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The brachistochrone
The calculus of variations has a clear starting point. In June of 1696, John
Bernoulli challenged the greatest mathematicians of the world to solve the
following new problem:
The problem of brachistochrone
Given points A and B in a vertical plane to find the path AMB down which a
movable point M must, by virtue of its weight, proceed from A to B in the
shortest possible time.

图: The problem of brachistochrone
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Solution of Bernoulli’s challenge
Several famous mathematicians responded to John Bernoulli’s challenge. The
list includes
▶ Leibniz（1697）derived the differential equation for the brachistochrone.
▶ Newton（1695–7, 1697）provided the correct answer but gave no clue to

his method. Despite Newton’s anonymity, John Bernoulli recognized that
the work was claw of the lion.

▶ John Bernoulli （1697）provided two solutions. The first solution relied
on an analogy between the mechanical brachistochrone and light using
Fermat’s principle. This second solution received little attention at the
time but is now viewed as the first sufficiency proof in the calculus of
variations.

▶ Other solutions providers includes James Bernoulli （1697）and l’Hôpital
（1697）.

The problem of brachistochrone is to find a curve y : [a, b] → R，y(x) ⩽ ya,
minimizing

T =
1√
2g

∫ b

a

√
1 + y′2

ya − y
dx.
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Calculus of variation
▶ Euler firstly systematized the study of variational problems. Let

J [y] =

∫ b

a

f(x, y(x), y′(x)) dx

be a functional on certain space of functions.
▶ The basic problem in calculus of variation is

inf{J [y] : y : [a, b] → R, y(a) = ya, y(b) = yb}. (1)

▶ Without enough knowledge of functional analysis at that age, Lagrange
consider the notion of variation instead of differetiation.

图: Weak variation
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First and second order variation
▶ We suppose problem (1) admits a solution ŷ.
▶ Consider h = εη, where η : [a, b] → R satisfies η(a) = η(b) = 0. For
ε > 0 we define J(ε) = J [ŷ + εη].

▶ Then the total variation ∆J = J(ε)− J(0) has the form

∆J = δJ +
1

2
δ2J +O(ε3) + · · · ,

where

δJ =
dJ(ε)

dε

∣∣∣∣∣
ε=0

· ε = ε

∫ b

a

[fy(x, ŷ, ŷ
′)η + fy′(x, ŷ, ŷ

′)η′] dx,

δ2J =
d2J(ε)

dε2

∣∣∣∣∣
ε=0

· ε2

= ε2
∫ b

a

[fyy(x, ŷ, ŷ
′)η2 + 2fyy′(x, ŷ, ŷ

′)ηη′ + fy′y′(x, ŷ, ŷ
′)η′2] dx.

▶ The necessary condition that ŷ satisfies is δJ = 0 and δ2J ⩾ 0.
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Euler-Lagrange equation
▶ If δJ = 0, then for all η ∈ C1 with η(a) = η(b) = 0,∫ b

a

[fy(x, ŷ, ŷ
′)η + fy′(x, ŷ, ŷ

′)η′] dx = 0.

▶ Integration by parts (we have to assume ŷ ∈ C2) and applying the
boundary conditions,∫ b

a

fy′(x, ŷ, ŷ
′)η′ dx = −

∫ b

a

η
d

dx

(
∂f

∂y′

)
dx.

▶ Thus ∫ b

a

[
∂f

∂y
− d

dx

(
∂f

∂y′

)]
η(x) dx = 0, ∀η ∈ C1

0 .

▶ This leads to Euler-Lagrange equation (we need fundamental lemma of
the calculus of variations)

∂f

∂y
− d

dx

(
∂f

∂y′

)
= 0. (EL)
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Regularity of the minimizers

▶ The reasoning above has an essential gap: we have to assume that
ŷ ∈ C2[a, b].

▶ From the integral form to the differential form, we need fundamental
lemma of the calculus of variations or Du Bois-Reymond lemma.

▶ This is one source of notion of weak solution in differential equation.
▶ A systematic and rigorous approach of the this basic problem of calculus

of variation is due to Tonelli.
▶ Tonelli gave the existence theorem and partial regularity theorem. The

full regularity issue was understood until 1980’s (Clarke-Vinter).
▶ For the problem beyond 1D, there is still a big challenge on the regularity

of the minimizers today.
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Classical mechanics

▶ Newtonian mechanics, which is built around vector quantities such as
force, momentum, and acceleration, is quite general but can be unwieldy.

