
MIRROR SYMMETRY AND ELLIPTIC CURVESROBBERT DIJKGRAAFAbstract. I review how recent results in quantum �eld theory con-�rm two general predictions of the mirror symmetry program in thespecial case of elliptic curves: (1) counting functions of holomorphiccurves on a Calabi-Yau space (Gromov-Witten invariants) are `quasi-modular forms' for the mirror family; (2) they can be computed bya summation over trivalent Feynman graphs.1. IntroductionAs discussed in detail by Kontsevich in this volume [Kon] the modulispaceMg of algebraic curves has an interesting generalisation to the modulispaceMg(X; d) of pairs (C; f) with C a genus g curve and f : C ! X a de-gree d holomorphic map into a variety X . Tautological cohomology classesin the stable compacti�cation Mg(X; d) are known as Gromov-Witteninvariants. They appeared in Gromov's fundamental work on pseudo-holomorphic curves in symplectic geometry [Gro] and Witten's equally fun-damental study of topological sigma models [Wit]. In the special case ofgenus zero curves, Gromov-Witten invariants are directly related to thequantum cohomology of the variety X [LVW] and the symplectic Floercohomology of the loop space LX [Flo].The moduli space Mg(X; d) is also the primary object of study in themirror symmetry program [Yau]. Mirror symmetry is concerned with count-ing the number of holomorphic curves on Calabi-Yau manifolds, i.e. com-pact K�ahler manifolds X with trivial canonical bundle KX . One tries tode�ne and calculate the generating functionsFg(t) =Xd Ng;d qd; q = e2�it; (1)where Ng;d is the appropriately de�ned `number' of genus g, degree d curveson X . It can for example be given by the (orbifold) Euler character ofMg(X; d).In the above we assumed for convenience that H2(X) is one-dimensionaland generated by the K�ahler form !; otherwise, the degree is actuallya multi-degree and Fg a multi-variable function. The above de�nitionshould also be slightly modi�ed in the case g = 0 or 1, since these curvesare not stable. For rational curves C �= P1 we pick three hypersurfaces149



150 ROBBERT DIJKGRAAFH0; H1; H1 � X , Poincar�e dual to !, and consider maps x : P1 ! X suchthat x(z) 2 Hz for z = 0; 1;1. This then de�nes the third derivative F 0000of F0. In case of an elliptic curve C �= E we pick a point 0 2 E and demandx(0) 2 H0, which then gives F 01. In this note we will however be mainlyconcerned with the case g > 1.The generating functions Fg(t) are more or less by de�nition topologicalor, more precisely, symplectic manifold invariants ofX . They do not dependon the complex structure of X , i.e. on the particular point in the modulispace MX of manifolds of type X , but there is the obvious dependenceon the parameter t 2 H2(X), that labels the K�ahler or symplectic class.The mirror conjecture states that for a Calabi-Yau manifold the functionsFg(t) have an alternative interpretations as complex manifold invariants ofa family of `mirror' Calabi-Yau manifolds eXt, where t is now interpreted asa suitable coordinate on MeX , the moduli space of manifolds of type eX.Until recently most calculations were concerned with genus zero, wheremirror symmetry is supposed to relate the function F0(t), that computes(part of) the quantum cohomology ofX , to variation of Hodge structures forthe family eXt. The precise formulation of the mirror symmetry conjecturefor higher genus, i.e. the interpretation of the objects Fg(t) in terms ofthe geometry of the mirror family eXt, was not clear. This has changedremarkably with the beautiful work of Bershadsky, Cecotti, Ooguri andVafa [BCOV]. They have indicated the nature of the objects associated toeX that are conjecturally equivalent to the invariants Fg associated to X ,at least for the case of Calabi-Yau three-folds. This leads to two interestingpredictions:First, Fg(t) should be a meromorphic object that can be obtained as thelimit Fg(t) = limt!1F �g (t; t)of a non-holomorphic section F �g of the line bundle L
(2g�2) over MeX .Here L is the bundle of holomorphic 3-forms with �ber H0(KeX). Sectionsof powers of this line bundle can be considered as generalizations of modularforms. The limiting holomorphic objects Fg will have anomalous transfor-mation properties, and will be named quasimodular forms. So, roughly wehave:Claim 1 | The counting functions Fg(t) of holomorphic curves on Xare quasimodular forms for the mirror family eXt.Since under suitable circumstances the space of these quasimodular formswill be �nite-dimensional, mirror symmetry imposes great a priori con-straints on the counting functions (1).



