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In this short course, we will first introduce the definition of the value function for the optimal control
problems and the associated dynamic programming principle. Then we will derive the Hamilton-Jacobi-
Bellman equation satisfied by the value function and discuss the theory of viscosity solution for this type
of equation, including the existence, uniqueness and stability of the solution. Finally, we will give some
numerical methods to compute the value function, including the finite difference schemes for Hamilton-
Jacobi-Bellman equations and the Semi-Lagrangian scheme based on the dynamic programming principle.

1 Lecture 1

1.1 Optimal control problem
Given T > 0, for each (t, x) ∈ [0, T ]× Rn, consider the following dynamical system:

(1.1)
{
ẏ(s) = f(y(s), u(s)) a.e. s ∈ (t, T ),
y(t) = x,

where f : Rn × Rm → Rn and u(·) ∈ L∞(t, T ;U) where U is a compact subset of Rm. (y(·), u(·)) satisfies
(1.1) in the following sense:

y(s) = x+

∫ s

t

f(y(τ), u(τ))dτ, ∀ s ∈ [t, T ].

For each (t, x) ∈ [0, T ]× Rn, we denote St,x as the set of solutions to (1.1), i.e.

St,x = {(y(·), u(·)) : (y(·), u(·)) satisfies (1.1), u(·) ∈ L∞(t, T ;U)}.

Let ϕ : Rn → R and ` : Rn × Rm → R be continuous functions. Consider the following optimal control
problem: for each (t, x) ∈ [0, T ]× Rn,

inf

{∫ T

t

`(y(s), u(s))ds+ ϕ(y(T )) : (y(s), u(s)) ∈ St,x

}
.

1.2 The value function
For each (t, x) ∈ [0, T ]× Rn, we introduce the value function v : [0, T ]× Rn → R defined as

v(t, x) = inf

{∫ T

t

`(y(s), u(s))ds+ ϕ(y(T )) : (y(·), u(·)) ∈ St,x

}
.

We assume the following.

(H1) f : Rn × Rm → Rn is continuous and Lipschitz continuous with respect to x uniformly in u ∈ U , i.e.
∃Lf > 0 such that ∀x1, x2 ∈ Rn, u ∈ U ,

‖f(x1, u)− f(x2, u)‖ ≤ Lf‖x1 − x2‖.

(H2) ` : Rn × Rm → R is continuous and Lipschitz continuous with respect to x uniformly in u ∈ U , , i.e.
∃L` > 0 such that ∀x1, x2 ∈ Rn, u ∈ U ,

|`(x1, u)− `(x2, u)| ≤ L`‖x1 − x2‖.
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(H3) ϕ : Rn → R is Lipschitz continuous, i.e. ∃Lϕ > 0 such that ∀x1, x2 ∈ Rn,

|ϕ(x1)− ϕ(x2)| ≤ Lϕ‖x1 − x2‖.

Example 1: We take n = m = 1, U = [−1, 1], and

f(x, u) = u, ` ≡ 0, ϕ(x) = max{x, 0}.

Then the value function
v(t, x) = max{x− T + t, 0}, ∀ t ∈ [0, T ], x ∈ R,

which is not differentiable.
Example 2: We take the same settings as in Example 1 with ϕ replaced by

ϕ(x) = (max{x, 0})2
.

Then the value function

v(t, x) = (max{x− T + t, 0})2
, ∀ t ∈ [0, T ], x ∈ R,

which is differentiable.
Example 3: We take the same settings as in Example 1 with ϕ replaced by

ϕ(x) = max{1− |x|, 0}.

Then the value function

v(t, x) = max{1− |x| − T + t, 0}, ∀ t ∈ [0, T ], x ∈ R,

which is not differentiable at x = 0.
Example 4: We take the same settings as in Example 1 with ϕ replaced by

ϕ(x) = max{1− x2, 0},

which is differentiable at x = 0. Then the value function

v(t, x) = max{1− (|x|+ T − t)2, 0}, ∀ t ∈ [0, T ], x ∈ R,

which is still not differentiable at x = 0.

1.3 Dynamic programming principle
v satisfies the following Dynamic programming principle (DPP).

Theorem 1. ∀ t ∈ [0, T ], x ∈ Rn, h ∈ [0, T − t],

v(t, x) = inf

{
v(t+ h, y(t+ h)) +

∫ t+h

t

`(y(s), u(s))ds : (y(·), u(·)) ∈ St,x

}
.

Proof. For any (y(·), u(·)) ∈ St,x, by the definition of v(t + h, y(t + h)) we have for arbitrary δ > 0, there
exists (yδ(·), uδ(·)) ∈ St+h,y(t+h) such that

(1.2) v(t+ h, y(t+ h)) + δ >

∫ T

t+h

`(yδ(s), uδ(s))ds+ ϕ(yδ(T )).

