I . 7 Feynman Diagrams

Feynman brought quantum field theory to the masses.
—J. Schwinger

Anharmonicity in field theory

The free field theory we studied in the last few chapters was easy to solve because the defin-
ing path integral (I.3.14) is Gaussian, so we could simply apply (I.2.15). (This corresponds
to solving the harmonic oscillator in quantum mechanics.) As I noted in chapter 1.3, within
the harmonic approximation the vibrational modes on the mattress can be linearly super-
posed and thus they simply pass through each other. The particles represented by wave
packets constructed out of these modes do not interact:! hence the term free field theory.
To have the modes scatter off each other we have to include anharmonic terms in the La-
grangian so that the equation of motion is no longer linear. For the sake of simplicity let
us add only one anharmonic term — % ¢* to our free field theory and, recalling (I.3.11), try
to evaluate

; 2 2, 27 A
Z(J) — / DQD el fd4x{%[(8(p) —mTp ]—Z[W4+J¢} (1)

(We suppress the dependence of Z on A.)
Doing quantum field theory is no sweat, you say, it just amounts to doing the functional
integral (1). But the integral is not easy! If you could do it, it would be big news.

Feynman diagrams made easy

As an undergraduate, I heard of these mysterious little pictures called Feynman diagrams
and really wanted to learn about them. I am sure that you too have wondered about those

1 A potential source of confusion: Thanks to the propagation of ¢, the sources coupled to ¢ interact, as was
seen in chapter 1.4, but the particles associated with ¢ do not interact with each other. This is like saying that
charged particles coupled to the photon interact, but (to leading approximation) photons do not interact with
each other.
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funny diagrams. Well, I want to show you that Feynman diagrams are not such a big deal:
Indeed we have already drawn little spacetime pictures in chapters 1.3 and 1.4 showing
how particles can appear, propagate, and disappear.

Feynman diagrams have long posed somewhat of an obstacle for first-time learners
of quantum field theory. To derive Feynman diagrams, traditional texts typically adopt the
canonical formalism (which I will introduce in the next chapter) instead of the path integral
formalism used here. As we will see, in the canonical formalism fields appear as quantum
operators. To derive Feynman diagrams, we would have to solve the equation of motion
of the field operators perturbatively in A. A formidable amount of machinery has to be
developed.

In the opinion of those who prefer the path integral, the path integral formalism
derivation is considerably simpler (naturally!). Nevertheless, the derivation can still get
rather involved and the student could easily lose sight of the forest for the trees. There is
no getting around the fact that you would have to put in some effort.

I will try to make it as easy as possible for you. I have hit upon the great pedagogical
device of letting you discover the Feynman diagrams for yourself. My strategy is to let you
tackle two problems of increasing difficulty, what I call the baby problem and the child
problem. By the time you get through these, the problem of evaluating (1) will seem much
more tractable.

A baby problem

The baby problem is to evaluate the ordinary integral

+0o0
2) = [ dgemintat @)

—0o0
evidently a much simpler version of (1).
First, a trivial point: we can always scale ¢ — g/m so that Z =m~'F (2, £), but we
won't.
For A = 0 this is just one of the Gaussian integrals done in the appendix of chapter 1.2.
Well, you say, it is easy enough to calculate Z(J) as a series in A : expand
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and integrate term by term. You probably even know one of several tricks for computing
[T dge” bm’q +Jq “1; you write it as (=5 )*" [ dge 1" "’+74 3nd refer to (1.2.19). So

Zy=@1-"2 md —2m g 3
(J)= (_4'(dJ)+2(4')( D) qe 3)
+00
= e_%(%)4 dqe_%mzqz'i_‘]q = (2_7{)%6_%(%)46%12]2 (4)
oo m?

