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In this short course, we will first introduce the definition of the value function for the optimal control
problems and the associated dynamic programming principle. Then we will derive the Hamilton-Jacobi-
Bellman equation satisfied by the value function and discuss the theory of viscosity solution for this type
of equation, including the existence, uniqueness and stability of the solution. Finally, we will give some
numerical methods to compute the value function, including the finite difference schemes for Hamilton-
Jacobi-Bellman equations and the Semi-Lagrangian scheme based on the dynamic programming principle.

1 Lecture 1

1.1 Optimal control problem

Given T > 0, for each (¢,z) € [0,T] x R™, consider the following dynamical system:

(1.1) { ZE;) zi@(s)w(s)) ae. s € (t,T),

where f: R" x R™ — R™ and u(-) € L*(¢,T;U) where U is a compact subset of R™. (y(-),u(-)) satisfies
(1.1) in the following sense:

y(s) =x + /ts fly(r),u(r))dr, Vs € [t,T].
For each (¢,x) € [0,T] x R™, we denote Sy, as the set of solutions to (1.1), i.e.
St = {(y(),u(-)) : (y(-), ul-)) satisfies (1.1), u(-) € L=(t, T; U)}.
Let ¢ : R® - R and ¢ : R® x R™ — R be continuous functions. Consider the following optimal control

problem: for each (¢,z) € [0,7] x R™,

inf {/t £y(s),u(s))ds +@(y(T)) : (y(s),uls)) € Sm}.

1.2 The value function

For each (¢,x) € [0,T] x R™, we introduce the value function v : [0,7] x R™ — R defined as

T
vt z) = inf{/t C(y(s), uls))ds + o(y(T)) = (y(-),ul) € Sm}.

We assume the following.

(H1) f:R"™ x R™ — R" is continuous and Lipschitz continuous with respect to  uniformly in u € U, i.e.
dL; > 0 such that Vi, 20 € R", u € U,

[f(21,u) = fz2, w)|| < Lyllzr — o).

(H2) ¢:R™ x R™ — R is continuous and Lipschitz continuous with respect to = uniformly in v € U, , i.e.
dLy > 0 such that Vaq,20 € R, u € U,

[(x1,u) — (x2,u)| < Lellxy — 2.



(H3) ¢ :R™ — R is Lipschitz continuous, i.e. 3L, > 0 such that Vi, z2 € R,
lp(z1) = p(2)| < Lollzy — z2].
Example 1: We take n =m =1, U = [—1,1], and
flz,u) =u, £=0, p(z) = max{z,0}.

Then the value function
v(t,x) = max{z — T +¢,0}, Vt € [0,T], = € R,

which is not differentiable.
Example 2: We take the same settings as in Example 1 with ¢ replaced by

p(z) = (max{z,0}).
Then the value function
v(t,z) = (max{z — T +1t,0})*, Vt €[0,T], z € R,

which is differentiable.
Example 3: We take the same settings as in Example 1 with ¢ replaced by

o(2) = max{1 - [a],0}.
Then the value function
v(t,x) =max{l — || - T +1¢,0}, Vt€[0,T], x € R,

which is not differentiable at = = 0.
Example 4: We take the same settings as in Example 1 with ¢ replaced by

o(r) = max{1 — 2?0},
which is differentiable at £ = 0. Then the value function
v(t,x) = max{1 — (|z| + T —t)2,0}, Vt € [0,T], = € R,

which is still not differentiable at x = 0.