We set
ȳ(s) =

{
y(s) s ∈ [t, t+ h],
yδ(s) s ∈ [t+ h, T ],

ū(s) =

{
u(s) s ∈ [t, t+ h],
uδ(s) s ∈ [t+ h, T ].
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Note that (ȳ(·), ū(·)) ∈ St,x, we obtain by the definition of v(t, x) that

v(t, x) ≤
∫ T

t

`(ȳ(s), u(s))ds+ ϕ(ȳ(T ))

=

∫ t+h

t

`(ȳ(s), ū(s))ds+

∫ T

t+h

`(ȳ(s), ū(s))ds+ ϕ(ȳ(T ))

=

∫ t+h

t

`(y(s), u(s))ds+

∫ T

t+h

`(yδ(s), uδ(s))ds+ ϕ(yδ(T )).

Together with (1.2), we deduce that

v(t, x) ≤
∫ t+h

t

`(y(s), u(s))ds+ v(t+ h, y(t+ h)) + δ.

The above inequality holds true for arbitrary δ > 0, we have thus

v(t, x) ≤
∫ t+h

t

`(y(s), u(s))ds+ v(t+ h, y(t+ h)).

Therefore

v(t, x) ≤ inf

{∫ t+h

h

`(y(s), u(s))ds+ v(t+ h, y(t+ h)) : (y(·), u(·)) ∈ St,x

}
.

On the other hand, ∀ ε > 0 there exists (yε(·), uε(·)) ∈ St,x such that

v(t, x) + ε >

∫ T

t

`(yε(s), uε(s))ds+ ϕ(yε(T ))

=

∫ t+h

t

`(yε(s), uε(s))ds+

∫ T

t+h

`(yε(s), uε(s))ds+ ϕ(yε(T ))

≥
∫ t+h

t

`(yε(s), uε(s))ds+ v(t+ h, yε(t+ h))

≥ inf

{∫ t+h

t

`(y(s), u(s))ds+ v(t+ h, y(t+ h)) : (y(·), u(·)) ∈ St,x

}
.

The above equality holds for arbitrary ε > 0, we have thus

v(t, x) ≥ inf

{∫ t+h

t

`(y(s), u(s))ds+ v(t+ h, y(t+ h)) : (y(·), u(·)) ∈ St,x

}
.

Finally, we conclude that

v(t, x) = inf

{∫ t+h

t

`(y(s), u(s))ds+ v(t+ h, y(t+ h)) : (y(·), u(·)) ∈ St,x

}
.

Proposition 2. Assume (H1)-(H3). The value function v is locally Lipschitz continuous.

The proof is based on the following two lemmas.

Lemma 3. Assume (H1)-(H3). For any t ∈ [0, T ], x1, x2 ∈ Rn, there exists C = C(T, Lf , L`, Lϕ) > 0 such
that

|v(t, x1)− v(t, x2)| ≤ C‖x1 − x2‖.

Proof. For any u(·) ∈ L∞(t, T ;U), let (y1(·), u(·)) ∈ St,x1
and (y2(·), u(·)) ∈ St,x2

. We have thus for any
s ∈ [t, T ]

y1(s)− y2(s) = x1 − x2 +

∫ s

t

[f(y1(τ), u(τ))− f(y2(τ), u(τ))] dτ.
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Therefore,

‖y1(s)− y2(s)‖ ≤ ‖x1 − x2‖+

∫ s

t

‖f(y1(τ), u(τ))− f(y2(τ), u(τ))‖dτ

≤ ‖x1 − x2‖+ Lf

∫ s

t

‖y1(τ)− y2(τ)‖dτ.

By Gronwall’s inequality, we deduce that

‖y1(s)− y2(s)‖ ≤ eLf (s−t)‖x1 − x2‖ ≤ eLfT ‖x1 − x2‖.

By the definition of v(t, x2), ∀ ε > 0 there exists (yε2(·), uε(·)) ∈ St,x2 such that

v(t, x2) + ε >

∫ T

t

`(yε2(s), uε(s))ds+ ϕ(yε2(T )).

Let (yε1(·), uε(·)) ∈ St,x1
, by the definition of v(t, x1) we have

v(t, x1) ≤
∫ T

t

`(yε1(s), uε(s))ds+ ϕ(yε1(T )).

Therefore,

v(t, x1)− v(t, x2)− ε ≤
∫ T

t

[`(yε1(s), uε(s))− `(yε2(s), uε(s))] ds+ ϕ(yε1(T ))− ϕ(yε2(T ))

≤ L`

∫ T

t

‖yε1(s)− yε2(s)‖ds+ Lϕ‖yε1(T )− yε2(T )‖

≤ L`Te
LfT ‖x1 − x2‖+ Lϕe

LfT ‖x1 − x2‖
= C‖x1 − x2‖,

where the constant C depends on T, Lf , L`, Lϕ. The above inequality holds true for arbitrary ε > 0, we then
deduce that

v(t, x1)− v(t, x2) ≤ C‖x1 − x2‖.

By similar arguments we can obtain that

v(t, x2)− v(t, x1) ≤ C‖x1 − x2‖,

which concludes the proof.

Lemma 4. For any x ∈ Rn, v(·, x) is Lipschitz continuous.

