
2023.3.24

Re.ca/lthedefinnfGromov-HasdorHdistana,refertoBook''AcourseinmetricgeometrjD.Burago-A.Burago-SIva.no v

死后 (Gromov-HausdorHdistancdcptle.tl/andYbenetricspaas.lZ,d)
dGHCX.DE inffdyfmetricspaazanditssubspaaxandysi.li上 ✗

, ㄚ
'
⺾化州



§8 Song-Tiaisanalgticminimdm.de/prgramuithKRF

Referenas :
[Song-TianIJThekahG-Riccifwonsurfacesfpositiuekoda.in

dimens.in
,
Inveut.MU .

170 12007)
,

6 0 9- 653 .

ISong-TianDCanonicdmeasuresandkahler-RacifhsJA.MS,
25(2012), 303-353。

[Song-T.cn Thekahler-BiaifbwthroughsigularitiesInveut.MUh
.
207 (2017), 519- 595。

CSong-WeinkovDIntrodudimtokahler-Rifhi.ltbriefintrodudionofMaismnindm.delprognamlMMDinbiratimdgeometrg.ltXYbeprojediuevarieties.Aratondm_n.fm ✗

tYisgiuenbyahdomorphicmapf.xlv-Ywherevisasubvar.it
yofX.WegthatarationdmapffomxtoYisb.int
ifthereexistsarationdmapfromYtoxsuchthatfog-i.lyasarationdmapYtoY.IfabirahomdmapfomxtoYexis.tthenwesay
XandYarebirationdlgeqtlorbinatorinsamebirationaldass.int)



TheMMpisoncernedwithfndgagoodrepresentat.ve
ofauarietywithinitsbirationddass.AT/good''varietyXis

onesatisfyingeithen.ci?KxisnefiCfcurveccx.kxocGT-悠
or

(ii) ⺕aholo.mg?Tx-YtoalowerdimensiondvarieYYsuchthat
thegenericfiberxyigisamanifoldwithlyeIncase.fi)

,wegthdxisaminimd-andincaseofciihwesgthdX.isa 化成𨘋
( or 下⼀ ⼤避。

ThebasicideaoftheMMP.istofndafinitesquenafbirationdmapsfs-fkandvarietie.sk
,→ Xk ,

(8。
DX-K-x.fi k -→ … ⼀

⼤
→

xksothatxkisourgodvarige.eitheroftypecnort.pe(ii).
Wewanttofndmapsfiwhic.hn "removeiarrescwithForsmoothuariey.kx.CC0

.

T.s.tkG)三 -1 T.it ,敝三0

↑

oIfdimlxH.cat (i) ⇒GlxkoorGkkocase.ciI) ⇒ ㄨ=p! ⇒ ⺕g.stkcgkl.coIfdimk)=2 ,bytheEnriques-kdairadassificatm.conecanobtainthegoodvariegxviaafinitesequeno.cofblowdowns 。



oT dm (X) ≥了
,itisnotpossibletofndsnhaseqofbirationalmaps.frwewishtostaywithinthecategoryofsmoothvarieti.es

。

letxbeasmoothprojat.vevarig.AI-cycl-EC.nl/isafrmdfinitesumC=IaiCifraiEZ,Ci:irredua
blecurvesiwesaythattcydescanddarenumericallgequiualent-e.it-

D ° C = 12 C
'

,V-diuisorsD.denotedbgc~d.NMze.thespaceoftcydesmodul.nu
mericalequivalence.NMQ-NMaeQ.NMiNMz@R.Dand

D
' arenumericallgequiualat-reeifD.c-D.cn ,V-allai.MMzithesetofdiuisorsmodulonumericdequivalence.li
㶶 : = N

'
吆 ☒☒

, N
'

𠵱
- 1焳☒ 112

C.iirr.CENMR.iscalled e.與 ifc~Ia.ci withai ≥0,

cnn.es/VElD:=GefectiueelementsofNMR} ,

isaone.ME#XTNET:=cGsureofNEDinNMiRThm_:AdiuisorDisampkifD.co >0.to#wehT.oMMPwithscalingofBCHM.Birkar-Cascini-Hacon
- Mckernan,Existenaofminimdmodelsfruarietiesoflggenerdt.pe

, JAMS, 23 (20 1 03 405-468.