. . - 1242 .
(There are other tricks, such as differentiating fj;o dge” 2™ 4" 4 with respect to m?

repeatedly, but I want to discuss a trick that will also work for field theory.) By expanding
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the two exponentials we can obtain any term in a double series expansion of Z(J) in A and
J . [We will often suppress the overall factor (Zn/mz)% =7Z(J =0,A=0)=Z(0, 0) since it
will be common to all terms. When we want to be precise, we will define Z=2(J)/Z(0, 0) ]

For example, suppose we want the term of order A and J* in Z. We extract the order
J8 term in e’*/2m* namely, [1/4!/(2m?)*]J8, replace e G/4D@/dn* by —(A/4)(d/dJ)*,
and differentiate to get [8!(—A)/(4!)3(2m?)*J*. Another example: the term of order A2
and J* is [12!/(—1)%/(41)36!12(2m?)]J*. A third example: the term of order A? and J° is
L /AN2(d/dI)8[1/7'(2m?) 71T = [141(—1)?/ (41)26!7!12(2m?)7]J ©. Finally, the term of order
A and JOis [1/22m?)?] (—A).

You can do this as well as I can! Do a few more and you will soon see a pattern. In
fact, you will eventually realize that you can associate diagrams with each term and codify
some rules. Our four examples are associated with the diagrams in figures 1.7.1-1.7.4.
You can see, for a reason you will soon understand, that each term can be associated with
several diagrams. I leave you to work out the rules carefully to get the numerical factors
right (but trust me, the “future of democracy” is not going to depend on them). The rules
go something like this: (1) diagrams are made of lines and vertices at which four lines
meet; (2) for each vertex assign a factor of (—21); (3) for each line assign 1/m?; and (4) for
each external end assign J (e.g., figure 1.7.3 has seven lines, two vertices, and six ends,
giving ~ [(—1)?/(m?)7]J°.) (Did you notice that twice the number of lines is equal to four
times the number of vertices plus the number of ends? We will meet relations like that in
chapter I11.2.)

In addition to the two diagrams shown in figure 1.7.3, there are ten diagrams obtained
by adding an unconnected straight line to each of the ten diagrams in figure I.7.2. (Do you
understand why?)

For obvious reasons, some diagrams (e.g., figure 1.7.1a, 1.7.3a) are known as tree’
diagrams and others (e.g., Figs. 1.7.1b and 1.7.2a) as loop diagrams.

Do as many examples as you need until you feel thoroughly familiar with what is going
on, because we are going to do exactly the same thing in quantum field theory. It will
look much messier, but only superficially. Be sure you understand how to use diagrams to

2 The Chinese character for tree (A. Zee, Swallowing Clouds) is shown in fig. I.7.5. I leave it to you to figure
out why this diagram does not appear in our Z(J).
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Figure 1.7.5

represent the double series expansion of Z(J) before reading on. Please. In my experience
teaching, students who have not thoroughly understood the expansion of Z(J) have no
hope of understanding what we are going to do in the field theory context.

Wick contraction

It is more obvious than obvious that we can expand Z(J) in powers of J, if we please,
instead of in powers of 1. As you will see, particle physicists like to classify in power of J.
In our baby problem, we can write

=1 F00 1,,202_ /4l gt > 1
AOEDY ;JS / dge” 2" 4D gs = 7(0,0) Y ;JSG(“‘) (5)
s=0 " -0 s=0 "

The coefficient G, whose analogs are known as “Green’s functions” in field theory, can
be evaluated as a series in A with each term determined by Wick contraction (I.2.10). For
instance, the O(%) term in G™¥ is
J’_
—A / Oodqe_%mzqzqu -1
417(0,0) J-x 4] m8

which of course better be equal® to what we obtained above for the AJ* term in Z. Thus,
there are two ways of computing Z : you expand in A first or you expand in J first.