Proof. For any x ∈ Rn and u ∈ U , we have by (H1)

‖f(x, u)− f(0, u)‖ ≤ Lf‖x‖.

Consequently,
‖f(x, u)‖ ≤ ‖f(0, u)‖+ Lf‖x‖ ≤Mf + Lf‖x‖,

where Mf = maxu∈U ‖f(0, u)‖. By (H2) and similar arguments we can deduce that

‖`(x, u)‖ ≤ ‖`(0, u)‖+ L`‖x‖ ≤M` + L`‖x‖,

where M` = maxu∈U ‖`(0, u)‖.
Let us take t1, t2 ∈ [0, T ] and assume that t1 < t2 without loss of generality. By applying the dynamic

programming principle for v(t1, x), we have

v(t1, x) = inf

{
v(t2, y(t2)) +

∫ t2

t1

`(y(s), u(s))ds : (y(·), u(·)) ∈ St1,x
}
.
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For any (y(·), u(·)) ∈ St1,x,

v(t1, x) ≤ v(t2, y(t2)) +

∫ t2

t1

`(y(s), u(s))ds.

Therefore,

v(t1, x)− v(t2, x) ≤ v(t2, y(t2))− v(t2, x) +

∫ t2

t1

`(y(s), u(s))ds

≤ C‖y(t2)− y(t1)‖+ (M` + L`‖x‖)(t2 − t1)

≤ C(Mf + Lf‖x‖)(t2 − t1) + (M` + L`‖x‖)(t2 − t1)

≤ K(1 + ‖x‖)(t2 − t1),

where the constant K depends on Lf , L`,Mf ,M`.
On the other hand for any δ > 0, there exists (yδ(·), uδ(·)) ∈ St1,x such that

v(t1, x) + δ ≥ v(t2, y
δ(t2)) +

∫ t2

t1

`(yδ(s), uδ(s))ds.

Therefore,

v(t1, x)− v(t2, x) + δ ≥ v(t2, y
δ(t2))− v(t2, x) +

∫ t2

t1

`(yδ(s), uδ(s))ds

≥ −C‖yδ(t2)− yδ(t1)‖ − (M` + L`‖x‖)(t2 − t1)

≥ −C(Mf + Lf‖x‖)(t2 − t1)− (M` + L`‖x‖)(t2 − t1)

≥ −K(1 + ‖x‖)(t2 − t1).

The above inequality holds true for arbitrary δ > 0, hence

v(t1, x)− v(t2, x) ≥ −K(1 + ‖x‖)(t2 − t1).

We finally conclude that
|v(t1, x)− v(t2, x)| ≤ K(1 + ‖x‖)|t1 − t2|,

which ends the proof.

2 Lecture 2

2.1 Hamilton-Jacobi-Bellman equation
If the value function is differentiable, we can formally derive the following Hamilton-Jacobi-Bellman

equation (HJB) from DPP:

(2.1)
{
−∂tv(t, x) +H(x,Dxv(t, x)) = 0 in (0, T )× Rn,
v(T, x) = ϕ(x) in Rn,

where H : Rn × Rn → R is called the Hamiltonian defined as

H(x, p) := sup
u∈U
{−p · f(x, u)− `(x, u)} .

However, the value function is not differentiable in general and the notion of solution is unclear for this type
of nonlinear hyperbolic equations. In the 1980s, Crandall and Lions have introduced the notion of viscosity
solution for nonlinear Hamilton-Jacobi equations. The definition is given as follows.

Definition 5. Let u : [0, T ]× Rn → R be a continuous function.

(i) u is called a viscosity supersolution of (2.1) if for any (t0, x0) ∈ (0, T )× Rn and φ ∈ C1((0, T )× Rn)
with u− φ attains its minimum at (t0, x0), we have

−∂tφ(t0, x0) +H(x0, Dxφ(t0, x0)) ≥ 0,

and u(T, x) ≥ φ(x) for any x ∈ Rn.

5



(ii) u is called a viscosity subsolution of (2.1) if for any (t0, x0) ∈ (0, T ) × Rn and φ ∈ C1((0, T ) × Rn)
with u− φ attains its maximum at (t0, x0), we have

−∂tφ(t0, x0) +H(x0, Dxφ(t0, x0)) ≤ 0,

and u(T, x) ≤ φ(x) for any x ∈ Rn.

(iii) u is called a viscosity solution of (2.1) if u is both a viscosity supersolution and a viscosity subsolution.

Remark 6. (i) We can assume without loss of generality that u(t0, x0) = φ(t0, x0).

(ii) The minimum/maximum can be replaced by local minimum/maximum.

(iii) The minimum/maximum can be replaced by strict minimum/maximum. Indeed, φ(t, x) can be replaced
by φ(t, x)− |t− t0|2 − ‖x− x0‖2/φ(t, x) + |t− t0|2 + ‖x− x0‖2.

(iv) C1 can be replaced by C2, C3, . . . , C∞.