1.3 Dynamic programming principle
v satisfies the following Dynamic programming principle (DPP).

Theorem 1. V¢t € [0,7], z € R", h € [0,T —¢],

t+h
v(t, z) = inf {U(t +h,y(t + 1)) +/t y(s),uls))ds = (y(-),u(-) € Sm} :

Proof. For any (y(-),u(-)) € Sz, by the definition of v(t + h,y(t + h)) we have for arbitrary § > 0, there
exists (y°(-), u®(-)) € Stn,y(t+n) such that

(1.2) v(t+h,yt+h))+0> - 00 (s),u’(s))ds + (y°(T)).

et (5) selnttn () seltith
B s selt,t+h], _ u(s selt,t+ h,
y(s):{ F(s) seltinT, “(s):{ w(s) s €lt+hT]



Note that (§(-),u(-)) € St.z, we obtain by the definition of v(¢,z) that

T
o(t,x) < / 0@(s), u(s))ds + o (F(T))

Together with (1.2), we deduce that
t+h
ota) < [ Hy) uls))ds + ot + hoy(e+ )+
t
The above inequality holds true for arbitrary § > 0, we have thus
t+h
v(t,x) < / L(y(s),u(s))ds+v(t+ h,y(t+ h)).
t

Therefore

t+h
v(t,x) < inf {/h Ly(s),u(s))ds +v(t+h,ylt+h)) : (y(-),u(-)) € St,m} .
On the other hand, Ve > 0 there exists (y°(-),u®(+)) € S, such that
T
ota) e > [ (). () + ol (T)

t+h T
- / 0y (s), e (s))ds + / €y (), u (5))ds + oy (T))

+h

Y

t+h
/t (7 (5), 1 ())ds + ot + by (¢ + b))

Y

t+h
inf {/t L(y(s),u(s))ds +v(t+ h,yt+h)) : (y(-),u(-)) € Sm} .

The above equality holds for arbitrary € > 0, we have thus

t+h
v(t,x) > inf {/t Ly(s),u(s))ds +v(t+h,ylt+h)) : (y(-),u(-)) € Sm} .

Finally, we conclude that

t+h
v(t,x) = inf {/t Ly(s),u(s))ds +v(t+h,ylt+h)) : (y(-),u(-)) € St,z} .

Proposition 2. Assume (H1)-(H3). The value function v is locally Lipschitz continuous.
The proof is based on the following two lemmas.

Lemma 3. Assume (H1)-(H3). For anyt € [0,T], x1,z2 € R", there exists C = C(T, Ly, Ly, Ly) > 0 such
that
[u(t, 1) — v(t, 22)| < Cllzy — @2f|.

Proof. For any u(-) € L>®(¢,T;U), let (y1(-),u(:)) € Stu, and (y2(-),u(:)) € S;z,. We have thus for any
set,T)

y1(s) —ya(s) =21 —xa + /ts [f(ya(7), u(7)) = f(y2(7), u(r))] dr.
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Therefore,

[91(s) = g2 ()l < Il—x2||+/:||f(y1(7),U(T))—f(yz(T),u(T))lldT

IN

Hxl——xﬂ|+ldl/‘Hyﬂf)—zn(TWdf
t

By Gronwall’s inequality, we deduce that
ly1(s) = ya(s)|| < ™D oy — @] < T2y — as].

By the definition of v(t,z3), ¥e > 0 there exists (y5(-), u®(-)) € St s, such that
T
) +2 > [ U5, (5))ds + o),
t
Let (y5(-),u®(:)) € Si,z,, by the definition of v(¢,z1) we have

T
ansleM@Mﬂm@+wﬁ@»

Therefore,
o(t, 1) —v(t,w2) —e < /t [L(yi(s),us(s)) — Ly3(s), u(s))] ds + (y1(T)) — (y3(1))
T
< Lo [ i)~ (o) s + L J9i(T) = s5(T)]
< LT Ty — a|| + Loe™ T |zy — o]

Cllzy — 22,

where the constant C' depends on T, Ly, Ly, L,. The above inequality holds true for arbitrary € > 0, we then
deduce that
v(t,z1) — v(t,z2) < Cl|lz1 — 22|

By similar arguments we can obtain that

v(t, o) — v(t,z1) < Oz — 22|,
which concludes the proof. O
Lemma 4. For any x € R™, v(-,z) is Lipschitz continuous.

