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Lecture 's iQuantumGroups :
"

g
"

i -divided powers, Serre relations , and braid group symmetries 1/9/21
①

Quantumfroupsadurits various remarkable structures fapplications
Drmfeld , Jimbo , Lusztig , r . .

Such as

quasi. R matrix, canonical basis .
.

Hall algebra , Categonfication, braid group action

i-Quantum groups are generalizations of QG G. Letter

arising from quantum symmetric pairs -199

I.Symmetric pair's CSP) 9,90
,
9: semisimple JO : involution

classification of tired .

) Spe s Satake diagrams

petal forms
I - I VI.

,
t

'

+ conditions
<
diagram involution

quasi-split if I.=0 (⇐ id is allowed)

split it I. =p and T
- id

. [Satake --Dynkin]

Example split sp 9,9W ,
where glow is Chevallier involution

=W

e.g . ( Slu , Shi
"
- Sqn) . . - ±eiL→fi

,
hits -hi

fitei IIEI
WOT

"
II ÷. stuffy

Slp⑦91g (Pt9=n)
l a real forms

54439)
quasi-split :P -_ 9,9+1 u

S(Up⑦Ug)
⑦ Spot diagonaltype (gag

,
gdiacs)



Will present a quantization et 19,90 ) → 21197 , U'dgo)
②

It
'

Quantum Groups (IQG) um ,
up

¥ ¥si compare Exa,

It =LEi , Fi , Ki , Ki
'
) Dnnfeld double, e.g. , HiFi] =

ki -ki
'

it 9' -95'
I [Letter] flu-W]

,

Um = Bi , ki : = Kiki (i Eto) , UI.
Tw
.
=/ 1

Here Bii-Fi#•
(Erik ! g?¥ Bi Fit Eiiki

Fact U' Ia aided subalgebra ,

o : T' SUIT

From now on , assume I' is quasi- split
UT =L Bi

,
ki> it't

Note : ki (Eli)
,
& Kiki (itti) are central Intel '

i kik! Centralia 2T.

Letzte's IQG U' = U's , depending on parameters 5=157 .net , sieQu)
is a aided subalgebra of 21 , e.g . Bi = Fits,Fei Ki

'

( Usui ) forms a quantum symmetric pair
Uf is obtained from Ili via a central reduction

1 -

Ue
,

= U
"

ki -Si Citi) , Kiki- tieseifitti) shall focus on It
ideal

Example d) split G I' =hBiiki7ieI ,with Ki Central ; U' =LBi)ieI
.

①-①.is#?...-O
(2) quasi-split IQG IT

'

Type Ahl
④-¥1.0-

~ u

(3) (QGEIQG) wel 00 i U -

su④U Coidealswbalg
⇒ (I ⑦I , UT is QSP assoc

.

to Cgtog , cgdiaes)
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Ili -Divided powers ( IDP) (Bao -W ,

Berman-W
,

Lu -W )
③

- ni

Recall Film = Finan]! icanonicate" U

c.
zit's,

¥ basis

= ①Mfk.j[Bit ,
fix i a polynomial algebra .

Define Blimp p c-7422 F'Themonomialbasis {BiY*oisnoT"Simple
"

IDP : Big. Until
.

tattoo 9 Biff
.

Hi=D
IF,vt]

Bi
,
't
'
⇐ dm?, f

FI Bi - vkilzi-D? it m⇒e

Biff, B.? - vkilzi-D? it m⇒lH

Biff, B? - vkilzj ?? it m⇒lHBit
'
⇐ In:{Big, B: -

vk.ua?itm=2ltZ/or.BiBi.iE'=ffrtDiBi!E"

it Ftr

ptfo.it frtiiB.IE
"'t Kiki Bip" it #r

e 's . Biff - Bi , Biff;? ,
Bili' =3?""

PBW expansion of IDP Berman-W ④UH
,lie> Unit#

Biton depends on parity of m ,
e.g
,

modified QQ it

Bikgmsp mzm-zcflatckm-a-H-zac-km-c-a-xzq.cat#zm-zc-aspz
,2X

=

Go a=o
V

c-

integral form Ikari's
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IV. Serre presentation of Iii

Fact [ Letter]
,

7- filtration on Ui = informally , view Fi as leadingterm of ,,Bi

#

s't
' griffin UI Fi ,# over Iii ,?= k. ifI

F.+Etiki
'

Etphtrdations among Bi's are deformation of Serre relations in 4-
"

fur tic Fitch;Fir =o Here ⇐bij City) :Recall g-Serve r=o

"

oui Fi
"-r

't
;
Fir =o

.

Fi
"'=I¥, dividedpowers

-

Shall fix it such that Ti=i

Example [ Letter] on Ui mo Vi

M B? Bj - iBiBjBit B- Bi
'

= v.k ;Bj if Cij = - I

⑦ 17313;
- B3iBiB

,
-Bit iBiBjB? -Bj B? - E3? viki BiBj -BjBi , if cij=-2

(3) skipped Cij =-3 ? Cigs -4

Reformulation via IDP

Example 4145--1 ⇐ B!?¥¥; - BIB;B, + B,.BY?p=o
"
classical

"

looking !
⑦ 45--2 ⇐ Bi? B; - BiBjBitBiBjBi,¥ - B; Bi?I=oi
.
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theorem. [FATEH're -That -Ww , CLW 18
For quasi-split) IQG Ii (or U' ) of - Kae-Moody type , Fj ti⇒ i

r Lr) ( s)

i-Serre:
*stay.