▶ Later scientists, most notably Joseph-Louis Lagrange and William
Hamilton, reformulated mechanics so as to simplify matters.

▶ In classical mechanics, we are usually interested in the time evolution of
dynamical systems. So time, t, is our independent variable.

▶ We also have dependent variables that specify the configuration of a
mechanical system. For example, position, angles or arc lengths. We
denote these dependent variables, generically, as xi(t) and call them
generalized coordinates.

▶ The generalized coordinates have time derivatives. We will denote these
derivatives by ẋi(t), which are called generalized velocity.

▶ For a mechanical system, we introduce the Lagrangian

L(t, x, ẋ) = T (t, x, ẋ)− V (t, x)

where T (t, x, ẋ) is the kinetic energy and V (t, x) is the potential energy.
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Hamilton’s principle

Hamilton’s principle
The motion of a mechanical system from x(ta) = xa to x(tb) = xb is such
that the first variation of the integral

S[x] =

∫ b

a

L(t, x(t), ẋ(t)) dt

is zero.

In other words, the system follows the Euler-Lagrange equations

∂L

∂x
− d

dt

∂L

∂ẋ
= 0.
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Legendre transformation & Hamiltonian equation
▶ It is often convenient to rewrite Euler-Lagrange equations as a system of

2n first-order differential equations. There are many ways to do this.
▶ Let us introduce the canonical momenta

pi = pi(t, x, ẋ) =
∂L(t, x, ẋ)

ẋi
, i = 1, . . . , n.

▶ By implicit function theorem, the Legendre transformation ẋ→ p is
invertible if det ∂L(t,x,ẋ)∂ẋ2 6= 0 (Legendre condition).

▶ We introduce the Hamiltonian
H(t, x, p) = p · ẋ(t, x, p)− L(t, x, ẋ(t, x, p)).

▶ By directly calculation
∂H

∂p
= ẋ+

{(
p− ∂L

∂ẋ

)
∂ẋ

∂p
− ∂L

∂x

∂x

∂p

}
= ẋ,

∂H

∂p
= p

∂ẋ

∂x
+
∂p

∂x
ẋ− ∂L

∂x
− ∂L

∂ẋ

∂ẋ

∂x
= −∂L

∂x
= −ṗ.

▶ This leads to Hamiltonian equation{
ẋ(t) = Hp(t, x(t), p(t)),

ṗ(t) = −Hx(t, x(t), p(t)).
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Generating function
▶ For any t0 < t1，x, y ∈ Rn, we call

S(t0, t1, x, y) = inf
ξ

∫ t1

t0

L(s, ξ, ξ̇) ds

the generating function, where ξ(t0) = x, ξ(t1) = y.
▶ At any point of differentiability of S, using Euler-Lagrange equation one

can calculate
DxS(t0, t1, x, y) = −Lt0,ẋ(ξ(t0), ξ̇(t0)) = −p(t0),
DyS(t0, t1, x, y) = Lẋ(t1, ξ(t1), ξ̇(t1)) = p(t1),

Dt0S(t0, t1, x, y) = E(t0, ξ(t0), ξ̇(t0)) = H(t0, ξ(t0), p(t0)),

Dt1S(t0, t1, x, y) = −E(t1, ξ(t1), ξ̇(t1)) = −H(t1, ξ(t1), p(t1)),

where E(t, x, v) = v · Lv(t, x, v)− L(t, x, v) is call energy function.
▶ By Legendre transformation we have

H(t, x, p) = Hp(t, x, p) · p− L(t, x,Hp(t, x, p)).
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Generating function & Hamilton-Jacobi equation

▶ Let u(t, x) = S(t0, t, x0, x), then at any point of differentiability u
satisfies the Hamilton-Jacobi equation

Dtu(t, x) +H(t, x,Dxu(t, x)) = 0, t > t0, x ∈ Rn.

▶ For this reason we also call (t, x) 7→ S(t0, t, x0, x) the fundamental
solution.

▶ As an analogy, the function w(t, x) = S(t, t1, x, x1) satisfies

Dtw(t, x)− H̆(t, x,Dxw(t, x)) = 0, t < t1, x ∈ Rn,

where H̆(t, x, p) = H(t, x,−p).
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Example: Noether’s theorem
▶ Suppose L = L(x, v) is independent of time t, thus

S(t0 + s, t1 + s, x, y) = S(t0, t1, x, y), ∀s ∈ R.