Proof. For any x € R" and u € U, we have by (H1)

1f (2, u) = £(0,u)l| < L]

Consequently,
1f (s )l < 1F0, w)ll + Lyl < My + Ly,

where My = maxy,ep || f(0,u)|. By (H2) and similar arguments we can deduce that
[z, w) || < (100, w)ll + Lellzl] < M + L],

where My = max,cv ||€(0,u)].
Let us take t1,t2 € [0,7] and assume that ¢; < ¢t without loss of generality. By applying the dynamic
programming principle for v(¢1, ), we have

v@a)iﬂ&@w@»+/UM$mm@:@uw»e&w}

t1



For any (y()7u(>) € St1,xa ]

) < vlta,ylt2)) + [ (s),uls)ds.

Therefore,

v(ty, x) — v(ta,x)

IN

ot y(t)) — vt ) + / " 0(y(s), u(s))ds

Clly(ta) — y(t)]) + (Mo + Lellal )tz — )
OOy + Lyllel)(tz — 1) + (Mo + Lelle])(t2 — )
K1+ 2]tz — ),

INIACIA

where the constant K depends on Ly, Ly, My, M,.
On the other hand for any & > 0, there exists (y°(-),u°(+)) € S, » such that

ot 2) + 6 > v(ta, 4 (t2)) + / 0y (s), w0 (3)) ds.

Therefore,
v(ty, ) —v(ty, ) +0 > wv(te,y°(ta)) — v(te, ) + ’ 0(y°(s),u’(s))ds
> —Clly’(t2) =y (t1)|| — (Me + Le||z]|)(t2 — t1)
> —C(My+ Lyg|lz|)(t2 — t1) — (Mg + Le||z|)(t2 — t1)
> =K1+ |z])(t2 — t1).

The above inequality holds true for arbitrary ¢ > 0, hence
v(ty, ) — v(ty, x) = —K(1+ [lz])(t2 — t1).

We finally conclude that
v(tr, x) —v(tz, 2)| < K(1+ [[z]))[tr — t2],

which ends the proof. O

2 Lecture 2

2.1 Hamilton-Jacobi-Bellman equation
If the value function is differentiable, we can formally derive the following Hamilton-Jacobi-Bellman

equation (HJB) from DPP:

2.1) { —0yv(t,x) + H(z, Dyo(t,x)) =0 in (0,T) x R",

(T, z) = p(x) in R™,
where H : R" x R™ — R is called the Hamiltonian defined as

H(z,p) = 225{_” flau) = Lz, u)}

However, the value function is not differentiable in general and the notion of solution is unclear for this type
of nonlinear hyperbolic equations. In the 1980s, Crandall and Lions have introduced the notion of viscosity
solution for nonlinear Hamilton-Jacobi equations. The definition is given as follows.

Definition 5. Let u: [0,T] x R" — R be a continuous function.

(i) w is called a viscosity supersolution of (2.1) if for any (to,xo) € (0,T) x R™ and ¢ € C*((0,T) x R")
with w — ¢ attains its minimum at (tg, zo), we have

—0vd(to, x0) + H(zo, Dag(to, z0)) = 0,
and w(T,z) > ¢(x) for any x € R™.



(ii) w is called a viscosity subsolution of (2.1) if for any (to,7) € (0,T) x R™ and ¢ € C1((0,T) x R")
with u — ¢ attains its mazimum at (to, xo), we have

—0¢d(to, x0) + H(zo, Dag(to, z0)) < 0,
and u(T,x) < ¢(x) for any v € R™.
(i5i) w is called a viscosity solution of (2.1) if u is both a viscosity supersolution and a viscosity subsolution.
Remark 6. (i) We can assume without loss of generality that u(to, o) = ¢(to, o).
(i) The minimum,/mazimum can be replaced by local minimum/mazimum.