H ) Bi
, pea;

B- Bi,p=O

Proof uses PBW expansion formula of IDP 1- new 9-binomial identities

This leads to
.

a Serre presentation for quasi-'split IQG of VKM type .

Theorem2 CLW 18 (generalization of Letzte , Kolb, Balagovic -Kolb )
The quasi- split IQG Ti has a presentation :

generators Bi , ki CiEI)

relations : for EEI , i C-I
,

• Kike = ke ki
• IiBe = vctise

- Ci - e Be ki

. I '
'

C-Dr B! Bj Bi
' -ai -r =o it j#Titi ; here Bi

't'
=

'frig! (Titi)
•

'- ' iifyrtciiti B! Ba. Bit
"

fit? ""
'

v

?? .ci,!3i"
""

ki H)
r=o

aei ;
-r

- i'5-T.ci
,

Bi
-"""

ku. .

-

A Titi
• th Bi

,
Bj Bi

, p
- O

-

1 Here (a;xh=u -ah- ax) - - - Ci-ax
" )

Remark - For Ciri -0 ,
at) becomes BeiBi -Bibi =

k YI '
'

a III. Fi ] = . . .

• For split ADE , only relations f I ! Bibi -I3BiB5BtoB,
- Bi
'

- vkiBj
BIB
,
- B-Bi

- qhlnispht ADI ,
'

similar" cki central
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V. Lusztig -Serre relations

Recall
,

in QGU
,

Serre relation :
*stay.H5 Fil

"

Tj Fi
"
= O f¥jtI)E

Lusztig-Serre f- higher order Serre)

Set ftp.n.me = m
Giv?

" -"" -m'
Fj
" -tics'

(e = It
,
MEI

,
n > o) it) fixed .

En
,me
=0

,
for m 3 I - nay. LS

(L-S) simplifies , form-- I- nai; :

its
"
minimal degree

"
E HY Fi#" fi" - o n't serve

rt5=1-n
ij

N

proof of L-S is based on recursive relations :

Ei
, ftp.n.me = lhcijtmt] Kei mine , e{

ftp.n.me Fi = Htt] Ij ,nine'

g't

Braid group symmetries I Ti C- Auteuil such that m t

Til =

RS HTT
'

Fifi
's' Eti)

tf-adj
E.9

.
Tiff
;
)- Fgf. -ViFiFj ,

for cij=- l .

"

fi
,

-Cij , I



⑦

Next goal : braid group symmetries of Tei ⇐ Lusztig-Serre for Ui

Theorem3 KLW 't (Serre - Lusztig relations of minimal degree)
r r n s

" -↳min
)

r+s= ,- g
.

H ) Bip.
,
B. B. p

= O fo i-Ti , n> t
C Ic T IT
in ↳

ipp
5

Proof uses the PBW expansion formula for Bip" and g-binomial identities

Next
,
remove

"minimal degree
"

.us require i-analogue of ; mm,
e

Fait .. . Yn
,me has fiij ,- name as leading term. Yip , me, p

•

mjmmd degree yn , i-nay ,e=
LHS ( i-LSmin)

° 4i.jin.me) satisfy " hybrid
"

RR
.

Yn
,me , Big = Anti]Tn

,me ,e
- [mthcij-D 9*kiYn ,my ,e

Theorem3bKLW' 197 (Serre - Lusztig relation)

(i-Ls) Yi
, ; ; n ,me , p

= O fo i-Ti , n> I
,
m > I- ncij

It
j

Definition below otyn.me depending on parity at m-nai,
-me¥yYhes
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Definition of 4.i.jsn.me , p
-
- even =For M- nay , Yi

.j ; nine,p

*caikisufr;±¥=mtnrg?
'm""""""

""

u
a:B
!:B:B! na,

TT

-e (mthcijtycrtu mthcij-2
+ tnrq. - Biff' Bin Bisping.rtSt2U=m

U z a

✓ =p 9.

For m-haij ODD ,
use -ecmtncijtycrtutu

" Tnthcii- I ' '

instead 9.

.
.

- z

The formula above greatly simplifies at m= -ncij : " 8=0 , a>o
er Cr) (s) Yu =hY

Yij ;n , -na; ,ep = r⇒= -no!¥9i Bip Bj
"

Bi
, ptnai;

✓ =p

+ fnrtuqertuqiki " B! BY Bit?ptnai
;rtSt2U= - hcij

✓ =p , UZI

Conjecture CLW 19 For i=Ti
,
e- It

,
I F.e E Antti ) sit

.

Tie ( kj ) = fqiteki )
"

kg.

{ Tie CB;) = { Yiiiil ,
-cij.eu it # i

e.g. g.
=-i

1-qttekij
'

Bi Fi
.

Remark It is more conceptual to talk about Treon Ui instead of Ui



⑨
Theorem4 LW 21 Conjecture holds if Ci ,ti is even .

Proof uses itall algebras & reflection functors

Next
Lecture 4 [Lu]

Hall algebra realization of iquantum groups (of APE type)

Lecture 5 Hall algebra realization of iquantum groups (of Kae-Moody type)
+ Discussions [ further directions + open problems]