(v) The viscosity notion can be defined for Hamilton-Jacobi equations in a general setting, for example

−∂tu+H(x, u,Dxu,D
2
xxu) = 0,

and stationary Hamilton-Jacobi equations

H(x, u,Dxu,D
2
xxu) = 0.

One of the motivations of introducing the viscosity notion comes from the vanishing viscosity method for
singular perturbation problems. For example, for any ε > 0 consider the following perturbed equation{

−εu′′(x) + |u′(x)| = 1, −1 < x < 1,
u(−1) = u(1) = 0.

The equation has a smooth solution

uε(x) = 1− |x| − ε
(
e−

|x|
ε − e− 1

ε

)
, −1 ≤ x ≤ 1.

When ε→ 0, uε converges to
u(x) = 1− |x|, −1 ≤ x ≤ 1

which is a viscosity solution of {
|u′(x)| − 1 = 0, −1 < x < 1,
u(−1) = u(1) = 0.

In fact, at any x0 6= 0, u(·) is differentiable and

|u′(x0)| = 1.

At x = 0, there does not exist φ ∈ C1(R) such that u − φ attains its minimum at x = 0. Therefore u is
a viscosity supersolution. On the other hand, for any φ ∈ C1(R) such that u − φ attains its maximum at
x = 0, we have

u(x)− φ(x) ≤ u(0)− φ(0), ∀ − 1 < x < 1,

i.e.
φ(x)− φ(0) ≥ −|x|, ∀ − 1 < x < 1.

By taking x→ 0+ and x→ 0−, we can deduce that

|φ′(0)| ≤ 1.

Therefore u is a viscosity subsolution. We conclude thus u is a viscosity solution.

Theorem 7. Assume (H1)-(H3). The value function v is a viscosity solution of (2.1).
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Proof. We first prove that v is a viscosity subsolution. For any (t0, x0) ∈ (0, T )×Rn and φ ∈ C1((0, T )×Rn)
with u− φ attains its maximum at (t0, x0), we have

v(t, x)− φ(t, x) ≤ v(t0, x0)− φ(t0, x0), ∀ (t, x) ∈ (0, T )× Rn.

For any u ∈ U , consider the control function u(·) ≡ u and the associated trajectory y(·) with (y(·), u(·)) ∈
St0,x0 , we have by the DPP

v(t0, x0) ≤ v(t0 + h, y(t0 + h)) +

∫ t0+h

t0

`(y(s), u)ds, ∀h ∈ [0, T − t0].

Note that

v(t0 + h, y(t0 + h))− φ(t0 + h, y(t0 + h)) ≤ v(t0, x0)− φ(t0, x0), ∀h ∈ [0, T − t0],

we then deduce that

φ(t0, x0)− φ(t0 + h, y(t0 + h))−
∫ t0+h

t0

`(y(s), u)ds ≤ 0, ∀h ∈ [0, T − t0].

This is equivalent to

1

h

∫ t0+h

t0

[−∂tφ(s, y(s))−Dxφ(s, y(s)) · f(y(s), u)− `(y(s), u)] ds ≤ 0, ∀h ∈ (0, T − t0).

We obtain by letting h→ 0 that

−∂tφ(t0, x0)−Dxφ(t0, x0) · f(x0, u)− `(x0, u) ≤ 0.

The above inequality holds for arbitrary u ∈ U . Consequently,

−∂tφ(t0, x0) +H(x0, Dxφ(t0, x0)) ≤ 0.

On the other hand, we proceed to prove that v is a supersolution. For any (t0, x0) ∈ (0, T ) × Rn and
φ ∈ C1((0, T )× Rn) with u− φ attains its minimum at (t0, x0), we have

v(t, x)− φ(t, x) ≥ v(t0, x0)− φ(t0, x0), ∀ (t, x) ∈ (0, T )× Rn.

For any ε > 0, we have by the DPP that there exists (yε(·), uε(·)) ∈ St0,x0
such that

v(t0, x0) + ε > v(t0 + h, yε(t0 + h)) +

∫ t0+h

t0

`(yε(s), uε(s))ds ≤ 0, ∀h ∈ [0, T − t0].

Note that

v(t0 + h, y(t0 + h))− φ(t0 + h, y(t0 + h)) ≥ v(t0, x0)− φ(t0, x0), ∀h ∈ [0, T − t0],

we then deduce that

φ(t0, x0)− φ(t0 + h, y(t0 + h))−
∫ t0+h

t0

`(y(s), u)ds+ ε ≥ 0, ∀h ∈ [0, T − t0].

This is equivalent to

1

h

∫ t0+h

t0

[−∂tφ(s, y(s))−Dxφ(s, y(s)) · f(y(s), u)− `(y(s), u)] ds+
√
ε ≥ 0,

where we take h =
√
ε. By applying the property

1

h

∫ t0+h

t0

g(u(s))ds ≤ sup
u∈U

g(u)

for any continuous function g : Rm → R, and letting ε→ 0, we obtain that

−∂tφ(t0, x0) + sup
u∈U
{−Dxφ(t0, x0) · f(x0, u)− `(x0, u)} ≥ 0,

which is
−∂tφ(t0, x0) +H(x0, Dxφ(t0, x0)) ≥ 0.