Differentiating with respect to s we obtain

E(ξ(t0), ξ̇(t0))− E(ξ(t1), ξ̇(t1)) = 0, ∀t0 < t1.

▶ More general, if for some one-parameter transformation group {hs},

S(t0, t1, x0, x1) = S(t0, t1, hs(x0), hs(x1)), ∀s,

then,

Sx0

d

ds
hs(x0)

∣∣∣∣∣
s=0

+ Sx1

d

ds
hs(x1)

∣∣∣∣∣
s=0

= 0.

It follows

I(ξ, ξ̇) = Lξ̇ ·
d

ds
hs(ξ)

∣∣∣∣∣
s=0

= constant.

▶ Such a relation between symmetry and conservation law is called
Noether’s theorem. As an exercise, one can also deduce Poncaré-Cartan
integral invariant in this way.
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A Bolza problem

▶ Given 0 < T ⩽ +∞, we set QT = (0, T )× Rn. We suppose that two
continuous functions L = L(t, x, v) : QT × Rn → R and u0 : Rn → R.

▶ For fixed (t, x) ∈ QT , we introduce the set of admissible arcs

At,x = {ξ :W 1,1([0, t],Rn) : ξ(t) = x}

and the cost functional

Jt[ξ] =

∫ t

0

L(t, ξ(t), ξ̇(t)) dt+ u0(ξ(0)).

▶ Consider the following problem of dynamic programming or Bolza
problem in calculus of variation

u(t, x) = inf{Jt[ξ] : ξ ∈ At,x}, (t, x) ∈ QT . (COVt,x)
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Dynamic programming principle

定理 (dynamic programming principle)

Let (t, x) ∈ QT and ξ ∈ At,x. Then, for all t′ ∈ [0, t],

u(t, x) ⩽
∫ t

t′
L(s, ξ(s), ξ̇(s)) ds+ u(t′, ξ(t′)).

In addition, the arc ξ is a minimizer for problem (COVt,x) if and only if
equality above holds for all t′ ∈ [0, t].

定理 (dynamic programming principle’)

Let (t, x) ∈ QT . Then, for all t′ ∈ [0, t],

u(t, x) = inf
ξ∈At,x

{∫ t

t′
L(s, ξ(s), ξ̇(s)) ds+ u(t′, ξ(t′))

}
.
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Semiconcave functions & superdifferential
▶ Let Ω ⊂ Rn be an open set. We say that a function u : Ω → R is

semiconcave (with linear modulus) if it is continuous in Ω and there exists
C ⩾ 0 such that

u(x+ h) + u(x−h)−2u(x) ⩽ C|h|2, [x− h, x+ h] ⊂ Ω.

▶ there are many equivalent characterization of the semiconcavity.
1 u is semiconcave with constant C.
2 u = u1 + u2 with u1 being concave and u2(x) =

C
2
|x|2.

3 For any ν ∈ Rn, |ν| = 1, D2
ννu ⩽ C in the sense of distribution.

4 u = infi∈I ui with ui ∈ C2 and ∥ui∥C2 ⩽ C.
▶ As an analogy to concave function, if u : Ω → R is semiconcave, then for

any x ∈ Ω, there exists p ∈ Rn such that

u(y) ⩽ u(x) + p · (y − x) +
C

2
|y − x|2, ∀y ∈ Ω.

The set of such p is denoted by D+u(x), which is called the
superdifferential of u at x.

▶ For a semiconcave function u, D+u(x) 6= ∅ is a closed compact set.
Recall the similar notion of subgradient ∂u(x) of a convex function.
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Viscosity solution
▶ An important characterization of the vector in D+u(x) is the following

equivalence.
1 p ∈ D+u(x).
2 The function u− ϕ attains a local maximum at x, where ϕ ∈ C1 and

Dϕ(x) = p.
▶ A similar result for D−u(x).
▶ A continuos function u : Ω → R is called a viscosity subsolution of

H(x, u(x), Du(x)) = 0, x ∈ Ω, (HJs)

if

H(x, u(x), p) ⩽ 0, x ∈ Ω, p ∈ D+u(x),

or for any x, and ϕ ∈ C1, u− ϕ attains a local maximum at x,

H(x, u(x), Dϕ(x)) ⩽ 0.