Thisisanalgorithmfrfndingaspecifcseq.fbiratondmapsfi.tk
。

First.chooseanamplediuisorH.nl/.ThendefneT:=sup9tsolH+tkxngIf
Eo ⇒ kxisnefythenisinco.se (i) ,

Ifkto.BtheRationgtlnmofkawamataandshokurov.ampk ⇒ Tisratond
业 ⇒L-HtTkxdefinesaQ-linebundle.semi-ample-7Nef.APPYUBasepointFreeThmlkawamatgiIfl.isnefandaL-kxisnefandbigforsomeao.thenl.issemi-ampGEHFlkxisnef.LT
kx ⇒ ⺕ sufaentglargemEN.liisgl.ba/hggenerated=TGL-kx)andHhi)defnesaholo.mnTX->

PNst.EHDOLM-TOCD.DenoteY-e-TM.isunique.lydeterminedfrmsuficienylge.DefineasubconeNEGDofxtby.ME
㐳) := {wc-NTK.ws

Thm8.1 ⇒ 㤛们 ≠ ∅。 (?)

Simplifyingassumption.NETisanextremdrgofhT.ltrayRofNETisasubconeofthefrmR-MwlXEGifors.me
WENT.WesaythatasubconecinxgisextremalifabENT.atbec ⇒ a.beC.



TheextremdrgR-NECDhastheaddit.indpropertyf
beingkxncifkx.wco.to#wER.HenaRcontains''bad''curves(kx.weo)which
wewanttoremove.TTcontradsallcurveswhosedassliesintheextremalryRN.FM

Theunionofthesecurvesiscaledthefo_s.fi?.Infact,theloas0fR-
_NE们isexacthgthesetofpointswherethemap.TK
→Yisnotanisomorphism.CaaI.Thelocus.fi?isequdtoX.ThenT1is

afbercontractionandxisaMorifber_spaa.Case2.ThelocusofR.is
anirreduciblediuisorD.InthscaaTiscalle.cladivisorialontractineeru

Caa 3 :ThelocusofRhascodimensionatlead2.Inthiscase.IT
iscalledasmallcontraction-rr.TK
processoftheMMpwithscalingistheasfhosiifweare.in
caseI.westop.sinaxisdreadgofypeM.Inc.ae2 ,wehaueamapTX-YCPNtoasubvarietyY.lt
H.TO/Dly.WecanthanrepeattheprocesscftheMMPwithscaling
withlYHDinsteadoflx.lt?TheseriousdficuHiesoccurincase3.H

ereYwillhareverybadsingularitiesanditwillnotbepossibkt.cmtinueths

processonYWeneedtofindanewspaatoranMMRThisnewspace.is
a型。



letTX-Ybeasmallontractionasincase3.Theflip-ne.fi✗→yisavarietyxttogetherwithaholo.birationdmapi.ci→Ysatisfyingthefllowgonditi.us :
(a) Theexceptadlo-e.ofTlthat.is/thesetofp0intsinX+onwhichTisnotanisomorphisDhac.codim >1.

(b)

IfcisauecontractedbyTthenkiC70-Thuswehaneadiagramx.liif_y-batdmap.orn.ca/ledafp.
※,⺤

Xco.cat/0XHkxid70Crref'TT'IofflipisadifultproblemoDenoteF:=
娜0所 。ThenwercmMMPwithlxtHTinsteadoflxH.Anexampleofaflip.netXm.ipkfngitybethepmtlbundleoverpn.lt

Ymnbetheprojectiueconeover-neeenr-C.DK?Mxpninplnnbythesegreembeddingkoi-Zmjxlwoi.vn→IZ.woi.Z.hn/ZiWoi,z,wni-,ZiWji,znEpC1-DCn+i)yNotethatYm.n-Ynm.Thenzahdo.mn
正mmiXm.n-Ym.nlmncontractingthezerosedionofxm.no/-codimmtltotheone



singularyofYm.n.Thefllowingdiagramg.ve

saflipfomxm.ntoXn.mfrkmcn.Xmn-lxnm-XYm.fm
[Song-T.in 3] 化, H, w) ,XQ-factoridpni.AnahgticMMPwithKRFua.ieywithlgtermindsing , H :bigseni-anpGQ-divisors.t.Htqkxsoforsomallso.netxbeasmoothproj.varieywithanampkdiuisorH.am

dwEGpMfrsomepl.ForunnormahzedKRFip-w-Rickdwk.io
Assumewoec.CH?).ThenthemaximdtimeexistenceofkRFisT=supMolHttkx >。}

Ingenerd.weexpectthatast-T.thekRFcarriesouta.im
rgery

"

, whichisequiualenttothealgebraicproc.educeofontractinganextremdrgasdiscussedabove.tn
efllowingisaconjeduralpicturefrthebehaviorofthekRF.us

proposedbysong-Tianll-37.stepI.Westartwithametricw.GG
CEHD.Wethenconsiderthesoln.wltlofKRF.nl/startingatwo.The
fhiexistsonGDwithT-supsntzolHttkxng.ci