(i4i) The minimum/maximum can be replaced by strict minimum/mazimum. Indeed, ¢(t,x) can be replaced
by §(t,x) — [t = tof* — [l — ol /B(t, x) + [t — tof* + & — o>,

(iv) C* can be replaced by C%,C3,..., C>.
(v) The viscosity notion can be defined for Hamilton-Jacobi equations in a general setting, for example
—0wu + H(z,u, Dyu, D2 u) =0,
and stationary Hamilton-Jacobi equations
H(z,u, Dyu, D2, u) = 0.

One of the motivations of introducing the viscosity notion comes from the vanishing viscosity method for
singular perturbation problems. For example, for any € > 0 consider the following perturbed equation

—eu’(z) 4+ W (2)| =1, -1<z<]1,
{ u(—=1) = u(l) = 0.

The equation has a smooth solution

When ¢ — 0, u® converges to
ux)=1—|z|, -1 <z<1

which is a viscosity solution of
|u/(z)] —1 =0, -l<z<1,
u(—1) =u(l) =0.

In fact, at any xg # 0, u(-) is differentiable and
[u'(zo)| = 1.

At z = 0, there does not exist ¢ € C*(R) such that u — ¢ attains its minimum at = 0. Therefore u is
a viscosity supersolution. On the other hand, for any ¢ € C'(R) such that u — ¢ attains its maximum at
r = 0, we have

u(z) — ¢(x) < u(0) —¢(0), V -1 <z <1,

i.e.
P(x) = ¢(0) = |z, V -1 <z <1

By taking z — 04 and z — 0_, we can deduce that
¢'(0)] < 1.
Therefore u is a viscosity subsolution. We conclude thus u is a viscosity solution.

Theorem 7. Assume (H1)-(H3). The value function v is a viscosity solution of (2.1).



Proof. We first prove that v is a viscosity subsolution. For any (to,z0) € (0,7) x R™ and ¢ € C*((0,T) x R")
with u — ¢ attains its maximum at (o, xo), we have

v(t,z) — d(t,x) < v(to, zo) — ¢(to, o), V(t,z) € (0,T) x R™.

For any u € U, consider the control function u(-) = u and the associated trajectory y(-) with (y(-),u(-)) €
Sto,z0, We have by the DPP

to+h
v(to, zo) < v(to + h,y(to + h)) + / L(y(s),u)ds, Vh € [0, T — tg).

to

Note that
v(to + h,y(to + h)) — ¢(to + hyy(to + h)) < v(to, zo) — d(to, z0), Vh €[0,T — to],
we then deduce that
to+h
é(to, o) — P(to + h,y(to + h)) — / U(y(s),u)ds <0, Yh € [0,T — tq].
to

This is equivalent to

1

to+h
E/t [=0e(s,y(s)) — Dad(s,y(s)) - f(y(s),u) — Ly(s),w)]ds <0, Vh € (0,T — to).

We obtain by letting h — 0 that
—0up(to, o) — Dad(to, o) - f(zo,u) — £(zo,u) < 0.
The above inequality holds for arbitrary u € U. Consequently,
—0t9(to, xo) + H(z0, Dz (to, z0)) < 0.

On the other hand, we proceed to prove that v is a supersolution. For any (tg,z¢) € (0,7) x R™ and
¢ € CH(0,T) x R™) with u — ¢ attains its minimum at (¢o, z¢), we have

v(t,x) - ¢(t,$) > ’U(to,xo) - d)(tO; 1?0), V(Ll’) € (07T) x R™.
For any € > 0, we have by the DPP that there exists (y°(-), u°(-)) € S, .z, such that

to+h
v(tg,xo) + &> v(to + h,y*(to + h)) —|—/ Ly (s),u"(s))ds <0, Yh €[0,T — to].

to

Note that
v(to + h,y(to + h)) — ¢(to + h,y(to + h)) > v(te, zo) — d(to, z0), Vh € [0,T — to],
we then deduce that
to+h
é(to, o) — P(to + h,y(to + h)) — / U(y(s),u)ds +€ >0, Vh e [0,T —to].
to

This is equivalent to

1

to+h
i 00 () = Dol - 159 = fu(s) )] s+ VE =0,

where we take h = \/e. By applying the property

to+h
b [ studs < sup glu)

to uelU

for any continuous function g : R™ — R, and letting ¢ — 0, we obtain that
—0¢¢(to, o) + Sug{—Da:(b(toﬂo) - f(zo, u) = (zo,u)} = 0,
ue
which is
—0:¢(to, zo) + H(wo, Dz 9(to, z0)) > 0.