Connected versus disconnected

You will have noticed that some Feynman diagrams are connected and others are not.
Thus, figure 1.7.3a is connected while 3b is not. I presaged this at the end of chapter 1.4
and in figures 1.4.2 and 1.4.3. Write

ZU,N=ZJ =0,0)e"UVY=71=0,21 Z %[W(J, MY (6)
N=0 :

By definition, Z(J = 0, A) consists of those diagrams with no external source J, such as
the one in figure 1.7.4. The statement is that W is a sum of connected diagrams while

3 As a check on the laws of arithmetic we verify that indeed 7!/ (4)> = 8!/(4!)32¢.
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Z contains connected as well as disconnected diagrams. Thus, figure 1.7.3b consists of
two disconnected pieces and comes from the term (1/2)[W(J, 1)? in (6), the 2! taking
into account that it does not matter which of the two pieces you put “on the left or on the
right.” Similarly, figure 1.7.2i comes from (1/3)[W(J, A)I’. Thus, it is W that we want to
calculate, not Z. If you've had a good course on statistical mechanics, you will recognize
that this business of connected graphs versus disconnected graphs is just what underlies
the relation between free energy and the partition function.

Propagation: from here to there

All these features of the baby problem are structurally the same as the corresponding
features of field theory and we can take over the discussion almostimmediately. But before
we graduate to field theory, let us consider what I call a child problem, the evaluation of a
multiple integral instead of a single integral:

+00 +00 +00 1.4, e .
Z(J):/ / / dqidq, - - -dqy e 1941 Dg*+J-q (7)
—00 —00 —00

with ¢* =", ¢'. Generalizing the steps leading to (3) we obtain

1

N72 )

Z(J) = [@] DTN AN N "
det[A]

Alternatively, just as in (5) we can expand in powers of J
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which again we can expand in powers of A and evaluate by Wick contracting.

The one feature the child problem has that the baby problem doesn’t is propagation
“from here to there”. Recall the discussion of the propagator in chapter I.3. Just as in
(1.3.16) we can think of the index i as labeling the sites on a lattice. Indeed, in (I.3.16) we
had in effect evaluated the “2-point Green’s function” G;IZ.) to zeroth orderin A (differentiate
(1.3.16) with respect to J twice):

+o00
G/ (h=0)= [ / (H dqz) e‘%Q‘A‘qqiqj} /Z(0,0) = (A"
—oo \
(see also the appendix to chapter 1.2). The matrix element (A~1), ; describes propagation
from i to j. In the baby problem, each term in the expansion of Z(J) can be associated
with several diagrams but that is no longer true with propagation.
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Let us now evaluate the “4-point Green’s function” Gﬁ,)d to order A :

+0oo
4 _1..4. A
m ' on

= (A_l)ij(A_l)kl + (A_l)ik(A_l)jl + (A_l)il(A_l)jk

— 2 ) (A TNn@A A DA 4+ 00D (10)

The first three terms describe one excitation propagating from i to j and another propa-
gating from & to , plus the two possible permutations on this “history.” The order A term
tells us that four excitations, propagating from i to n, from j ton, fromk to n, and from /
to n, meet at n and interact with an amplitude proportional to A, where n is anywhere on
the lattice or mattress. By the way, you also see why it is convenient to define the interac-
tion (1/4!)¢* with a 1/4!: ¢; has a choice of four ¢,’s to contract with, ¢ ; has three g,’s to
contract with, and so on, producing a factor of 4! to cancel the (1/4!).

I intentionally did not display in (10) the O (1) terms produced by Wick contracting some
of the g,’s with each other. There are two types: (I) Contracting a pair of ¢,’s produces
something like A(A™1);;(A™ D, (A7, (A7), and (II) contracting the g,’s with each
other produces the first three terms in (10) multiplied by (A~1),,(A™1),,. We see that
(I) and (II) correspond to diagrams b and c in figure 1.7.1, respectively. Evidently, the two
excitations do not interact with each other. I will come back to (II) later in this chapter.

Perturbative field theory

You should now be ready for field theory!
Indeed, the functional integral in (1) (which I repeat here)

7)) = [ Dy ¢ [ #3160 -ml=G/0p"+10) 1)

has the same form as the ordinary integral in (2) and the multiple integral in (7). There
is one minor difference: there is no i in (2) and (7), but as I noted in chapter 1.2 we can
Wick rotate (11) and get rid of the i, but we won’t. The significant difference is that J and
¢ in (11) are functions of a continuous variable x, while J and ¢ in (2) are not functions of
anything and in (7) are functions of a discrete variable. Aside from that, everything goes
through the same way.