Finally, v is a viscosity solution since v is both a viscosity subsolution and a viscosity supersolution.
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3 Lecture 3

3.1 Uniqueness result
To simplify the presentation, we consider the case where ` ≡ 0, i.e.

v(t, x) = inf {ϕ(y(T )) : (y(·), u(·)) ∈ St,x} .

In fact, we can introduce a new state variable

z(s) =

∫ s

t

`(y(τ), u(τ))dτ,

and the initial optimal control problem with running cost ` can be formulated as an equivalent optimal
control problem without the running cost. In this case, the HJB equation is thus

(3.1)
{
−∂tv(t, x) +H(x,Dxv(t, x)) = 0 in (0, T )× Rn,
v(T, x) = ϕ(x).

Here the Hamiltonian H : Rn × Rn → R is given by

H(x, p) = sup
u∈U
{−f(x, u) · p}, ∀x ∈ Rn, p ∈ Rn.

H satisfies the following properties. For x1, x2 ∈ Rn and p ∈ Rn,

|H(x1, p)−H(x2, p)| ≤ Lf‖x1 − x2‖‖p‖.

For x ∈ Rn and p1, p2 ∈ Rn,

|H(x, p1)−H(x, p2)| ≤ K(1 + ‖x‖)‖p1 − p2‖,

where K depends on Mf and Lf .

Lemma 8. If v(t, x) is a viscosity solution of (3.1), then for λ > 0

u(t, x) = eλtv(t, x)

is a viscosity solution of

(3.2)
{
−∂tu(t, x) + λu+H(x,Dxu(t, x)) = 0 in (0, T )× Rn,
u(T, x) = eλTϕ(x).

We have the following comparison principle result for (3.1).

Theorem 9. Assume that u1, u2 : [0, T ] × Rn → R are bounded and continuous. If u1 is a viscosity
subsolution of (3.2) and u2 is a viscosity supersolution of (3.2), then

u1(t, x) ≤ u2(t, x), ∀ (t, x) ∈ [0, T ]× Rn.

Proof. Let
M := sup

t∈[0,T ],x∈R
{u1(t, x)− u2(t, x)}.

Assume by contradiction thatM > 0. We construct the following function by the doubling variable technique:
for ε > 0, β > 0 and 0 < m < 1,

Φ(t, s, x, y) = u1(t, x)− u2(s, y)− |t− s|
2 + ‖x− y‖2

2ε
− β (〈x〉m + 〈y〉m) ,

where
〈x〉 =

√
1 + ‖x‖2, 〈y〉 =

√
1 + ‖y‖2.

Note that Φ is continuous and

Φ(t, s, x, y)→ −∞ as max{‖x‖, ‖y‖} → ∞,
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there exists thus (t̄, s̄, x̄, ȳ) such that

sup
[0,T ]2×R2n

Φ(t, s, x, y) = Φ(t̄, s̄, x̄, ȳ).

By the definition of M , there exists (t̃, x̃) such that

u1(t̃, x̃)− u2(t̃, x̃) >
M

2
.

Therefore,

Φ(t̄, s̄, x̄, ȳ) ≥ Φ(t̃, t̃, x̃, x̃) = u1(t̃, x̃)− u2(t̃, x̃)− β (〈x̃〉m + 〈ỹ〉m) >
M

2
− β (〈x̃〉m + 〈ỹ〉m) .

We then choose β > 0 such that

Φ(t̄, s̄, x̄, ȳ) >
M

4
,

which implies that

β (〈x̄〉m + 〈ȳ〉m) ≤ u1(t̄, x̄)− u2(s̄, ȳ)− M

4
.

Since u1 and u2 are bounded, there exists C1 > 0 such that

β (〈x̄〉m + 〈ȳ〉m) ≤ C1.

Hence,

‖x̄‖, ‖ȳ‖ ∈ Ω := B

(
0,

(
C1

β

)1/m
)
.

Note that u1 and u2 are uniformly continuous in [0, T ] × Ω, there exists a modulus of continuity ω(·) such
that

|ui(t, x)− ui(s, y)| ≤ ω (|t− s|+ ‖x− y‖) , i = 1, 2, t, s ∈ [0, T ], x, y ∈ Ω.

By the fact that Φ(t̄, t̄, x̄, x̄) ≤ Φ(t̄, s̄, x̄, ȳ) and Φ(s̄, s̄, ȳ, ȳ) ≤ Φ(t̄, s̄, x̄, ȳ), we have

Φ(t̄, t̄, x̄, x̄) + Φ(s̄, s̄, ȳ, ȳ) ≤ 2Φ(t̄, s̄, x̄, ȳ),

where we deduce that

|t̄− s̄|2 + ‖x̄− ȳ‖2

ε
≤ u1(t̄, x̄)− u1(s̄, ȳ) + u2(t̄, x̄)− u2(s̄, ȳ).

