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Let X and Y IaeAw:fric spags . (24

d g Y):= iof { L [Y) | revcspa Z od ds abspec X 'and Y}
(2, %) . W, YA



§§  Song- Tiass avlyic. mininel mdel progran with KRF
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g~ Weinkove)  Tntroduokin b Kahbr- icc {bu.
v A brich introduckim o Moris pinimal veodel pregros (MMP) v
bivatimel geometry.
Lot X, Y be. projestive. vasietias . A pbomed rnop. from X
t Y 45 fuen by a Roloworplic map £ X\V—>Y, Where
V is & sbvariety of X.
We say that o retimed map f fom X 4o\ A5 birehiomad.
o there exists o rotonall map frm [ 4o X such-thet
,faj:CJY as a mlwmevmf Y+ Y.
I{' a birational map ’ﬁ'bm Xt Y exishs Han we say

Xﬂ’ld \f are. L]rﬁ:"l,aﬂﬁ;eh 27WW[M (Dr La‘pﬁﬁbnal or in the
some birokional clas)




The /VI/WP is cncerned wih «ﬁnat/? a "gwal Y represestutve
of a variety witlin its brahonsd class. A gmd" variety X is
one sa“fa'{?’"'g either; C:(Kw)‘:’ﬁ

() Ky is Inef; (Hwre C X, Kecz 0)

)3 a b nap T X—>Y to o buwer dbrersonel varidyY

Such that the generic fiber Xy —TY) A5 a wmanifold with k)y <o

To case o (i), we 52 that X is a prininal rodlel.
and i case ‘er)/ We say thet X is a Mon‘ ﬁLer Spact
(or Fano Jiber space),
The basic idea a][ the MMP 4s to ‘FM' a —Fn&e 527uenaa of
bim;h‘onw( )MﬁfS ‘}C‘/ - ‘Fk ond W.n‘dics Xl/“'/ Xk,
(8.') X: XD —_'F'/'> x‘ -ff'> XL-—-> ----- :Hf___> xk
So ~that Xk 1s owr "aou‘" \)a.riay . either of 17pe (i) or 'tyre(ii).

0

We wast > mev‘ maps /ﬁ which ” remove’ curves C with

smovth variety.
Far QX'C <D/. gj,ﬂk(ﬂ)s«. ﬁj,ﬁ.k(j)eo
T T
o Tf dn()=|, osel) 2 <o or G o=
(age (il) > X:(P' > 23,5t kp=1|

- I’F A (X)-:Z , L/ the Enc ques = koa&; ra c[a;;.’f.‘cd«‘m/
one can obtein the jooa/ ! wﬁ&;f? X va a «,l.‘n;te se7uem.L
o-,[ L(N Jawns,



IF (023 it i3 not possble 4o fnd such 4 cep
07[ birationel maps rf we wish 4o 9l-a/ withen the aitegory of
Smovth varielies.

Let )< be a smoth ;)ra)‘w(iae Uan‘eg. A i—adde C . X
s o frvd fuite s C=Z A6 fr GeZ, G.irredibl wnes
We say that |-cycles C and ¢ are rumerically equi valait if

D-c ;D'cl/ 4 6(“‘/550/5 .D, denoted \L] C/\/C/.
NGBz : the space of |—cpdes mocklo nuerical. equivnlmce.

NG =M, By B, MB= NE)y OR

/
D and D' are nuvericelly epuvlut if D-c=D-c, Vel .

N ‘(X)ZZ . the set "F divisors madulo numerical e7u.2valum.
/
NG = N6 OR ,  NG) =Ny ®R
C:. ier

o= N’(X)MZ ts Ca(/ea/ effem‘f've ﬁz Cr LZG( witha; 20 e

NE (X) = ? Q‘ﬁ[em‘t‘ﬂ eleiﬁemts 4 Nlb()le ; is a cone.
CET o of FE6) WD (N NEKS

T‘\MS.’; A disor D is ampln- 4‘# D-wro, Yo#We NEK).

‘ MMP with scaé‘n& of BCcHM.