▶ u is called a viscosity supersolution of (HJs) if

H(x, u(x), p) ⩾ 0, x ∈ Ω, p ∈ D−u(x),

▶ u is called a viscosity solution of (HJs) if it is both a subsolution and
supersolution.
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Semiconcavity & viscosity

▶ From PDE, the notion of viscosity solution comes from the famous
problem of vanishing viscosity. Consider the following viscous HJ
equation with ε > 0,

ut(t, x) +H(t, x, u(t, x), ux(t, x)) = ε∆u(t, x).

What is the limiting solution when ε→ 0+?
▶ Another important observation is that the value function u is the problem

of dynamic programming is a viscosity solution!
▶ If H(t, x, p) is convex with respect to p, then u is a viscosity solution of

(HJs) iff u satisfies (HJs) almost everywhere and it is locally semiconcave.
▶ Semiconcavity is the maximal regularity of the viscosity solution for

convex Hamiltonian.
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Tonelli theory
▶ Let M be a smooth closed manifold, and TM and T ∗M be the tangent

and cotangent bundle of M respectively.
▶ Suppose L : TM → R is a Tonelli Lagrangian, i.e.,

1 L ∈ C2,
2 Lvv is positive definite.
3 L(x, v) is uniformly superlinear in v.

▶ For any t > 0, x, y ∈M , let

At(x, y) = inf
ξ∈Γt

x,y

∫ t

0

L(ξ, ξ̇) ds,

where Γtx,y is the set of absolutely continuous curve connecting x to y.
▶ By Tonelli’s theorem, inf = min, and any minimal curve ξ is as smooth as
L and it satisfies Euler-Lagrange equation.

▶ We define the associated Hamiltonian H : T ∗M → R by

H(x, p) = sup{p · v − L(x, v) : v ∈ TxM}, x ∈M,p ∈ T ∗
xM.

▶ If L is a Tonelli Lagrangian, then H is a Tonelli Hamiltonian, by
Legendre-Fenchel duality theory in convex analysis.
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Lax-Oleinik operators
time-independent case

▶ Suppose H : T ∗M → R is a Tonelli Hamiltonian and L : TM → R is the
associated Tonelli Lagrangian.

▶ For any ϕ ∈ C(M) we introduce the Lax-Oleinik semigroup

T+
t ϕ(x) = sup

y∈M
{u(y)−At(x, y)},

T−
t ϕ(x) = inf

y∈M
{u(y) +At(y, x)},

t > 0, y ∈M.

▶ It is Lasry-Lions regularization driven by the dynamics of L.
▶ This is sup/inf-convolution process too.
▶ Recall that u(t, x) = T−

t ϕ(x) is a viscosity solution of the evolutionary
Hamilton-Jacobi equation{

ut +H(x, ux) = 0, x ∈M, t > 0,

u(0, x) = ϕ(x), x ∈M.
(HJe)

▶ One can also consider another problem of w(t, x) = T+
t ϕ(x).
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weak KAM theorem
Consider Hamilton-Jacobi equation

H(x,Du(x)) = 0, x ∈M. (HJs)

▶ A natural problem is: does the solution u(t, x) of (HJe) converges to
certain solution u of (HJs) as t→ +∞?

▶ To answer this question we note that ϕ is continuous and so it is
bounded. But the quantity At(x, y) is not bounded with respect to t > 0,
in general.

▶ Since M is compact, one can reduce the boundedness of {At(x, y)} to
that for {At(x, x)}, for t > t0.

▶ Since At+s(x, x) ⩽ At(x, x) +As(x, x) for any s, t > 0. By a theorem of
Fekete, we have

lim
t→∞

1

t
At(x, x) = inf

t>0

1

t
At(x, x)

exists. We denote such a constant by −c[0], and c[0] is called Mañé’s
critical value.

▶ Fathi proved if the RHS of (HJs) is c[0], then equation (HJs) admits a
global solution. For any continuous initial data ϕ, T−

t ϕ+ c[0]t→ u∞
uniformly, which is a solution of (HJs). For convenience we always
suppose c[0] = 0.
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weak KAM solution
▶ We call u is a weak KAM solution of (HJs) iff u is a common fixed point

of Lax-Oleinik semigroup {T−
t }t⩾0, i.e., T−

t u = u for all t ⩾ 0.
▶ In the case M is compact, u is a weak KAM solution iff u is a continuous

viscosity solution.
▶ There are also weak KAM solution for T+. Usually, we denote by u− the

solution of (HJs) and u+ the solution of

−H(x,Du(x)) = −c[0], x ∈ Ω

respectively.
▶ (u−, u+) is called a weak KAM pair.