MIRROR SYMMETRY AND ELLIPTIC CURVES 151Second, physical arguments indicate that on the mirror manifold weshould count `constant' maps f : C ! eX instead of holomorphic maps (seeWitten's contribution in [Yau]). For genus zero, these constant maps justsend P1 to a point y 2 eX . However, for genus g > 0 (or when punctures areincluded) there appear non-trivial `constant' maps when the curve degen-erates completely into thrice-punctured P1s and each rational componentis mapped to a di�erent point in eX. Such a completely degenerated curveis combinatorically described by a trivalent graph, where the vertices cor-respond to the P1s and the edges to the double points. This reduces thecalculation to a sum over (Feynman) graphs with vertices labelled by pointsin eX:Claim 2 | The counting functions F �g and Fg on X can be computedwith trivalent Feynman graphs on the mirror manifold eX.For this purpose it is useful to combine the functions Fg into the so-calledpartition function Z = exp 1Xg=1 �2g�2Fg (2)(where � is a section of L�1) and de�ne a similar object Z�. This partitionfunction has then a physical interpretation as the path-integral for theKodaira-Spencer quantum �eld ' 2 
1(V2TeX),Z� = Z [d']e�S(');with a cubic actionS(') = ZeX � 12@' ^ @'+ 16�(@')3� : (3)Here the holomorphic 3-form is used to `integrate' a section of 
3(V3TeX).According to standard arguments of perturbative quantum �eld theory,the objects F �g , and therefore also the derived quantities Fg , should becomputable by evaluating cubic Feynman diagrams. So, we expect an ex-pression of the form Fg = X�2Gg I�#Aut � ; (4)where Gg is the set of closed connected trivalent graphs with Euler number1� g. I� is the weight of the diagram � and is computed using geometricobjects on eX .The precise details of all these formulas are rather intimidating and areto a large extent not computable, in the sense that the weight function



152 ROBBERT DIJKGRAAFI� is not explicitely known and that the de�nition is plagued with theusual divergencies and indeterminacies of a nonrenormalizable quantum�eld theory. Although these problems are likely to be overcome in thefuture, it would be an overstatement to say that the mirror symmetryconjecture leads at this moment to directly calculable predictions for thefunctions Fg for all genera in the case of general Calabi-Yau space X , evenif the mirror family eX is known. (Although in [BCOV] some beautifulformulas were obtained in special examples and for low genus.)However, here we will be concerned with a model that is computable andrigorously de�ned. In fact, our aim will be to show how the above two claimsare concretely realized in the simplest example of the mirror symmetryprogram where we choose X to be a torus or elliptic curve | the uniqueone-dimensional Calabi-Yau space. In our analysis we will make use of therenewed interest in counting covers of Riemann surfaces (not necessarily ofgenus one) that was inspired by the fundamental work of Gross and Tayloron two-dimensional U(N) Yang-Mills theory in the largeN expansion [GT].In this remarkable development the classical 19th century work of Hurwitz,Schur et al. on the combinatorics of Riemann surfaces has been rediscoveredand expanded. It allows us to compute the objects Fg and F �g and verifytheir conjectured properties. It also introduces some interesting modularobjects along the way.Finally a warning: There is not much new mathematics in this note.However, the matter is usually not presented from the point of view ofmirror symmetry, and the material might be useful for (algebraic) geometersin its present form.2. The mirror of an elliptic curveWe should stress that mirror symmetry for elliptic curves is a simple,but certainly not a vacuous statement. Recall that a Calabi-Yau space Xhas two kinds of moduli. First of all, we have the moduli space MX ofinequivalent complex structures. In the case of elliptic curves this is thefamiliar spaceM1 = H =PSL(2;Z). That is, we represent the elliptic curveE as C =(Z� �Z) and identify � in the upper-half plane H by� ! a� + bc� + d ;  a bc d ! 2 PSL(2;Z):We write � = �1 + i�2 with imaginary part �2 > 0. The second modulus ofa Calabi-Yau space is the (complexi�ed) K�ahler class [!] 2 H2(X; C ). Inour case we choose to parametrize ! with t 2 H as! = ��t�2 dz ^ dz; ZE ! = 2�it:



MIRROR SYMMETRY AND ELLIPTIC CURVES 153Again, we write t = t1 + it2, now with t2 > 0, the area of the surface. Theone-dimensional Calabi-Yau space we so obtain is denoted as E�;t. Mirrorsymmetry for elliptic curves is simply the interchange of � and t [DVV]E = E�;t () eE = Et;� : (5)This is already a remarkable formula, since it interchanges two variableswith an alltogether di�erent interpretation. It implies that the modulargroup PSL(2;Z) acts naturally and nontrivially on the K�ahler modulus tand thus on the counting functions Fg(t). The transformation t! t+ 1 israther obvious, since in the de�nition of Fg we only use the exponent q =e2�it. But the interpretation of the second generator of the modular group,t! �1=t, is much less evident. It interchanges large area with small area,and is the most well-known example of a so-called duality transformationin string theory [GPR].In fact, the quantum �eld theory based on the Calabi-Yau space E�;t isde�ned by a four-dimensional lattice in C 2 with a metric of signature (2; 2)spanned by the vectors (1; 1), (�; �), (t; t), (t�; t�). It has an automorphismgroup O(2; 2;Z) that contains the Z2 mirror symmetry (5), see [DVV] formore details.We now come to the precise de�nition of the counting functions Fg(t)for elliptic curves, see also [CMR]. First of all,q let us consider the caseg > 1. A holomorphic map of degree d from a genus g curve Cg to anelliptic curve E is simply a d-fold, connected cover of E. This reducesthe problem to combinatorics of Sd, the symmetric group on d elements.Let Xg;d be the set of simple branched (topological) covers of genus g anddegree d. Simple means here that all branch points have branching numberone (rami�cation index two). The precise de�nition of the set Xg;d interms of representations of the fundamental group is as follows. Choose bunordered points P1; : : : ; Pb 2 E and let �b1 be the fundamental group ofthe b-punctured curve E � fP1; : : : ; Pbg. We now haveXg;d = Hom0(�b1 ; Sd)=Sd;where the prime indicates that: (i) the holonomy around all punctures Pilies in the conjugacy class of single transpositions (cycle of length two) inSd; (ii) the resulting cover is a connected curve. The group Sd acts onthe homomorphisms by conjugation. The number of branch points b isdetermined by the Riemann-Hurwitz theorem,b = 2g � 2:We see in particular that the number of branch points does not dependon the degree d of the map. This is a general feature of Calabi-Yauspaces: by the Riemann-Roch theorem the (virtual) dimension ofMg(X; d)is independent of the degree of the map Cg ! X and simply given by(dimX � 3)(1� g).



154 ROBBERT DIJKGRAAFThe set Xg;d can also be considered as the �bre in the �brationXg;d ! Hg;d ! E2g�2;where Hg;d =Mg(E; d) is the Hurwitz space of simple branched covers andEn is the con�guration space of n points on E.We now de�ne the number Ng;d of genus g, degree d curves on E asNg;d = X�2Xg;d 1#Aut � : (6)Here Aut �, the group of automorphisms of a homomorphism �, is the prod-uct of the centralizer of the image �(�b1) � Sd and the group Sb permutingthe branch points. Alternatively, one can say we have de�ned Ng;d asthe volume of the Hurwitz space Mg(E; d) with respect to the normalizedK�ahler volume form induced from E. A de�nition as the Euler character-istic does not make sense here, since that vanishes identically by the freetorus action.The generating functions Fg for g > 1 are now given byFg(q) = 1Xd=1Ng;d qd; q = e2�it:The case g = 1 should be treated separately, since these covers are un-branched and there is consequently also a contribution of degree zero (con-stant) maps. These maps are not stable and, as explained in x1, the pre-scription is to �rst compute the �rst derivative dF1=dt, where the constantmaps contribute � 124 = �(M1). After integration F1 is then obtained asF1(q) = � 124 log q + 1Xd=1N1;d qd:In these counting functions Fg we consider only connected covers. How-ever, as already remarked by Hurwitz [Hur], it is convenient to combine allfunctions Fg in a two-variable partition function Z that counts all coversZ(q; �) = exp 1Xg=1 �2g�2Fg(q): (7)If we write Z(q; �) = q� 124 bZ(q; �); then by nature of the exponential func-tion the partition function bZ has an expansionbZ(q; �) = 1Xg;d=1 bNg;d qd�2g�2;