Birkar- (ascini- Hacon- McKerpan,  Existence of minival  moskels
for varieties of g general type, TAMS, 23 (2010), 495-468




This is an algorithm for «le.? a speci fic 5e7. of  birodionad maps
fi, - k.
Fiest, choose an ample divisor H on X . Then clefire
Ti= supfine| Hetke>of
o Tzoo = Ky is nef, then is i case (i).
of T<+ve. B/-Hne Pa:h‘onﬂ Thin of kawamd-a ae] Shekurey,

ample 3 T is rabodd,
L 3 L= HeTK defines a R-lise bundle.

gemi«auglz.-_% Nef .
AH’&/ %E'Bm Painf Fmeﬂm (kawawd'a.)_. I1f L is ne—F and

al - Ky is nef and bté for some a>p ,-Hlen L is Semoanp[a.
L=H+TK s nef,

L-TKx ? 3 fu#‘derrffy large melff/, L7 s a[oug denerwl'ea/
=T($L- K«
:T‘_f;o and HO(X/LM) defines a hola. map TT. X’?[PN s4.
"= TO0)
Denote Y::: T(X)/ AS wvi1ueg a(efeﬁniﬂenl ‘F" m S«bﬁa‘my [a@e.
Defire o subame NE) of NEG) by
NE(T):=} we N_E&')'l L-w=of
Tms| = NEM #¢. (7)
Simplifying assumption NE(m) is an extrerad ray of NEX).

A ray R of NEK) is a subcone of—tﬁe]@m R ::{qt.:')\e[},ao)}
for some we NEKX) . We say that a subcone C in NEK) s extrerd|
if a,be NEK), atbeC = abeC.




The extrenal ray R= NEG) s the adbtmel preperty of
beiaoa. kx‘"ﬁ?f’“"“ + kx"*" D, Yo#we R.
Honw R contwins “bad " curves ( Ky-w<2) which we wost to remove.
Tt watracts all wrves whose class bies in the extreral 1oy R=NETH)
The wnion of these curves is culled the locus of R . In {fact, the loas
o]f R=NE(T) 4s exa-:ifﬁ the set ,,1L poials where the map.

T: X—>Y s not an isomorphism.
Cace L, The loous of R s equal to X. Then T is a Ather

contraction ond X is a Mori fiber space.
Case 2. The locus of R is an imeduable dviser D, Tnthis e
T is culled a divisorial antrackion.
Cace3. The locus 4 R has wdimension at lesst 2. T Hs case
T s colled a smal| contraction.

The process of the MM[’ with Scalirg is the as —ﬂ//awsz
fwe are in casel, we stop, sha X is alr‘ea:{j of type (ii).
Incme 3, we have amap T x =Y (N 45 asubrariey Y.
Let HT= @(I)/T . We un then repeat the process of the MMP
with scaling with (Y, Hy) dnsted of (% H).

The sexins a&#«‘wHtes oceur in case 3. Hee  will hare
very bad e»:rsu(m{tes and it will not be Poss«:Ma. +> cortinue this

Process on \]/ We need +o —ﬁ/\a‘ o new spac + run MMP. Tks
new spae is a flp,







Sa'njufﬂiﬁj "1l Ton . The 14”""“1‘:'1 al’:'ajmm gives a —Flif ‘fram
Xmn to Xow for 1€M<,

< \ s'on — Tian 3] (>(/ H/ w)/ X : Q-fac&n\“ﬁ M

‘ Aha‘:ﬁw fmp with KRF UM\;.Vﬁwﬂ A e Ay
R-d'visor Sit. I-'J+£K)(>o For swall ‘7,>.,’

let X be a Smooth Pro)‘. vm‘eﬁ/ with an wnflp. a’nw‘sDr H.
ard we [, for some p>)
For unnormalized KRF . 24
{ 2 Ww=-Ricw)
L‘)‘_L_”:LJD

AS‘sumz w, € C,([H]) Then the Maxlw»( time existence of KRF is

T= wpfbo/ H‘fka?D_}.

InaenemQ, we expwf that as +—>T, the KRF onrries oat a
" surgery’, which is epuivalsct 4o the ofgebruic proceduce. of-
contracting an extreme] ray, as discussed above.

The folivwing 35 @ conjeckural picture for the behavior of
the KRF, as P"’PD‘Z’, lg Sm\j-—T.‘w. [1-3].

SJC@? 1. We stort with a metric w, e (TH1), We then
consider the soln. wit) of KRF on X S‘lvrbrg ot w, The -f/mJ
exists on [6,T) with T=supftmo| H+tky>o].

G 1 (So3-Tion3) For each e (6,T5), the wetric. ampletion of
Xreg by WH) is homeophic o X



Step2. If T=0o, then Ky is nef ad the KRF exists fr
all -Hme . The —Flm W) s)wuu cnerge , a:ft-er an a,pprolon‘a'fe
hor macza‘ffaﬂ , o a canonicak /generalized Kehbe- Etnstein metric!

on X as +—vo,
The a,lou.nc'anc& Canealurz Pma[a'ds ‘Hm{' kX 1S Sernioamfé. anﬂ)

kod () 7 ©.
2| |<0J (X): a(im)( y €., X s a MIMMK hw‘el of@em( é}/pe
CanJ o) [9»35 —Ta‘an3]
The normalized KKF %;:-—R‘c(w)—%
Starting with W converges <o the unigue Kahb-Eivstein petric
Wee on Xean i Gromoy- Housdorff sense as s — ®o.