Since u1 and u2 are bounded and uniformly continuous in [0, T ]× Ω, we obtain

|t̄− s̄|2 + ‖x̄− ȳ‖2

ε
≤ C, |t̄− s̄|

2 + ‖x̄− ȳ‖2

ε
≤ 2ω (|t̄− s̄|+ ‖x̄− ȳ‖) .

The above inequalities imply that

|t̄− s̄| ≤
√
Cε, ‖x̄− ȳ‖ ≤

√
Cε,

|t̄− s̄|2 + ‖x̄− ȳ‖2

ε
≤ 2ω

(
2
√
Cε
)
.

For any (t, x) ∈ [0, T ]× Rn, we set

φ1(t, x) = u2(s̄, ȳ) +
|t− s̄|2 + ‖x− ȳ‖2

2ε
+ β (〈x〉m + 〈ȳ〉m) .

Hence u1(t, x) − φ1(t, x) attains its maximum at t̄, x̄. Since u1 is a viscosity subsolution of (3.2), we have
thus

−∂tφ1(t̄, x̄) + λu1(t̄, x̄) +H(x̄, Dxφ1(t̄, x̄)) ≤ 0.

That is

(3.3) − t̄− s̄
ε

+ λu1(t̄, x̄) +H

(
x̄,
x̄− ȳ
ε

+ βm〈x̄〉m−2x̄

)
≤ 0.
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For any (s, y) ∈ [0, T ]× Rn, we set

φ2(s, y) = u1(t̄, x̄)− |t̄− s|
2 + ‖x̄− y‖2

2ε
− β (〈x̄〉m + 〈y〉m) .

Hence u2(s, y)− φ2(s, y) attains its minimum at s̄, ȳ. Since u2 is a viscosity supersolution of (3.2), we have
thus

−∂sφ2(s̄, ȳ) + λu2(s̄, ȳ) +H(ȳ, Dyφ2(s̄, ȳ)) ≥ 0.

That is

(3.4) − t̄− s̄
ε

+ λu2(s̄, ȳ) +H

(
ȳ,
x̄− ȳ
ε
− βm〈ȳ〉m−2ȳ

)
≥ 0.

The substraction of (3.3) and (3.4) gives then

λ[u1(t̄, x̄)− u2(s̄, ȳ)] ≤ H
(
ȳ,
x̄− ȳ
ε
− βm〈ȳ〉m−2ȳ

)
−H

(
x̄,
x̄− ȳ
ε

+ βm〈x̄〉m−2x̄

)
.

The properties of the Hamiltonian H imply that

H

(
ȳ,
x̄− ȳ
ε
− βm〈ȳ〉m−2ȳ

)
−H

(
x̄,
x̄− ȳ
ε

+ βm〈x̄〉m−2x̄

)
≤ Lf‖x̄− ȳ‖

∥∥∥∥ x̄− ȳε − βm〈ȳ〉m−2ȳ

∥∥∥∥+K(1 + ‖x‖) · 2βm
(
〈x̄〉m−2‖x̄‖+ 〈ȳ〉m−2‖ȳ‖

)
≤ Lf

‖x̄− ȳ‖2

ε
+ βm(Lf + 2K)‖x̄− ȳ‖+ 4βmK + 2βmK (〈x̄〉m + 〈ȳ〉m)

≤ 2Lfω
(

2
√
Cε
)

+ βm(Lf + 2K)
√
Cε+ 4βmK + 2mC1K.

Together with the property u1(t̄, x̄)− u2(s̄, ȳ) > M
4 , we deduce that

λM

4
≤ 2Lfω

(
2
√
Cε
)

+ βm(Lf + 2K)
√
Cε+ 4βmK + 2mC1K.

By letting β → 0 and ε→ 0, we obtain

(3.5)
λM

4
≤ 2mC1K.

Note that M,C1,K are independent from the choice of ε and β, and m can be any number in (0, 1). We can
choose

m < min

{
λM

8C1K
, 1

}
which is a contradiction to (3.5). Therefore M ≤ 0 which ends the proof.

Remark 10. The term |t−s|2+‖x−y‖2
2ε serves as a regularization of u1 and u2. Indeed, for any w ∈ C(Rd),

consider

wε(x) := inf
y∈Rd

{
w(y) +

‖x− y‖2

ε

}
, wε(x) := sup

y∈Rd

{
w(y)− ‖x− y‖

2

ε

}
,

which are called inf-convolution and sup-convolution of w respectively. Let us take w(x) = |x|, x ∈ R for
example. Then by direct computation,

wε(x) =


−x− ε

4 x < − ε2 ,
x2

ε − ε2 ≤ x ≤
ε
2 ,

x− ε
4 x > ε

2 .

Here wε is a smooth function and wε → w pointwise when ε→ 0.