As in (3) and (8) we have

Z(J) = e—(i/4!)kfd4w[8/i81(w)]4 f Dgé' [ d*x(3109)2—m2p¥+J g}

— 7(0, 0)e~ /4% [ dhuls/iss )t =/2) [[ d*xd*yI D= () (12)
The structural similarity is total.
The role of 1/m? in (3) and of A~! (8) is now played by the propagator
ko ek
Qm)* k2 —m? +ie

Dx —y) =
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Incidentally, if you go back to chapter 1.3 you will see that if we were in d-dimensional
spacetime, D(x — y) would be given by the same expression with d*k/(2m)* replaced by
d?k/(2m)?. The ordinary integral (2) is like a field theory in 0-dimensional spacetime: if
we set d = 0, there is no propagating around and D(x — y) collapses to —1/m?. You see
that it all makes sense.

We also know that J(x) corresponds to sources and sinks. Thus, if we expand Z(J)
as a series in J, the powers of J would indicate the number of particles involved in the
process. (Note that in this nomenclature the scattering process ¢ + ¢ — ¢ + ¢ counts as a
4-particle process: we count the total number of incoming and outgoing particles.) Thus,
in particle physics it often makes sense to specify the power of J. Exactly as in the baby
and child problems, we can expand in J first:

Z()=200,0)" % / dxy . ..dx,J(xp) - J(x)G®(xy, - -, xy)
s=0 "~

00 g . .
_ Z l_' /dxl cdx T () - T (xy) / Dy ¢ fd4x{j[(3¢)2_m2(ﬂ2]_()\/4!)¢4}

s=0 s

p(xy) -+ @(xy) (13)

In particular, we have the 2-point Green's function

1 ; 1 _ _
G(xq, xp) = 70.0) f Dy e [ d*x131(09)2—m?¢?Y (”4!)‘”4}<p(x1)<p(x2) (14)

the 4-point Green’s function,

1
Z(0,0)

i [ dterd 2,2 21 Nt
G (x1, X3, X3, X4) = / Dy & | IO =m0/ (o Vo () () (15)

and so on. [Sometimes Z(J) is called the generating functional as it generates the Green’s
functions.] Obviously, by translation invariance, G(x{, x,) does not depend on x; and x,
separately, butonly on x; — x,. Similarly, G (x1, x,, x3, x4) only depends on x; — x4, x, — x4,
and x3 — x4. For A =0, G(xq, x,) reduces to i D(x; — x,), the propagator introduced in
chapter I.3. While D(x; — x,) describes the propagation of a particle between x; and x, in
the absence of interaction, G (x; — x,) describes the propagation of a particle between x;
and x, in the presence of interaction. If you understood our discussion of Gl(j,)d, you would
know that G (xq, x,, x3, x4) describes the scattering of particles.

In some sense, there are two ways of doing field theory, what I might call the Schwinger
way (12) or the Wick way (13).

Thus, to summarize, Feynman diagrams are just an extremely convenient way of rep-
resenting the terms in a double series expansion of Z(J) in A and J.

As T said in the preface, I have no intention of turning you into a whiz at calculating
Feynman diagrams. In any case, that can only come with practice. Instead, I tried to give
you as clear an account as I can muster of the concept behind this marvellous invention of
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Figure 1.7.6

Feynman’s, which as Schwinger noted rather bitterly, enables almost anybody to become
a field theorist. For the moment, don’t worry too much about factors of 4! and 2!