_T:F X is hons.‘njular and kx As ahf[ﬂ- , itis (20's classicad result.

]':F X 15 nonc,‘,:jular, the weak canvergence ‘ olis tri bickion and
smooth comiergence metside +he exceptional (ocus is obtaine]

b Touji omd _I—.‘an-—Zhay (Zho) .

If X is a sngular minimal model, they expect the KRF converye
to the shgular Kahlor - Einstein metric of Guedi- Eyssidiesy-Zeriahs
[ Singular Kahbe-Cinstein metrics, JAMS, o2 peos), bs7-44.

2.2 0< kod(x) <dimX.
Conj 3. [gbrﬂ’Tian 3] The normalized KRF %;"Z:-R?c(ﬁ)'w
Starting with w converges +o the unique 3enemli2e4 K sthler-Einste

mettic Wea, on Xam in Gromov— Hausdof} sense as s— bo.



of k)( 1s Semi-mnpé. , or la@e m, HK, kx’") ‘nduces o holb. hap
P X— Xom < G:PN
Xcan is called -er,canomwl paselel o‘f X C‘M( it s “"‘\?"eﬂ“
determined [Q‘] the canonical ring af X.
T o< kod() < dim¥  then X adbits 4 Calabi-Yau fibpali
over Xcan . Here. Wean - shadd be ( away from a subvan'ety of Xcan)
Rr‘[jfan):'gcan_"gwf
where Jwp is the Weil - Petersson imetric tnduced 140» the Calebi-Yau
-Ftl:ra-}im o-F X over Xcun.
I Xs YthS‘n‘Aju(ﬂi’, Hhe weak convergence i Lictribuctim s
obtained \o} [{D?j-'ﬂa,, 142,
2.3 jeoal (X):D . kx s numen‘ca/// frivad.
Conj 4 The KRF 20— _ (W)
converyes +to the w»?tiue R:cc:-f[d b\h&r pnetric s [H] '
Grorw-Hausdseff sense as +-—o-.
I‘F X 15 non%‘nguw, i is shown lay Gao Hhat #Lf/w converges
i ). T X bas L.j forvinad sigularities, Song-Yuanf obtarel
o wezk convergence.

5“#?3. I T<vo, then the Semi-ahp& divisor H—er)( hduas

A cmtrackim
E X——%Y

3| OL‘M \f = akmx



Conj. 5 [Song-Tim3) As t-T, (X, 0t converges +» a netnic
spac (Y, Wy) along the KRF
2% - _Relw
in. Gromov- Hausdorff sense. Furthermore, W) converges in C°
outside a %Lw.ne‘t/ S of X, and (Y, W) = (s, wp)y. In pactioder

\f 15 nonw( l?ro)‘. vari ei/ 9&41;}5/.‘3 ~the ﬁﬂm;g Jfaymm

Sy

whee X< XT—> Y is a general Flip of X.

g then re peat Step L by reylag‘»_cj (X H,w) with (X H, )
even thowh X* is not necessartly @ factorrad. T@/ Sfirthare
Corjectrs thet alog the vew KRF, (X', W) cmoegyes i
Giromoy— Hausdorff sense 4o (Y, Wy) as t>0+.

22 o<dinY<dmX . X then adwits a Fano fibnetim

over .
Comj- 6. A"{'f) MKRF (X/ ww) _CLH_—> (Y' wf) which ts a metric space.

let Hy/ be the divisor where w.,/ loe,c Then both k\f/ and H)/
are B Cartier, and Wy € }(HYP(Y) fr some pl>i.
We. then repeat Stepd by replacny (X, H,w) La (Y. Hy, loy).
2.3 I—F o’«‘m\f::D/ X ts Fano cod we =TTk . Then Song ~ias
Have e follwing generalized HowiHon-Tian conjecture.




Cony ] Then the norralized KRF
%:'Rfc(w)""_'?w
S{-arh‘ra, with W mw»aes o a /GMP P;a: So(H'M

(Xoo, wgg) an Gromov— Hausa,or—ﬁ[ sense as s—> 80,

/D;am"{é(f éS“ffwa‘ft 4(@16 k/?F
() Jian- %“j/ GIAFA-/ X s 5«@0"""““’("
= oé'am (X/ Wlf)) <C.

2) Guo- ﬂitrjo g,;'y:j - §1l¢<rm/ X is neq(‘
=) dhan(,00) <C.