Corollary 11. (3.2) has a unique viscosity solution, and so does (3.1).
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4 Lecture 4

4.1 Invariance results
Theorem 12. Let w ∈ C([0, T ]× Rn).

(i) w satisfies the super-optimality, i.e. ∀ ε > 0, there exists (yε(·), uε(·)) ∈ St,x such that

w(t, x) + ε ≥ w(t+ h, y(t+ h)), ∀h ∈ [0, T − t]

and w(T, x) ≥ ϕ(x) if and only if w is a viscosity supersolution of (2.1).

(ii) w satisfies the sub-optimality, i.e. for any (yε(·), u(·)) ∈ St,x such that

w(t, x) ≤ w(t+ h, y(t+ h)), ∀h ∈ [0, T − t]

and w(T, x) ≤ ϕ(x) if and only if w is a viscosity subsolution of (2.1).

The proof and more details on the invariance properties refer to [4]. Based on the above result, here we
provide another proof for the comparison principle of viscosity solution. Let v1, v2 ∈ C([0, T ] × Rn) be a
viscosity subsolution and supersolution respectively. Then ∀ ε > 0, there exists (yε(·), uε(·)) ∈ St,x such that

v2(t, x) + ε ≥ v2(T, y(T )) ≥ ϕ(x).

Besides,
v1(t, x) ≤ v1(T, y(T )) ≤ ϕ(x).

Therefore
v1(t, x) ≤ v2(t, x) + ε, ∀ ε > 0.

We then conclude that
v1(t, x) ≤ v2(t, x).

4.2 Stability
Before we introduce the stability result, we give the following technical lemma.

Lemma 13. Let Ω ⊂ Rd be an open set, and wn, w ∈ C(Ω) with

wn(·)→ w(·) in C(Ω).

If x0 ∈ Ω is a strict local maximum of w, then there exists a sequence of local maximum of wn, denoted as
(xn)n∈N, such that xn → x0 as n→∞.

The stability result of viscosity solution is given as follows.

Theorem 14. ∀ ε > 0, uε ∈ C([0, T ]× Rn) is a viscosity subsolution/supersolution of{
−∂tuε(t, x) +Hε(x,Dxu

ε(t, x)) = 0 in (0, T )× Rn,
uε(T, x) = ϕε(x).

If uε → u in C([0, T ] × Rn), Hε → H in C(Rn × Rn) and ϕε → ϕ in C(Rn), then u is a viscosity
subsolution/supersolution of{

−∂tu(t, x) +H(x,Dxu(t, x)) = 0 in (0, T )× Rn,
u(T, x) = ϕ(x).

Proof. For any (t0, x0) ∈ (0, T ) × Rn, φ ∈ C1((0, T ) × Rn) with u − φ attains its maximum at (t0, x0).
Therefore,

u− φ− (t− t0)2 − ‖x− x0‖2

attains its strict maximum at (t0, x0). Hence, uε − φ − (t − t0)2 − ‖x − x0‖2 attains its local maximum at
(tε, xε) and (tε, xε)→ (t0, x0) as ε→ 0. Since uε is a viscosity subsolution, we have thus

−∂tφ(tε, xε)− 2(tε − t0) +Hε(xε, Dxφ(tε, xε) + 2‖xε − x0‖) ≤ 0.

By letting ε→ 0 and the local uniform convergence of Hε, we obtain

−∂tφ(t0, x0) +H(x0, Dxφ(t0, x0)) ≤ 0,

which implies that u is a viscosity subsolution.
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5 Lecture 5

In this section, we discuss the numerical methods for the computation of the viscosity solutions of HJB
equations as follows: {

−∂tu(t, x) +H(x,Dxu(t, x)) = 0 in (0, T )× Rd,
u(T, x) = ϕ(x).

The above PDE with a final condition can be turned into an equivalent PDE with an initial condition by
introducing

w(t, x) = v(T − t, x), ∀ t ∈ [0, T ], x ∈ Rd.

Then w is the viscosity solution of{
∂tw(t, x) +H(x,Dxw(t, x)) = 0 in (0, T )× Rd,
w(0, x) = ϕ(x).

Besides, w is also the value function of the following optimal control problem

w(t, x) = inf

{∫ t

0

`(y(s), u(s))ds+ ϕ(y(t)) : (y(·), u(·)) ∈ S0,x

}
.

The Dynamic Programming Principle for w is the following: for any t ∈ [0, T ], x ∈ Rd and h ∈ [0, t].

w(t, x) = inf

{
w(t− h, y(h)) +

∫ h

0

`(y(s), u(s))ds : (y(·), u(·)) ∈ S0,x

}
.

To simply the presentation, we take ` ≡ 0 in the sequel.

5.1 Finite difference schemes
Consider the following discretization: let NT ∈ N and ∆x > 0, we set

∆t =
T

NT
, tn = n∆t, for n = 0, 1, . . . , NT ,

and
xI = I∆x, ∀ I ∈ Zd.

We denote by Wn
I as the numerical approximation of w(tn, xI). For each I = (i1, i2, . . . , id) ∈ Zd and

j = 1, 2, . . . , d, we set

D+
j W

n
I =

Wn
(i1,...,ij+1,...,id) −W

n
I

∆x
, D−j W

n
I =

Wn
I −Wn

(i1,...,ij−1,...,id)

∆x
.