Collision between particles

As T already mentioned, I described in chapter 1.4 the strategy of setting up sources and
sinks to watch the propagation of a particle (which I will call a meson) associated with
the field ¢. Let us now set up two sources and two sinks to watch two mesons scatter off
each other. The setup is shown in figure 1.7.6. The sources localized in regions 1 and 2
both produce a meson, and the two mesons eventually disappear into the sinks localized
in regions 3 and 4. It clearly suffices to find in Z a term containing J (x;)J (x3)J (x3)J (x4).
But this is just G(xq, x,, X3, X4).
Let us be content with first order in A. Going the Wick way we have to evaluate

) (_i—k) /d4w/D<p o [ 45 Glopt=me)
Z(0,0) 41

P(x)p(x)P(x3)(x)p(w)* (16)

Just as in (10) we Wick contract and obtain
(—iA) /d4wD(x1 —w)D(xy; —w)D(x3 — w)D(x4 — w) (17)
As a check, let us also derive this the Schwinger way. Replace e~ /4D J dtwess oyt by
(i /405 [ d*w(8/8] (w))* and ¢~ /P J] I ODENI0) 1

-4 4
ﬁ [ / f d*xd*yJ (x)D(x — y)J(y)}
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Figure 1.7.7

To save writing, it would be sagacious to introduce the abbreviations J, for J(x,), [, for
[ d*x,, and D,;, for D(x, — x,,). Dropping overall numerical factors, which I invite you to
fill in, we obtain

1)
Nl)‘-/(_)4 f///f//f DaeDbechthaJb‘]c‘]d‘]e‘]f‘]g‘]h (18)
w 8,

The four (§/8J,,)’s hit the eight J’s in all possible combinations producing many terms,
which again I invite you to write out. Two of the three terms are disconnected. The
connected term is

Ni)‘/ f/ff DawwaDcwawJanJch (19)
w

Evidently, this comes from the four (6/8J,,)’s hitting J,, J;, J,, and J,, thus setting
Xe» X £, Xg, and x;, to w. Compare (19) with [81(—1)/(4)3(2m?)*1J* in the baby problem.

Recall that we embarked on this calculation in order to produce two mesons by sources
localized in regions 1 and 2, watch them scatter oft each other, and then get rid of them
with sinks localized in regions 3 and 4. In other words, we set the source function J(x)
equal to a set of delta functions peaked at xq, x,, x3, and x4. This can be immediately
read off from (19): the scattering amplitude is just —iA [ Dy, D, D3, Dy, exactly as
in (17).

The result is very easy to understand (see figure 1.7.7a). Two mesons propagate from
their birthplaces at x; and x, to the spacetime point w, with amplitude D(x; — w)D(x; —
w), scatter with amplitude —i}, and then propagate from w to their graves at x5 and xy,
with amplitude D(w — x3)D(w — x4) [note that D(x) = D(—x)]. The integration over w
just says that the interaction point w could have been anywhere. Everything is as in the
child problem.

It is really pretty simple once you get it. Still confused? It might help if you think of (12)

=G4 [ d*w(s/is] (w)*

as some kind of machine e operating on

Z(J, h=0) = ¢~ W/2 [ [ dxd'yI(DG=)I ()

When expanded out, Z(J, A = 0) is a bunch of J’s thrown here and there in spacetime,
with pairs of J’s connected by D’s. Think of a bunch of strings with the string ends
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corresponding to the J’s. What does the “machine” do? The machine is a sum of terms,
for example, the term

oo f o] s
~ A dwl de
57wy | L 87wy

When this term operates on aterm in Z(J, A = 0) it grabs four string ends and glues them

together at the point w,; then it grabs another 4 string ends and glues them together at
the point w;. The locations w; and w, are then integrated over. Two examples are shown
in figure 1.7.8. It is a game you can play with a child! This childish game of gluing four
string ends together generates all the Feynman diagrams of our scalar field theory.

Do it once and for all

Now Feynman comes along and says that it is ridiculous to go through this long-winded
yakkety-yak every time. Just figure out the rules once and for all.
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For example, for the diagram in figure 1.7.7a associate the factor —i with the scattering,
the factor D(x; — w) with the propagation from x; to w, and so forth—conceptually exactly
the same as in our baby problem. See, you could have invented Feynman diagrams. (Well,
not quite. Maybe not, maybe yes.)