MIRROR SYMMETRY AND ELLIPTIC CURVES 155where bNg;d is the weighted number of all, not necessarily connected coversof E with Euler number 2� 2g and degree d,bNg;d = #Hom(�2g�21 ; Sd)d!(2g� 2)! ;where the holonomy around the b punctures is a cycle of length two in Sd.3. Three TheoremsWe are now in a position to state three theorems about the function Zthat originate in quantum �eld theory. We will brie
y sketch the relationwith physics.Theorem 1: `Yang-Mills' [GT] | Let G = U(N) act on itself byconjugation, let H = L2(G)G be the Hilbert space of invariant, square-integrable functions on G, and let � be the Laplacian on G (as constructedfrom the Haar measure) considered as a self-adjoint operator on H, thenTr q�=N = Z(q; 1=N)2:The idea to treat the classical Lie groups in perturbation theory aroundin�nite rank is a very productive idea in physics conceived of by 't Hooft['tH]. The left-hand side of the equation is actually the partition functionof quantum Yang-Mills theory with gauge group G. That is, if A is aconnection on a (trivial) principal G bundle over eE, with curvature F ,then Z is given by a path-integralZ = Z [dA]e�NS(A); S = ZE Tr(F ^ �F):We will not say anything here about the relation with gauge theory in thelarge N limit. The material is excellently covered in [CMR]. We will con-centrate instead on a second, closely related theorem that gives an explicitrepresentation for Z:Theorem 2: `Fermions' [Dou] | The partition function (7) is givenby Z(q; �) = q� 124 I dz2�iz Yp2Z�0+ 12 (1 + zqpe�p2=2)(1 + z�1qpe��p2=2):Note that in these expressions q = e2�it, where t can be interpreted asthe modulus of eE, the mirror of the elliptic curve we started with, whichexplains the modular properties. This second result is due to an alternative



156 ROBBERT DIJKGRAAFformulation of the partition function as a path-integral in terms of freefermions b; c 2 �( eE;K1=2),Z� = Z [dbdc]e�S(b;c); S = ZeE b@c+ �b@2c:The above expression is simply the Hamiltonian representation.The integrand that appears in Theorem 2 is a natural generalisation ofthe usual theta-function. More generally one can de�ne for t(p) =P tkpkan arbitrary polynomial (with z = et0 and q = et1)#[t] = Yn2Z>0(1� qn) Yp2Z�0+ 12 (1 + et(p))(1 + e�t(�p)):These generalized theta-functions appear naturally as characters of modulesof the W1+1 algebra [AFMO, Dij].The familiar theta-function identity#(z; q) =Xn2Zznqn2 ; (8)immediately shows that F1(q) = � log �(q); (9)with �(q) Dedekind's eta-function. In fact, the expansion of Z in terms ofthe functions Fg can be considered as a generalization of the theta-functionidentity (8). The modular properties of Fg are given by the following corol-lary to Theorem 2 [KZ, Ru, Dij]Corollary | The functions Fg(q) for g � 2 are quasimodular forms ofweight 6g � 6, Fg 2 Q[E2 ; E4; E6]:This corollary is the con�rmation of the �rst claim of mirror symmetry,namely that the counting functions have modular properties in terms ofthe mirror manifold, which here happens to be again an elliptic curve. The�rst few cases are given by (see [Ru] for more examples)F2(q) = 1103680(10E32 � 6E2E4 � 4E6); (10)F3(q) = 135831808(�6E62 + 15E42E4 � 12E22E34 + 7E34 (11)+4E32E6 � 12E2E4E6 + 4E26):Here the familiar Eisenstein series Ek(q) are de�ned for even k � 2 asEk(q) = 1� 2kBk 1Xn=1 nk�1qn1� qn :