Then the finite difference scheme is the following:

• W 0
I = ϕ(xI), ∀ I ∈ Zd.

• For n = 0, . . . , NT − 1,

Wn+1
I −Wn

I

∆t
= min

u∈U

{
max

j=1,2,...,d

{
max {fj(xI , u), 0} ·D+

j W
n
I + min {fj(xI , u), 0} ·D−j W

n
I

}}
.

Proposition 15. Under the CFL condition

max
x∈Rd,u∈U

{‖f(x, u)‖}∆t

∆x
≤ 1,

the finite difference scheme is monotone, i.e. for two initial conditions ϕ and ϕ̃ with ϕ ≤ ϕ̃, the associated
numerical solutions Wn

I and W̃n
I satisfies

Wn
I ≤ W̃n

I , ∀n = 0, 1, . . . , NT , I ∈ Zd.

Under the monotonicity property of the scheme, we can prove that the numerical solution converges to the
viscosity solution and the convergence rate of this type of scheme can refer to [1].

12



5.2 Semi-Lagrangian schemes

The semi-Lagrangian scheme is based on the discretization of the DPP: for any t ∈ [0, T ], x ∈ Rd and
h ∈ [0, t].

w(t, x) = inf {w(t− h, y(h)) : (y(·), u(·)) ∈ S0,x} .

We take h = ∆t and the scheme is the following:

• W 0
I = ϕ(xI), ∀ I ∈ Zd.

• For n = 0, . . . , NT − 1,
Wn+1
I = min

u∈U
Interp[Wn](xI + f(xI , u)∆t).

Here Interp[Wn](x) denotes the interpolation of the function w(tn, ·) at the point x. The following result
gives the error estimate between y(∆t) and its linear approximation xI + f(xI , u)∆t.

Proposition 16. Assume (H1), f is bounded by some constant Mf > 0 and that {f(x, u) : u ∈ U} is
convex for any x ∈ Rd. For any (y(·), u(·)) ∈ S0,x, there exists u ∈ U such that

y(∆t) = x+ f(x, u)∆t+O(∆t2).

Proof. For any s ∈ [0,∆t], we have
‖y(s)− x‖ ≤Mfs.

We define the set-valued function

F (x) := {f(x, u) : u ∈ U}, ∀x ∈ Rd.

By (H2), we have for any x1, x2 ∈ Rd

F (x1) ⊆ F (x2) +B(0, Lf‖x1 − x2‖).

Therefore,

y(∆t)− x =

∫ ∆t

0

f(y(s), u(s))ds

⊆
∫ ∆t

0

F (y(s))ds

⊆
∫ ∆t

0

[F (x) +B(0, Lf‖y(s)− x‖)] ds

⊆ ∆tF (x) +

∫ ∆t

0

B(0, LfMfs)ds

⊆ ∆tF (x) +B(0,
1

2
LfMf∆t2).

Hence there exists u ∈ U such that

‖y(∆t)− x− f(x, u)∆t‖ ≤ 1

2
LfMf∆t2.

Suppose that the interpolation in the semi-Lagrangian scheme is first-order. Then we have the following
error estimation result.

Theorem 17. Assume that w is Lipschitz continuous with the Lipschitz constant Lw > 0. Then there exists
a constant C = C(Lu, Lf ,Mf , T ) such that

|Wn
I − w(tn, xI)| ≤ C

(
∆x

∆t
+ ∆t

)
, ∀n = 0, 1, . . . , NT , I ∈ Rd.
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Proof. For any n = 0, 1, . . . , NT − 1, I ∈ Rd,

|Wn+1
I − w(tn+1, xI)|

≤
∣∣∣∣min
u∈U

Interp[Wn](xI + f(xI , u)∆t)− min
(y(·),u(·))∈S0,x

w(tn, y(∆t))

∣∣∣∣
≤

∣∣∣∣min
u∈U

Interp[Wn](xI + f(xI , u)∆t)−min
u∈U

w(tn, xI + f(xI , u)∆t)

∣∣∣∣+
1

2
LwLfMf∆t2

≤ max
u∈U
|Interp[Wn](xI + f(xI , u)∆t)− w(tn, xI + f(xI , u)∆t)|+ 1

2
LwLfMf∆t2

≤ max
x∈Rd

|Interp[Wn](x)− w(tn, x)|+ 1

2
LwLfMf∆t2

≤ max
I∈Zd

|Interp[Wn](xI)− w(tn, xI)|+ Lw
√
d∆x+

1

2
LwLfMf∆t2

= max
I∈Zd

|Wn
I − w(tn, xI)|+ Lw

√
d∆x+

1

2
LwLfMf∆t2

≤ max
I∈Zd

∣∣W 0
I − w(t0, xI)

∣∣+NTLw
√
d∆x+

1

2
NTLwLfMf∆t2

= C

(
∆x

∆t
+ ∆t

)
,

where C = TLw
√
d+ 1

2TLwLfMf .
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