Just as in going from (I.4.1) to (1.4.2), it is easier to pass to momentum space. Indeed,
that is how experiments are actually done. A meson with momentum k; and a meson with
momentum k, collide and scatter, emerging with momenta k3 and k4 (see figure 1.7.7D).
Each spacetime propagator gives us

d4k eiiku(xu—w)
D(x, —w) = 4
X ) /(2n)4k§—m2+i8

Note that we have the freedom of associating with the dummy integration variable either
a plus or a minus sign in the exponential. Thus in integrating over w in (17) we obtain

/ d*we kitkaks—kaw — )4 5™ (k) 4 ky — k3 — ky).

That the interaction could occur anywhere in spacetime translates into momentum con-
servation ky + k, = k3 + k4. (We put in the appropriate minus signs in two of the D’s so
that we can think of k3 and k4 as outgoing momenta.)

So there are Feynman diagrams in real spacetime and in momentum space. Spacetime
Feynman diagrams are literally pictures of what happened. (A trivial remark: the orien-
tation of Feynman diagrams is a matter of idiosyncratic choice. Some people draw them
with time running vertically, others with time running horizontally. We follow Feynman
in this text.)

The rules

We have thus derived the celebrated momentum space Feynman rules for our scalar field
theory:

1. Draw a Feynman diagram of the process (fig. I.7.7b for the example we just discussed).

2. Label each line with a momentum k and associate with it the propagator i /(k? — m? + ie).

3. Associate with each interaction vertex the coupling —id and 27)* §W (3, k; — X k),
forcing the sum of momenta ), k; coming into the vertex to be equal to the sum of momenta

>_; k; going out of the vertex.

d*k
Qm)*-
Incidentally, this corresponds to the summation over intermediate states in ordinary per-

4. Momenta associated with internal lines are to be integrated over with the measure

turbation theory.

5. Finally, there is a rule about some really pesky symmetry factors. They are the analogs of
those numerical factors in our baby problem. As a result, some diagrams are to be multiplied
by a symmetry factor such as 1. These originate from various combinatorial factors counting
the different ways in which the (§/8J)’s can hit the J’s in expressions such as (18). I will let

you discover a symmetry factor in exercise 1.7.2.

We will illustrate by examples what these rules (and the concept of internal lines) mean.
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Our first example is just the diagram (fig. 1.7.7b) that we have calculated. Applying the
rules we obtain

4 .
—ix2m)*8 W (kg + ky — ks — ko) [ | (;>
a=1

k2 —m?+ie

You would agree that it is silly to drag the factor ]_[2:1 (m) around, since it would

be common to all diagrams in which two mesons scatter into two mesons. So we append
to the Feynman rules an additional rule that we do not associate a propagator with external
lines. (This is known in the trade as “amputating the external legs”.)

In an actual scattering experiment, the external particles are of course real and on shell,
that is, their momenta satisfy k> — m* = 0. Thus we better not keep the propagators of the
external lines around. Arithmetically, this amounts to multiplying the Green’s functions
[and what we have calculated thus far are indeed Green’s functions, see (16)] by the factor
I, (—i)(kczl — m?) and then set kﬁ = m? (“putting the particles on shell” in conversation). At
this point, this procedure sounds like formal overkill. We will come back to the rationale
behind it at the end of the next chapter.

Also, since there is always an overall factor for momentum conservation we should not
drag the overall delta function around either. Thus, we have two more rules:

6. Do not associate a propagator with external lines.

7. A delta function for overall momentum conservation is understood.

Applying these rules we obtain an amplitude which we will denote by M. For example,
for the diagram in figure 1.7.7b M = —iA.