Finally, v is a viscosity solution since v is both a viscosity subsolution and a viscosity supersolution. O



3 Lecture 3

3.1 Uniqueness result
To simplify the presentation, we consider the case where ¢ = 0, i.e.
vo(t,z) = inf {o(y(T)) : (y(-),u(")) € Sta}.

In fact, we can introduce a new state variable

A= | Uy(r),ulr))dr.

and the initial optimal control problem with running cost ¢ can be formulated as an equivalent optimal
control problem without the running cost. In this case, the HJB equation is thus

(3.1) { —0p(t, ) + H(z, Dyv(t,x)) =0 in (0,T) x R",

o(T, z) = ¢().
Here the Hamiltonian H : R™ x R™ — R is given by

H(z,p) = sup{—f(z,u) - p}, Vo € R", pe R".
uelU

H satisfies the following properties. For z1, x5 € R™ and p € R",
|H (21,p) — H(x2,p)| < Lyllzr — z2lll|pll-
For x € R™ and p1,p; € R”,
[H (2, p1) — H(z,p2)| < K(1+ [[z]))]lp1 — p2l,
where K depends on My and Ly.
Lemma 8. If v(t,z) is a viscosity solution of (3.1), then for A >0
u(t, ) = eMu(t, x)
is a viscosity solution of

(3.2) { —Owu(t,x) + M+ H(x, Dyu(t,z)) =0 dn (0,7) x R",

uw(T,z) = erp(x).
We have the following comparison principle result for (3.1).

Theorem 9. Assume that ui,uz : [0,T] x R®" — R are bounded and continuous. If uy is a viscosity
subsolution of (3.2) and ug is a viscosity supersolution of (3.2), then

ur(t,x) <wua(t,x), ¥(t,z) € 0,T] x R".

Proof. Let

M:= sup {ui(t,x) —ua(t,z)}.
te[0,T],zeR

Assume by contradiction that M > 0. We construct the following function by the doubling variable technique:
fore>0,>0and 0<m <1,

Ct=sP -yl
2¢e

() = V14 2[? {y) = vV1+yl*

(I)(t787$7y) :ul(tvx) —Ug(S,y) ﬁ(<x>m+<y>m)7

where

Note that ® is continuous and

O(t,s,2,y) = —oo as max{|lz[|, [[y[} — oo,



there exists thus (¢, 5,Z, %) such that

Sup ¢(t7 87:177 y) = ¢({7 '§7 j? y)'
[0,T]2 xR2"

By the definition of M, there exists (¢, %) such that

Therefore,

o(7,3,

<

z,9) 2 ®(t,4,2,7) = w(t,2) —uz(t,2) — B(T)™ + ()™) > % - 8@+ @)

We then choose > 0 such that

which implies that
B

Since u; and ug are bounded, there exists C; > 0 such that

p@)™ +@)™) < Ch.

1/m
HﬂJweﬂ:B<aC?> )

Note that u; and ug are uniformly continuous in [0, 7] x €2, there exists a modulus of continuity w(-) such
that
|ui(t,
(¢,

By the fact that ®(

C)
3
+
S
A\
<
E
=
&
\
<
(V)
—~
fnl
S
\

Hence,

\_/

o) —ui(s,y)| Sw(t—s|+lz—yll), i=12, t,s€[0,T], z,y € Q.

t,z,z) < ®(,5,z,9) and ®(5,5,9,y) < ®(t,5,7,7), we have
O(t,t,7,7) + D(5,5,9,7) <20(,5,7,7),

where we deduce that

E=SP AT =01 () F2) — wi(5.9) + wn(E,2) — (5.
[t = 3] ﬂ W < wt,2) — w(5,5) + waE, ) — (5, ).