定理 (Fathi)

Given ϕ ∈ C(M,R), the following properties are equivalent:
1 ϕ is a sub-solution of (HJs).
2 The inequality ϕ(y)− ϕ(x) ⩽ At(x, y) holds for each t > 0 and each

(x, y) ∈M ×M .
3 The function [0,∞) 3 t 7→ T−

t ϕ(x) is non-decreasing for each x ∈M .
4 The function [0,∞) 3 t 7→ T+

t ϕ(x)t is non-increasing for each x ∈M .
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Commutators of Lax-Oleinik semigroup
History: possible incomplete

▶ The Lax-Oleinik semigroup {T±
t ϕ} have monotonicity properties on t only

when ϕ is a continuous critical subsolution of (HJs).
▶ we will consider the operators T−

t ◦ T+
t and T+

t ◦ T−
t instead.

▶ These kinds of operators was studied first by Patrick Bernard to show the
existence of C1,1-subsolution of (HJs), then they were used in the proof
of the Ilmanen Lemma.

▶ I will pay more attention in this talk a theorem by Marie-Claude Arnaud
on the evolution of the 1-graph of a semiconcave function.

▶ Ancona, Cannarsa and Nguyen also essentially used it to the study of
Kolmogorov ε-entropy for Lax-Oleinik evolution.

▶ Later, in the intrinsic approach of problem involving propagation of
singularities, by Cannarsa, Fathi and C.

▶ A recent paper by Carlos Esteve-Yagüe and Enrique Zuazua on the
controllability.

▶ · · · · · ·
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Commutators

▶ Let SCL (M) be the space of semiconcave functions with linear modulus
on M .

▶ For ϕ ∈ SCL (M) we begin with a first glance at the condition

T−
t ◦ T+

t ϕ(x) = ϕ(x), t > 0, x ∈M.

▶ If ϕ :M → R is upper semicontinuous, then T−
t ◦ T+

t ϕ ⩾ ϕ for all t > 0,
and T−

t ◦ T+
t ϕ is non-decreasing with respect to t. Here ϕ is not

necessary a subsolution of (HJs).
▶ For any t > 0 and x ∈M , T−

t ◦ T+
t ϕ(x) = ϕ(x) if and only if there exists

an extremal γ : [0, t] →M , γ(t) = x such that

T+
t ϕ(γ(0)) = ϕ(x)−

∫ t

0

L(γ, γ̇) ds = ϕ(x)−At(γ(0), x).
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A theorem by Arnaud

1-graph of ϕ
Let ϕ ∈ SCL (M) and

graph (∇+ϕ) = {(x, p) : x ∈M,p ∈ ∇+ϕ(x) ⊂ T ∗M}.

定理

Let ϕ ∈ SCL (M) and t0 > 0 such that T+
t0ϕ ∈ C1,1(M).

1 T+
t ϕ ∈ C1,1(M) for all t ∈ (0, t0] and T−

t ◦ T+
t ϕ = ϕ for all t ∈ [0, t0].

2 T+
t ϕ = T−

t0−t ◦ T
+
t0ϕ for all t ∈ [0, t0].

3 [Arnaud, 2011] We have

graph (∇T+
t ϕ) = Φ−t

H (graph (∇+ϕ)), t ∈ (0, t0].
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Characterization of T−
t ◦ T+

t ϕ = ϕ for large t

定理

Suppose ϕ ∈ SCL (M) and t0 > 0. Then the following statements are
equivalent.

1 T−
t0 ◦ T+

t0ϕ = ϕ.
2 There exists a lower semicontinuous function ψ :M → R such that
ϕ = T−

t0ψ.

3 For any x ∈M and p ∈ ∇∗ϕ(x), let γ(s) = πxΦ
s
H(x, p), s ∈ [−t0, 0].

Then

T+
t0ϕ(γ(−t0)) = ϕ(x)−

∫ 0

−t0
L(γ, γ̇) ds.

定理

Suppose ϕ ∈ SCL (M). Then τ2(ϕ) = +∞, i.e., T−
t ◦ T+

t ϕ = ϕ for all t ⩾ 0,
if and only if ϕ is a weak KAM solution of (HJs).
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Sketch of the Proof
large t case

▶ Taking ψ = T+
t0ϕ, then 1 ⇒ 2.