The birth of particles

As explained in chapter 1.1 one of the motivations for constructing quantum field theory
was to describe the production of particles. We are now ready to describe how two col-
liding mesons can produce four mesons. The Feynman diagram in figure 1.7.9 (compare
fig. 1.7.3a) can occur in order A? in perturbation theory. Amputating the external legs, we
drop the factor ]_[2:1[1' /kﬁ — m? + ig] associated with the six external lines, keeping only
the propagator associated with the one internal line. For each vertex we put in a factor of
(—iX) and a momentum conservation delta function (rule 3). Then we integrate over the
internal momentum ¢ (rule 4) to obtain

4 .
T4 T onys@ 4k — ky— @05 Dlg — ke + kst ko] (20)

—ix)?
(=id) Qm)* g2 —m? +ie

The integral over ¢ is a cinch, giving

i

(—in)? — 2m)*8Wlky + ky — (ks + ky + ks + kg)] (21)

(k4+k5+k6)2—m2+18
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Figure 1.7.9

We have already agreed (rule 7) not to drag the overall delta function around. This exam-
ple teaches us that we didn’t have to write down the delta functions and then annihilate (all
but one of) them by integrating. In figure 1.7.9 we could have simply imposed momentum
conservation from the beginning and labeled the internal line as k4 + ks + k¢ instead of g.

With some practice you could just write down the amplitude
l

M= (=ir)?
( ) (k4+k5+k6)2—m2+is

(22)

directly: just remember, a coupling (—iX) for each vertex and a propagator for each internal
(butnot external) line. Pretty easy once you get the hangof it. As Schwinger said, the masses
could do it.

The cost of not being real

The physics involved is also quite clear: The internal line is associated with a virtual particle
whose relativistic 4-momentum k, + ks + kg squared is not necessarily equal to m?, as it
would have to be if the particle were real. The farther the momentum of the virtual particle
is from the mass shell the smaller the amplitude. You are penalized for not being real.

According to the quantum rules for dealing with identical particles, to obtain the full
amplitude we have to symmetrize among the four final momenta. One way of saying it is
to note that the line labeled k3 in figure (1.7.9) could have been labeled k4, ks, or kg, and
we have to add all four contributions.

To make sure that you understand the Feynman rules I insist that you go through the
path integral calculation to obtain (21) starting with (12) and (13).

I am repeating myself but I think it is worth emphasizing again that there is nothing
particularly magical about Feynman diagrams.
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ky +k,—k

Figure 1.7.10

Loops and a first look at divergence

Just as in our baby problem, we have tree diagrams and loop diagrams. So far we have only
looked at tree diagrams. Our next example is the loop diagram in figure 1.7.10 (compare
fig. 1.7.2a.) Applying the Feynman rules, we obtain

oo [ dYk i i
7 (=id) ; ; (23)
Qm)*kr—m2+ie (ky +ky— k)2 —m?2+ie

As above, the physics embodied in (23) is clear: As k ranges over all possible values, the
integrand is large only if one or the other or both of the virtual particles associated with
the two internal lines are close to being real. Once again, there is a penalty for not being
real (see exercise 1.7.4).

For large k the integrand goes as 1/k*. The integral is infinite! It diverges as [ d*k(1/k*).
We will come back to this apparent disaster in chapter III.1.

With some practice, you will be able to write down the amplitude by inspection. As
another example, consider the three-loop diagram in figure 1.7.11 contributing in O (A*) to
meson-meson scattering. First, for each loop pick an internalline and label the momentum
itcarries, p, ¢, andr in our example. There is considerable freedom of choice in labeling—
your choice may well not agree with mine, but of course the physics should not depend
on it. The momenta carried by the other internal lines are then fixed by momentum
conservation, as indicated in the figure. Write down a coupling for each vertex, and a
propagator for each internal line, and integrate over the internal momenta p, ¢, and r.
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Figure 1.7.11

Thus, without worrying about symmetry factors, we have the amplitude

d4p d4q d*r i i
Qm)* 2r)* 2r)* p2—m2 +ie (ki +ky — p)2 —m? +ie

i i i i
g>—m?+ic(p—q—r)—m?+icrl—m?+ic (ki +k, —r)>—m?+ic

(—in*

Again, this triple integral also diverges: It goes as [ d'2P(1/P12).