MIRROR SYMMETRY AND ELLIPTIC CURVES 157If k > 2, they are modular forms of weight k. As is well-known E4 and E6generate the ring of modular forms. E2 is `quasimodular' of weight two,E2 �at+ bct+ d� = (ct+ d)2E2(t) + 122�ic(ct+ d):E2 can be easily made into a proper modular form by allowing a mildanholomorphicity and de�ningE�2 (t; t) = E2(t)� 3�t2 :By replacing E2 by E�2 we similarly get an anholomorphic partition functionF �g with F �g 2 �(M1; L2g�2):Here L is the line bundle overM1 with �bre LE = H0(E; T 3E).The third theorem expresses the fact that the functions Fg can be com-puted by Feynman diagrams on the mirror manifold. That is, the partitionfunction is of the form (4).Theorem 3: `Bosons' [Dou] | Fg can be expressed as a sum overcubic graphs Fg = X�2Gg I�#Aut�with weights I� = Yvertices v Izv2
v Yedges eP (zv+(e) � zv�(e)):Here the 3g � 3 vertices v of � are labeled by points zv 2 eE, the mirrorelliptic curve with modulus t. To each of the 2g� 2 edges e correspond twovertices v�(e). The contours 
v are to be taken non-intersecting and in thehomotopy class of the cycle [0; 1] (a-cycle). The propagator P (z) is givenin terms of the Weierstrass }-function asP (z) = ( 14�2}(z) + 112E2; if z 6= 0;112E2; if z = 0:This theorem is due to the famous boson/fermion correspondence in twodimensions, which gives a third path-integral expression for the partitionfunction asZ� = Z [d']e�S('); S(') = ZeE 12@'@'+ �6 (�i@')3:This is the analogue of the Kodaira-Spencer action (3) in one dimension.The �eld ' is here a (real) function on the mirror manifold eE.



158 ROBBERT DIJKGRAAFWe will now sketch how these results are proven, with emphasis on The-orem 2. For more details on Theorem 3 see [Dou, Dij].4. Counting CoversLet G be any �nite group, R the set of irreducible representations of G,and C the set of conjugacy classes of G. We denote the character of anelement in a class c 2 C in a representation r 2 R as �r(c). It is furthermoreconvenient to follow Frobenius and introduce the notationfr(c) = #c � �r(c)dim rNow let � be a closed, oriented, topological surface of genus h. PickN marked points P1; : : : ; PN 2 � and conjugacy classes c1; : : : ; cN 2 C.Let X be the set of equivalence classes of principal G-bundles over � withholonomies around the point Pi in the class ci. That is, if we recall that thefundamental group �N1 of the N times punctured surface is freely generatedby elements �1; : : : ; �h; �1; : : : ; �h; 
1; : : : ; 
N with the single relationhYi=1�i�i��1i ��1i = NYj=1 
j ;then X is de�ned asX = Y=G; Y = f� 2 Hom(�N1 ;G) j �(
j) 2 cjg;where the G action is by conjugation. We now want to count all suchbundles by computing the `partition function'Zh(c1; : : : ; cN ) = X�2X 1#Aut � = #Y=#G:The automorphism group Aut � of a bundle � is by de�nition the centralizerof the image of �N1 under �. There is an elegant formula according to thefollowing lemma:Lemma [DW, FQ] | The weighted number of G-bundles on a surfaceof genus h is given byZh(c1; : : : ; cN ) =Xr2R24� #Gdim r�2h�2 NYj=1 fr(cj)35The proof follows essentially the argument of the proof of the Verlindeformula [Ver]. Consider the center H of the group algebra C [G], generatedas a vector space by the elementszc =Xg2c g; c 2 C:



MIRROR SYMMETRY AND ELLIPTIC CURVES 159This so-called class algebra is a commutative, associative algebra with iden-tity e and invariant inner product � given by a linear form h�; �i,�(z; z0) = hz � z0i; hzci = 1#G�c;e:The class algebra H is semi-simple and diagonalized by going to an orthog-onal basis fzrg labelled by the irreducible representations r 2 R,zr =Xg2G�r(g)gwith multiplication zr � zr0 = �r;r0 #Gdim r zr:One should be careful to distinguish H with this multiplication from theusual representation ring zr � zr0 = Xr002r
r0 zr00 :The calculation of the function Z for a general punctured surface nowfollows from Verlinde's argument by decomposing the surfaces in 2g�2+Npairs of pants. One should carefully check that it takes into account theright automorphism groups [FQ].One can put this also as follows: The above data de�ne a two-dimensionaltopological �eld theory, with `Hilbert space' H and `correlation functions'Zh(c1; : : : ; cN). Note that we have for genus zeroZ0(c1; : : : ; cN) = hzc1 � � � zcN i;and, more relevant to our interests, for genus oneZ1(c1; : : : ; cN ) = TrH(zc1 � � � zcN):One can think of this topological �eld theory as a two-dimensional gaugetheory for the �nite group G.5. Fermions and BosonsWe now apply the lemma of x4 to the case of a simple d-fold coveringof an elliptic curve. That is, we choose G to be the symmetric group Sdon d elements and write Cd, Rd and Hd for the set of conjugacy classes,irreducible representations and the class algebra of Sd. We further put thegenus h = 1, all conjugacy classes cj = c, where c is the conjugacy class ofa simple transposition, and N = b = 2g � 2, the number of branch pointsand minus the Euler number of the cover. We now want to compute (withZ = q�1=24 bZ) bZ(q; �) = 1Xd;b=0 qd�bd!b! #Hom(�b1 ; Sd):