▶ Now suppose there exists a lower semicontinuous function ψ :M → R
such that ϕ = T−

t0ψ. By monotonicity, T+
t0ϕ = T+

t0 ◦ T−
t0ψ ⩽ ψ and it

follows

T−
t0 ◦ T+

t0ϕ ⩽ T−
t0ψ = ϕ.

Thus, together with the inequality T−
t0 ◦ T+

t0ϕ ⩾ ϕ, 1 follows. This
completes the proof of 1 ⇔ 2.

▶ 3 ⇒ 1 is obvious from previous observation.
▶ To prove 1 ⇒ 3, we suppose x ∈M , p ∈ ∇∗ϕ(x) and let

γ(s) = πxΦ
s
H(x, p), s ∈ [−t0, 0].

Since T−
t0 ◦ T+

t0ϕ = ϕ, then γ is an extremal such that

ϕ(x) = T−
t0 ◦ T+

t0ϕ(x) = T+
t0ϕ(γ(−t0)) +

∫ 0

−t0
L(γ, γ̇) ds,

since p ∈ ∇∗T−
t0 ◦ T+

t0ϕ(x). This leads to our conclusion.
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Sketch of the Proof
weak KAM case

引理 (Dias Carneiro)
For any ε > 0 there exists r2(ε) > 0 such that if t > r2(ε) and γ ∈ Γtx,y is a
minimal curve for At(x, y), and p = Lv(γ, γ̇) is the dual arc, then

|H(γ(s), p(s))− c[H]| < ε, ∀s ∈ [0, t].

▶ Suppose ϕ is a weak KAM solution of (HJs), then T−
t ϕ = ϕ for all t ⩾ 0.

By the equivalence of 1 and 2 in the previous theorem, we have
T−
t ◦ T+

t ϕ = ϕ for all t ⩾ 0. It follows τ2(ϕ) = +∞.
▶ Conversely, suppose τ2(ϕ) = +∞. For any x ∈M , p ∈ ∇∗ϕ(x) and
γ(s) = πxΦ

s
H(x, p), s ∈ (−∞, 0]. By the equivalence of 1 and 3 in the

previous theorem we conclude that

T+
t ϕ(γ(−t)) = ϕ(x)−

∫ 0

−t
L(γ, γ̇) ds, ∀t ⩾ 0.

Thus At(γ(−t), x) =
∫ 0

−t L(γ, γ̇) ds for all t ⩾ 0. By the lemma above,
this implies that ϕ satisfies (HJs) almost everywhere. Since H is convex
with respect to the p-variable, then ϕ is a viscosity solution of (HJs).
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Existence of solution of T−
t ◦ T+

t ϕ = ϕ

定理

For any ϕ ∈ C(M), T−
t ◦ T+

t ◦ T−
t ϕ = T−

t ϕ.

证明.
Indeed,

T−
t ϕ ⩽ (T−

t ◦ T+
t ) ◦ T−

t ϕ = T−
t ◦ (T+

t ◦ T−
t )ϕ ⩽ T−

t ϕ
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More on controllability
▶ The evolutionary Hamilton-Jacobi equation{

ut(t, x) +H(x,∇u(t, x)) = 0,

u(0, x) = ψ(x).
(HJe)

can also be considered as an ordinary differential equation with the orbit a
curve in suitable function space.

▶ A function ϕ is reachable in time t from an initial data ψ if ϕ = T−
t ψ.

▶ Our previous discussion shown T−
t ◦ T+

t ϕ = ϕ is a necessary and sufficient
condition for the fact ϕ is reachable in time t from ψ.

▶ In some other literature, such an orbit is also called a heteroclinic orbit
from ψ to ϕ.

▶ If u is a weak KAM solution, then u can be reached in any time t > 0 by
some ψ.

controllability
▶ Which pair (ψ, ϕ) is controllable?
▶ How to characterize such a controllability issue using their underlying

dynamics?
▶ Is it possible that a large class of pairs (ψ, ϕ) are controllable?
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Abstract Lax-Oleinik operators

Abstract Lax-Oleinik operators
Let X,Y be Polish spaces and c :M ×M → R be any cost function. For any
ϕ : X → R and ψ : Y → R we define

T−ϕ(y) = inf
x∈X

{ϕ(x) + c(x, y)}, y ∈ Y,

T+ψ(x) = sup
y∈Y

{ψ(y)− c(x, y)}, x ∈ X.

引理
Let ϕ : X → R and ψ : Y → R.