An assurance

When I teach quantum field theory, at this point in the course some students get un-
accountably very anxious about Feynman diagrams. I would like to assure the reader that
the whole business is really quite simple. Feynman diagrams can be thought of simply as
pictures in spacetime of the antics of particles, coming together, colliding and producing
other particles, and so on. One student was puzzled that the particles do not move in
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straight lines. Remember that a quantum particle propagates like a wave; D(x — y) gives
us the amplitude for the particle to propagate from x to y. Evidently, itis more convenient to
think of particles in momentum space: Fourier told us so. We will see many more examples
of Feynman diagrams, and you will soon be well acquainted with them. Another student
was concerned about evaluating the integrals in (23) and (24). I haven’t taught you how yet,
but will eventually. The good news is that in contemporary research on the frontline few
theoretical physicists actually have to calculate Feynman diagrams getting all the factors
of 2 right. In most cases, understanding the general behavior of the integral is sufficient.
But of course, you should always take pride in getting everything right. In chapters II.6,
I11.6, and II1.7 T will calculate Feynman diagrams for you in detail, getting all the factors
right so as to be able to compare with experiments.

Vacuum fluctuations

Let us go back to the terms I neglected in (18) and which you are supposed to have
figured out. For example, the four [§/8J (w)]'s could have hit J., J;, J,, and J), in (18)
thus producing something like

—i f/f/ DaeDbeanJle(f DyuwDoyw)-
w

The coefficient of J(x1)J (x)J (x3)J (xg) is then Dy3Dyy(—ik [, D,,D,,,) plus terms
obtained by permuting.

The corresponding physical process is easy to describe in words and in pictures (see
figure 1.7.12). The source at x; produces a particle that propagates freely without any
interaction to x3, where it comes to a peaceful death. The particle produced at x, leads
a similarly uneventful life before being absorbed at x4. The two particles did not interact at
all. Somewhere off at the point w, which could perfectly well be anywhere in the universe,
there was an interaction with amplitude —iA. This is known as a vacuum fluctuation:

A
X3 X4
w
t A A ‘
X4 X,
X

Figure 1.7.12
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As explained in chapter 1.1, quantum mechanics and special relativity inevitably cause
particles to pop out of the vacuum, and they could even interact before vanishing again
into the vacuum. Look at different time slices (one of which is indicated by the dotted line)
in figure 1.7.12. In the far past, the universe has no particles. Then it has two particles,
then four, then two again, and finally in the far future, none. We will have a lot more to
say in chapter VIII.2 about these fluctuations. Note that vacuum fluctuations occur also in
our baby and child problems (see, e.g., Figs. I.7.1c, 1.7.2g,h,i,j, and so forth).

Two words about history

I believe strongly that any self-respecting physicist should learn about the history of phys-
ics, and the history of quantum field theory is among the most fascinating. Unfortunately,
I do not have the space to go into it here.* The path integral approach to field theory using
sources J(x) outlined here is mainly associated with Julian Schwinger, who referred to it
as “sorcery” during my graduate student days (so that I could tell people who inquired that
I was studying sorcery in graduate school.) In one of the many myths retold around tribal
fires by physicists, Richard Feynman came upon his rules in a blinding flash of insight.
In 1949 Freeman Dyson showed that the Feynman rules which so mystified people at the
Pocono conference a year earlier could actually be obtained from the more formal work of
Julian Schwinger and of Shin-Itiro Tomonaga.

Exercises

.71 Work out the amplitude corresponding to figure I.7.11 in (24).

I.7.2  Derive (23) from first principles, that is from (11). It is a bit tedious, but straightforward. You should find
a symmetry factor 1.

.73 Draw all the diagrams describing two mesons producing four mesons up to and including order A2.
Write down the corresponding Feynman amplitudes.

l.7.4 By Lorentz invariance we can always take k; + k, = (E, 0) in (23). The integral can be studied as a function
of E. Show that for both internal particles to become real E must be greater than 2m. Interpret physically
what is happening.

* An excellent sketch of the history of quantum field theory is given in chapter 1 of The Quantum Theory of
Fields by S. Weinberg. For a fascinating history of Feynman diagrams, see Drawing Theories Apart by D. Kaiser.