Ilsong-T.cn》Foreachtc-GIhthemetricampletionofxrgbywlt.ishomeophic.to X



step2.IE0,thenkxisnefandthekRFexistsfralltime.Theflowwnshoul.la
nverge.afteranappropriatenormalization.to
acanonicdlgeneralizedkdh-Einsteinmetnionxast-o.TK
abundanaconjedurepredictsthc.tk/issemi-amp6andkod(x)≥ 0。

21kodlxkdimxi.gl/isaminimdmodelofgenerdtypeConj2Gng-不㟃

ThenormdizedKRF-n-R.clo_o
startigwithwourgestotheuniquekhhr-Einste.inmetricWKE0nkaninGromov-Hac.sc/orfsenseass→的

。

Ifxisnonsingularandkxisample.itisaisdassicdresuH.tl/isnonsingular,theweakconuergenaindistributionandsmoothconuergenceouts.detheexceptiondloc.usisobtainedbyTsujiandTian-Zhangtdd.tl/isasingular
minimdmodebtheyexpectthekRFonverg.tothesìngularkàhlenEinste.inmetricofGuedj-Eyssidieux-Zeriahilsingularkihkr-T.insteinmetrics

, JAMS, 22 12009), 607- 639-

22 0<kodlxkdimX.Conj3lsong-TianBThenormalizedkRF-i-R.int
startingwithwonuergestotheuniquegenerahz.dkàhhrtntàn
metricwcan.nl/caninGromov-HausdorHsenseass→ 的

。



Ifkxissemi-ampk.fr/argem,HGKi)induasaholo.map4:X-,XcancapMXcaniscalledtheononicdmodelofxanditisuniqu.ly
determinedbythecanonicdring.fi/.Ifockodlx)cdimX,thenXadmtsacalabi-kufbrc.tn
overkan.Herewcanshouldbecawayfomasubuarieyofx.cn)

RicGcai-gcantgwpwheregwpistheweil-peterssonmetric.induadfomthecalabi-Yaufibrat.in
ofxorerxcan.Ifxisnonsingulantheweakonvergen.eeindistributimisobtainedbycsong-T.am⼯ & 2] .

23kodlxko.kxisnumer.ca/lytrividGnj4ThekRF-=-Ridw)
convergestotheuniqweRicci-flatkdhmefricinCHJ.in

Gromov-Hausdorfsenseast-o.tl/isnomsingular,itisshounbycaothatthefhonuergesinEM.Ifxhaslgtermindsingula.it
iessong-Yuan.Yobtainedaweakconuergenastep3.IT
coithenthesemi-ampledivisorHTkyhduasaontrac.tn

不 ✗→Y

3.1 dm ㄚ = dimx



conj.5CSong-Tian3JAst-sT.CI/,wltDonuergestoametricspaa(YWDalgthekRF

背 -_-RiclbinGromov-Hausdorfsense.Furthermorewlt.jo
nuergesindoutsideasubuarietys.fi/,andlYWY)=T).Inpartimlan
Yisnormdproj.varieysahyingthefllowigdiagramx.li!!

xtxgwh.MY
→Yisageneralflipofx.wethenrepeatstepIbyreplacinglx.HNwithMHxt.heventhoughxtisnotnecessarilgk-factorid.tneyfrthure

agedure thatdagthenewkREM.hn)onuergesinGromov-Hausdorfsense.to(YoY) ast→ 0⼗ 。

3。2 0<dimYadimX.XthenadmitsaFanofbratinoverYConj.6.lt
longthekR.FM/wltDt-(Yli)yhichisametricspaa.t-7TL'etHibethedivisorwherewylies.tnbothkpandHyarelQ-Cartier.andWYEKH.glㄚ

')frsomepblwethenrepeatstepIbyreplacgCX.lt/w)by(Y!Hy,47.
3。3Ifd.info/XisFanoandwe-TkB.ThenSongianhavethefollowinggeneralizedHamilton-T.in onjedure



couj.7.ThenthenomdizedkRF-i-Ri.cn#Estartingwithwonvergestoakdh-Riais.hn
(⼼, WKD.in

Gromov-Hausdorfsenseass-so.DiameterestinatedongkRF.CA
Tian-Song.GAFAixissai-ampG-diamlxunkc.cn
Guo-phong-Gng-shrm.xisne.fi

⇒ diamk.cn ≤C.