1 T− ◦ T+ψ ⩾ ψ and T+ ◦ T−ϕ ⩽ ϕ.
2 T− ◦ T+ ◦ T−ϕ = T−ϕ and T+ ◦ T− ◦ T+ψ = T+ψ. In particular, both
T− ◦ T+ and T− ◦ T+ are idempotent.
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c-conjugacy & c-concavity

▶ Given ϕ : X → [−∞,+∞) we define the c-conjugate function ϕc (with
respect a cost function c) by

ϕc(y) = inf
x∈X

{c(x, y)− ϕ(x)}, y ∈ Y.

▶ Analogously, given ψ : Y → [−∞,+∞) we define the c-conjugate
function ψc (with respect a cost function c) by

ψc(x) = inf
y∈Y

{c(x, y)− ψ(y)}, x ∈ X.

▶ A function ϕ : X → [−∞,+∞) is said to be c-concave if it is the
infimum of a family of c-affine functions c(·, y) + α(y).

▶ Analogously, ψ : Y → [−∞,+∞) is said to be c-concave if it is the
infimum of a family of c-affine functions c(x, ·) + β(x).

▶ T−ϕ = (−ϕ)c and T+ψ = −ψc. T−ϕ and −T+ψ are c-concave
functions.
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Relation between T− ◦ T+ = id and c-concavity

引理

1 For any y ∈ Y , T− ◦ T+ψ(y) = ψ(y) if and only if ∂cψ(y) 6= ∅.
2 For any x ∈ X, T+ ◦ T−ϕ(x) = ϕ(x) if and only if ∂c(−ϕ)(x) 6= ∅.

引理
The following statements are equivalent.

1 T− ◦ T+ψ = ψ.
2 ∂cψ(y) 6= ∅ for all y ∈ Y .
3 There exists ϕ : X → R such that ψ = T−ϕ.
4 ψ is c-concave.
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Optimal mass transport
Kantorovich formalism

▶ For any Polish space X let P(X) be the space of Borel probability
measures on X.

▶ Given two Polish spaces X and Y , we call π ∈ P(X × Y ) a transport
plan between µ ∈ P(X) and ν ∈ P(X) if

(pX)#π = µ, (pY )#π = ν

where pX and pY are the projection from X ×Y to X and Y respectively.
▶ We denote by Γ(µ, ν) the set of all transport plans between µ and ν.
▶ For any Borel cost function c : X × Y → R uniformly bounded below, we

consider the following problem of Kantorovich

C(µ, ν) = inf
{∫

X×Y
c(x, y) dπ : π ∈ Γ(µ, ν)

}
. (K)
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Kantorovich-Rubinstein duality

▶ To formulate the important theorem of Kantorovich-Rubinstein duality,
we introduce

Ic = {(ϕ, ψ) : ψ(y)− ϕ(x) ⩽ c(x, y) for all x ∈ X, y ∈ Y },
Kc = {(ϕ, ψ) ∈ Ic : ψ = T−ϕ, ϕ = T+ψ}.

▶ It is obvious that

Ic = {(ϕ, ψ) : ψ ⩽ T−ϕ, ϕ ⩾ T+ψ} ⊃ Kc.

In the literature, the elements in Kc is called admissible Kantorovich pair.

定理 (Kantorovich-Rubinstein duality)

C(µ, ν) = sup
(ϕ,ψ)∈Ic

{∫
Y

ψ dν −
∫
X

ϕ dµ
}
= sup

(ϕ,ψ)∈Kc

{∫
Y

ψ dν −
∫
X

ϕ dµ
}
.

(KB)
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New reformulation of Kantorovich problem

New reformulation of Kantorovich problem
Let ϕ : X → R and ψ : Y → R. Set cϕ(x, y) := ϕ(x) + c(x, y) and
cψ(x, y) = ψ(y)− c(x, y). For any µ ∈ P(X) and ν ∈ P(Y ), we try to find
a function ϕ : X → R and a function ψ : Y → R such that∫

Y

T−ϕ dν = inf
π∈Γ(µ,ν)

∫
X×Y

cϕ(x, y) dπ, (K−)∫
Y

T+ψ dµ = sup
π∈Γ(µ,ν)

∫
X×Y

cψ(x, y) dπ. (K+)

定理

1 If ϕ : X → R is a solution of (K−), then (ϕ, T−ϕ) ∈ Ic is a solution of
(KB). Conversely, if (ϕ, ψ) ∈ Ic is a solution of (KB), then ϕ solves (K−).