160 ROBBERT DIJKGRAAFThat computation reduces with the use of the above lemma simply tobZ(q; �) = 1Xd;b=0 qd�bb! Xr2Rd (fr(c))b= 1Xd=0 qd Xr2Rd exp(�fr(c)): (12)Equivalently, we can express the partition function asbZ(q; �) = 1Xd=0 qdTrHd �e�zc� :If we de�ne universal objects C = S1d=0 Cd; R = S1d=0Rd; and the in�nite-dimensional, graded algebra H = 1Md=0Hd;then the partition function can be written asbZ(q; �) = TrH �qLe�W� (13)with L the degree operator (L = d on Hd) and W the diagonal zc.The vector space H has two natural bases: the representation basisfzrgr2R and the conjugacy class basis fzcgc2C . Both are naturally la-beled by partitions. Physically they correspond respectively to fermionsand bosons. Evaluation of (13) in these two bases leads to Theorems 2 and3 respectively.Since the element zc acts diagonally in the representation basis, thefermionic description leads to the simplest formula. More precisely, let I bethe set of positive half-integers, I = Z�0+ 12 = f 12 ; 32 ; : : : g. Every irreduciblerepresentation r of the permutation group Sd is given by a partition of d,or equivalently a Young diagram with d boxes with rows of length m1 �m2 � : : : > 0. Such a Young diagram gives us two subsets P;Q � I ,P = fp1 > p2 > � � � g; Q = fq1 > q2 > � � � g, by slicing the diagram throughthe middle and counting the fraction of boxes respectively in the rows andcolumns of the two halves, as indicated belowm1m2m3 ) @@@ p1p2p3@@@q1q2q3



MIRROR SYMMETRY AND ELLIPTIC CURVES 161For a representation r labelled by such a pair of subsets P;Q we cande�ne the numbers wkr =Xp2P pk �Xp2Q(�p)k:These numbers have surprisingly interesting propertiesw0r = #P �#Q = 0;w1r = d;w2r = 2fr(c);where c is the class of transpositions, cycles of length two. This last formulawas �rst derived by Frobenius ([Fro]). (For general k the quantity wkr isagain expressed in terms of characters.) We can now replace the sum ofover all representation of all symmetric groups Sd by a sum over all subsetsP;Q � I with #P = #Q, i.e. with w0 = 0. Since every element p 2 Ieither appears once or not, we have a simple formula for the generatingfunctions. If we use the notationt(p) =Xk tkpk; wr =Xk tkwkr =Xp2P t(p)�Xp2Q t(�p);then we �nd a simple generating function identity1Xd=0 Xr2Rd ewr =Yp2I(1 + et(p))(1 + e�t(�p)): (14)Using the result (12) and specializing to et0 = z; et1 = q and t2 = �=2 givesimmediately the proof of Theorem 2.To obtain Theorem 3, we have to consider bosons. That is, we have toevaluate the trace (13) in the conjugacy class basis. The problem is nowthat the operator W is no longer diagonal. The corresponding expression(Theorem 3) is therefore much more complicated. Unfortunately, we donot have the space to explain this relation precisely, but have to refer to[Dou, Dij]. References[AFMO] H. Awata, M. Fukuma, Y. Matsuo, S. Odake, Representation theory of theW1+1 algebra, hep-th/9408158.[BCOV] M. Bershadsky, S. Cecotti, H. Ooguri, C. Vafa, Holomorphic anomalies intopological �eld theories, Nucl. Phys. B405 (1993) 279{304, hep-th/9302103;Kodaira-Spencer theory of gravity and exact results for quantum string am-plitude, Commun. Math. Phys. 165 (1994) 311{428, hep-th/9309140.[CMR] S. Cordes, G. Moore, S. Rangoolam, Large N 2-D Yang-Mills theory andtopological string theory, hep-th/9402107; Lectures on 2-D Yang-Mills the-ory, equivariant cohomology and topological �eld theories, hep-th/9411210G. Moore, 2-D Yang-Mills theory and topological �eld theory, ICM 1994 con-tribution, hep-th/9409044.
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