Since u; and wus are bounded and uniformly continuous in [0, 7] x Q, we obtain

E—s*+lz—gl* _ . [E=s+ ]z gl

<2w(|t—35 T —9yl)-
. < . < 2w (|t — 5[+ )1z - gl)

The above inequalities imply that
~ F_ 52 = _ 112
t—35 <VCe ||z —9| < VCe, | s°+ Iz — 7l < 2w (2vCe).
4 €

For any (t,z) € [0,T] x R™, we set

t =5 + ||z — g
2e

¢1(t,x) = u2(5,9) + +B((x)" +(m)™)

Hence u1(t,z) — ¢1(t, ) attains its maximum at ¢, Z. Since u; is a viscosity subsolution of (3.2), we have
thus
—8t¢1 (E, f) + )\Ul(t_, f) + H(.’E, DzQﬁl(t_, ff)) é 0

That is

T —

(3.3)

(,:E)+H<:E, Y\ iz 2z >§0.



For any (s,y) € [0,T] x R™, we set

CE=sP -yl
2e

$2(s,y) = ur(t,7) sE)™ + ™).
Hence us(s,y) — ¢2(s,y) attains its minimum at 3, . Since uy is a viscosity supersolution of (3.2), we have
thus
—0502(5,9) + Auz(5,y) + H(y, Dyo2(5,79)) = 0.
That is

t

—5 Z—
= a1 (5 T i) 2o

(3.4) - -

The substraction of (3.3) and (3.4) gives then

Mui (£,%) — ua(5,9)] < H (y, z — v ﬁm<y>m2y> -H <x cit ﬁm<f>’“f> :

3

The properties of the Hamiltonian H imply that

H (y7 T—Y _ ﬁm<y>m—2y) - H (I, z ; Y +ﬁm(x>m_2x)

9
< Lyl [Z52 - st 25 + K01+ al) - 20m (@) 2el + @) 2la)
= |2
< qu + Bm(Ly + 2K)|17 — g + 48mK + 28mK ()™ + (7)™)

< 2Lgw (2VCe) + Bm(Ly + 2K)VCe + 4BmK + 2mCy K.

Together with the property u; (¢, ) — ua(5,9) > %, we deduce that

M
AT < 2Ly (2VCz) + B(Ly + 2K)VC= + 48mK + 2mC1 K.

By letting # — 0 and € — 0, we obtain
AM

Note that M, Cq, K are independent from the choice of € and §, and m can be any number in (0, 1). We can
choose
< mi M 1
m<min{ ——
8C1K’
which is a contradiction to (3.5). Therefore M < 0 which ends the proof. O

Remark 10. The term W serves as a regularization of uy and us. Indeed, for any w € C(Rd),
consider ) )
. T — T —
we(x) = inf {w(y) + Hm}, w®(x) := sup {w(y) — ”y”},
yeRY € yERd €

which are called inf-convolution and sup-convolution of w respectively. Let us take w(z) = |z|, = € R for
example. Then by direct computation,

£ _£&

—21;—4 T < —3,
= fLUa _& £
wE(I)_ e R 2§5x§ 27

Here w. is a smooth function and w. — w pointwise when ¢ — 0.

Corollary 11. (3.2) has a unique viscosity solution, and so does (3.1).
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4 Lecture 4

4.1 Invariance results
Theorem 12. Let w € C([0,T] x R™).
(i) w satisfies the super-optimality, i.e. Ve > 0, there exists (y°(-),u®(-)) € Si» such that
w(t,z)+e>w(t+h,ylt+h), Vhel0,T —t]
and w(T,x) > o(x) if and only if w is a viscosity supersolution of (2.1).
(i1) w satisfies the sub-optimality, i.e. for any (y=(-),u(:)) € Sy, such that
w(t,z) <w(t+ h,yt+h)), Vhe[0,T —t
and w(T,z) < o(x) if and only if w is a viscosity subsolution of (2.1).