2 If ψ : Y → R is a solution of (K+), then (T+ψ,ψ) ∈ Ic is a solution of
(KB). Conversely, if (ϕ, ψ) ∈ Ic is a solution of (KB), then ψ solves (K+).
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Optimal mass transport
Bernard-Buffoni

▶ In a series of papers by Bernard-Buffoni and the work of Fathi-Figalli on
non-compact manifold, the authors established the important relations
among optimal transport, weak KAM theory and Mather theory.

▶ In Bernard-Buffoni’s setting, the cost function c(x, y) = AT (x, y) for
some T > 0. Thus, an admissible Kantorovich pair (ϕ, ψ) satisfies the
relation

ψ = T−
T ϕ, ϕ = T+

T ψ.

▶ They also considered the case when c = h with
h(x, y) = lim inft→∞At(x, y) the Peierls’ barrier which connected the
weak KAM pairs and Kantorovich pairs.
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Optimization in the frame of probability

▶ Let As,t(γ) be a Lagrangian action and c be the associated cost function.
It is natural to consider the dynamical optimal transport. In this setting,
the accessible arc or displacement interpolation between µ and ν is a
(weakly) continuous curve in the space of probability measures, say
Wasserstein space.

▶ The Hamilton-Jacobi equation is also the only formulation of mechanics
in which the motion of a particle can be represented as a wave.

▶ This setting has already bridged the theory and optimal transport to
various fields like fluid mechanics, quantum mechanics, statistical
mechanics, geometric analysis and so on.

▶ A group of top mathematicians works in this subjects.
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Reference:1
▶ Cannarsa, Piermarco; Sinestrari, Carlo, Semiconcave functions,

Hamilton-Jacobi equations, and optimal control. Progress in Nonlinear
Differential Equations and their Applications, 58. Birkhäuser Boston, Inc.,
Boston, MA, 2004. 主要是从变分法最优控制角度来阐释
Hamilton-Jacobi 方程，特别着重于半凹性这一重要的粘性解正则性的
刻画，还兼顾几何测度论意义下的内容。

▶ Kot, Mark, A first course in the calculus of variations. Student
Mathematical Library, 72. American Mathematical Society, Providence,
RI, 2014. 一本古典变分法入门的好教材，有丰富的历史介绍和例子，
体现出古典到近现代的发展脉络。

▶ Bardi, Martino; Capuzzo-Dolcetta, Italo, Optimal control and viscosity
solutions of Hamilton-Jacobi-Bellman equations. Systems & Control:
Foundations & Applications. Birkhäuser Boston, Inc., Boston, MA, 1997.
基本的 Hamilton-Jacobi 方程与粘性解的教程，兼顾 PDE 与最优控制，
探讨得比较全面。

▶ Achdou, Yves; Barles, Guy; Ishii, Hitoshi; Litvinov, Grigory L.,
Hamilton-Jacobi equations: approximations, numerical analysis and
applications. Lecture Notes in Mathematics, 2074. Springer, Heidelberg,
2013. 此书包含若干讲义尤其是 Barles 与 Ishii 的讲义。
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Reference:2
▶ Fathi, Albert, Weak KAM Theorem in Lagrangian Dynamics. Preliminary

Version Number 10. 著名未出版的关于弱 KAM 理论基本理论的专著。
▶ Arnol’d, V. I. Mathematical methods of classical mechanics. 2ed,

Graduate Texts in Mathematics, 60. Springer-Verlag, New York, 1989. 关
于经典力学著名专著。

▶ Ambrosio, Luigi; Brué, Elia; Semola, Daniele, Lectures on optimal
transport. Unitext, 130. La Matematica per il 3+2. Springer, 2021. 最优
输运入门好教材。

▶ Villani, Cédric, Optimal transport. Old and new. Grundlehren der
mathematischen Wissenschaften, 338. Springer-Verlag, Berlin, 2009. 比
较全面的介绍最优输运的专著，包含丰富的文献以及对文献的分析。

▶ Villani, Cédric, Topics in optimal transportation. Graduate Studies in
Mathematics, 58. American Mathematical Society, Providence, RI, 2003.
最早的一部专著，也可以作为入门。

▶ Ambrosio, Luigi; Gigli, Nicola; Savaré, Giuseppe, Gradient flows in metric
spaces and in the space of probability measures. Second edition. Lectures
in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 2008. 必要技术
最权威的专著，保证严格性。
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