%))(2;:42) and b, = —nf2.
Then

Q= e ™ (Pgu+ Q)
2 nt4

Qs = 4u7"74Pgu, forn;é4and§=u~i4
n_

forn=4and g = e®g

g
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Theorem C (Huang-Lin-Y., 2018)

There is a constant 3, such that for any closed Einstein manifold (M", g)
with Ricg = (n —1)g and [|W|| = m,z) < Bn, we can find a constant
€1 > 0 such that for any metric g on M satisfies

QgZ Qg

and
llg — &llcim,z) < €0,

then the following volume comparison hold

Volu(g) < Volu(g)

with equality holds in either case if and only if the metric g is isometric
to g.
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Corollary C (Huang-Lin-Y., 2018)

For n > 3, let (S", gs») be the unit round sphere. There exists a constant

€1 > 0 such that for any metric g on S" with
n(n—2)(n+2
gz M =202

and

|lg — &llca(sn,gen) < €15
we have

VO/Sn(g) < VO/S"(gSn)

with equality holds if and only if the metric g is isometric to gsn.
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m Yuan, W.: Volume comparison with respect to scalar curvature,
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m Huang, Y.-C,, Lin, Y.-L. and Yuan, W.: Deformations of
Q-curvature Il, in preparition. (2018)
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Thank You for Your Attentions!
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