The proof and more details on the invariance properties refer to [4]. Based on the above result, here we
provide another proof for the comparison principle of viscosity solution. Let vy,vo € C([0,T] x R™) be a
viscosity subsolution and supersolution respectively. Then Ve > 0, there exists (y°(-),u®(-)) € Sy, such that

v2(t,z) + & 2 va(T,y(T)) = o(a).
Besides,
vi(t,z) < vi(T,y(7)) < o().

Therefore
vi(t, ) <wat,x) +¢, Ve > 0.

We then conclude that
v1(t, x) < wva(t, x).

4.2 Stability

Before we introduce the stability result, we give the following technical lemma.
Lemma 13. Let Q C R be an open set, and w,,w € C(Q) with
wp () = w() in C(Q).
If g € Q is a strict local mazimum of w, then there exists a sequence of local maximum of wy, denoted as
(Zn)nen, such that x, — xo as n — co.
The stability result of viscosity solution is given as follows.
Theorem 14. Ve > 0, u€ € C([0,T] x R™) is a viscosity subsolution/supersolution of
—Ows(t,x) + Ho(x, Dyuf(t,x)) =0 in (0,T) x R™,
u (T, x) = ¢ ().
If u* = u in C([0,T) x R™), H. — H in C(R™ x R") and ¢°* — ¢ in C(R™), then u is a viscosity
subsolution/supersolution of
{ —Owu(t,x) + H(z, Dyu(t,z)) =0 in (0,T) x R™,
w(T, ) = p(x).
Proof. For any (tg,z9) € (0,T) x R", ¢ € C1((0,T) x R") with u — ¢ attains its maximum at (tg, o).
Therefore,
w= g~ (t—to)? ~ I — woll
attains its strict maximum at (¢g, o). Hence, u¢ — ¢ — (t — t9)? — ||x — 20||? attains its local maximum at
(te,zc) and (te,x.) — (to, o) as € — 0. Since € is a viscosity subsolution, we have thus

_at(b(tea 1'5) - Q(ta - tO) + He(maa Da:(b(ta 1'5) + 2H$5 - 1‘0”) <O0.
By letting ¢ — 0 and the local uniform convergence of H., we obtain
=0 p(to, x0) + H(z0, D2 9(to, o)) <0,

which implies that u is a viscosity subsolution. O
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5 Lecture 5

In this section, we discuss the numerical methods for the computation of the viscosity solutions of HJB
equations as follows:
{ —dwu(t, ) + H(x, Dyu(t,x)) =0 in (0,7) x RY,
u(T, ) = ().
The above PDE with a final condition can be turned into an equivalent PDE with an initial condition by

introducing
w(t,z) =v(T —t,x), Vt €[0,T], z € R

Then w is the viscosity solution of

{ Oww(t,z) + H(x, Dyw(t,z)) =0 in (0,T) x R4,
w(0,z) = ().

Besides, w is also the value function of the following optimal control problem

w(t, x) = inf{/o y(s), u(s))ds + o(y(t) : (y(-),ul-)) € So,m}~

The Dynamic Programming Principle for w is the following: for any ¢ € [0, 7], € R? and h € [0, ].

h
w(t,z) = inf {w(t —h,y(h)) + / y(s), u(s))ds = (y(-),u(-)) € So,x} :
0
To simply the presentation, we take £ = 0 in the sequel.

5.1 Finite difference schemes

Consider the following discretization: let Ny € N and Az > 0, we set

T
At = —, t, =nAt, forn=0,1,..., Np,
Nt

and
z; =IAz, VI €79

We denote by W} as the numerical approximation of w(t,,zr). For each I = (i1,ia,...,i4) € Z% and
i=1,2,...,d, we set

Dtwn — W{;l:--wij"l'ly“-:id) -y DW= W - ngvn-vij_lv“-:id)
i Az P Azx '

Then the finite difference scheme is the following:
o WP =p(x), VI €7
e Forn=0,...,Np — 1,

WIn+1 _W}l : +yn : —n
Ay T ming max d{max{fj(xl,u),O} - DF WP +min { f;(xr,u),0} - Dy W'} o

Proposition 15. Under the CFL condition

At
max  {|lf(z,w)ll} 5 <1,

z€R ue

the finite difference scheme is monotone, i.e. for two initial conditions ¢ and ¢ with ¢ < @, the associated
numerical solutions W' and W' satisfies

WP <WP, ¥Yn=0,1,...,Np, I €z
Under the monotonicity property of the scheme, we can prove that the numerical solution converges to the

viscosity solution and the convergence rate of this type of scheme can refer to [1].
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5.2 Semi-Lagrangian schemes

The semi-Lagrangian scheme is based on the discretization of the DPP: for any ¢ € [0,T], z € R? and
h € [0,t].
w(t, ) = inf {w(t —h,y(h)) = (y(),u()) € So.a}-
We take h = At and the scheme is the following;:
o WP =o(x),VI €z
e Forn=0,...,Np — 1,
Wyt = mellr} InterpW"|(z; + f(z1,u)At).
Here Interp[W"](x) denotes the interpolation of the function w(¢,,-) at the point x. The following result

gives the error estimate between y(At) and its linear approximation xy + f(xy, u)At.

Proposition 16. Assume (H1), f is bounded by some constant My > 0 and that {f(x,u) : v € U} is
convez for any x € Re. For any (y(-),u(:)) € So.x, there exists u € U such that

y(At) =z + f(z,u)At + O(A?).

Proof. For any s € [0, At], we have
ly(s) — [l < Mys.

We define the set-valued function
F(z):={f(z,u) : ue U}, Yz € R
By (H2), we have for any x1, x5 € R?

F(x1) C F(x2) + B(0, Ly [|lz1 — x2l)).

Therefore,
At
van -z = [ s(s).u(e)ds
At
c A F(y(s))ds
At
c A [F(x) + B0, Lylly(s) — o] ds
At
- AtF(x) +/ B(O,LfoS)dS
0
C  AtF(z)+ B(0, %LfoAtQ).

Hence there exists u € U such that
1
l(At) — 2 = f(, )t < S L MpAR.

O

Suppose that the interpolation in the semi-Lagrangian scheme is first-order. Then we have the following
error estimation result.

Theorem 17. Assume that w is Lipschitz continuous with the Lipschitz constant L,, > 0. Then there exists
a constant C = C(Ly, Ly, My, T) such that

A
|W[n_’LU(tn,LL'[)| SC(Af—"_At)a V’I’L:O71,7NT7 IeRd
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Proof. For any n=0,1,...,Npy —1, I € R?,

Wit — w(t,ar)]

< g Fnters V7 lGor + for A0 < win - w(ty(a0)

< zréigfnterp[W”](xj + f(xr,u)At) — Lnei[r}w(tn,x[ + f(xf,u)At)‘ + %LwaMfAtQ
< max [InterpW"(z1 + f(xr, u)At) — w(tn, z1 + f(xr, u)At)] + %LwaMfAt2

< max [Interp[W"|(z) — w(ty, x)| + %LwaMfAt2

< max \Interp[W™|(x1) — w(t,, x1)| + Ly VdAz + %LwLJ»MfAt2

1
= max (WP — w(tn, x1)| + LyVdAz + iLwaMfAt2
I1€Z

1
< max —w(lo,zr)| + N1l T+ N7 Ly
< WP — w(t NrLy,VdA 5N L Ly My AL

Iez
Az
= C|—+At
(&)
where C' = T'L,,Vd+ 3TL, L Mj;. O
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