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Overview
"
Quantum Groups

"

xx
"

Hall algebras
"

• Lecturer Quantum Groups and Ringel -Hall algebras
Quantum groups Uhlig) x

"

Dynkin
"

diagrams
U

U - U
-

uout

Hall algebras Steinitz
, Ringel , Lustig , Green ,

Xiao
, Peng , . . .

HCKQ) X quivers QKYE
, ( = diagrams w/ arrows

[Ringel] HCKQ)=Utu⇒q ,
for Q Dynkin

. Lecture 2 KD Hall algebra realization of QG
( reformulating Bridgetand
[ semi-derived Hall algebra SDH

"
i -quiver algebras

" associated to Qu Q '

,
swap

a lecture 3 i- Quantum groups & quantum symmetric pairs
- i -divided powers -Serre presentation - braid group symmetries

n.

. Lecture 411 i-Hall algebra realization of IQGU'

✓ SDH

i.quiver algebras associated to QDi- quivers
moohtiont

a lecture 5 TBA
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Quantum Groups QG
Let C be a (generalized) Cartan matrix , C = Ccijli,jet ,
' Cii =3 . Cij = Cji SO for itj Symmetric

( Ms semisimple lkac-Moody Lie algebra9. & simple roots di CIEI)
.

Quantum integers&quantum binomial coefficients . Let u be an indeterminate .
rr- v

-r

" =

v - ri
r i=frI . . . C,]

,
Mr =

Em] Cm-D - - - [m-ru]
"

- Cr] !
Cry rE7Lzo ,

MEI

Dornfeld double quantum group =UTcg) is a Qin- algebra
i. generators Ei , Fi , Ki , ki

'
( ie't)

• relations ki , Kj
'

( ti , j) commute

KiEj=v
'

Ej Ki Ki 't
;
=v

-"
'
'

Fj Ki

Ki
'

Ej = V'
"IE
; ki

'

Klif
; =v+ciiFjK!
i±jIi Fj -Fifi = { Ii -ki' i - i

v
- V -1

(Serre )

r-is-q.tt
'
-

'

I'
'

'
'

Eis F. Eit = o se
.

for it 's
.

r-is.iq.
""

-

'

I'
'

'
'

Fist
;

= O S
,

Remark
.
Kiki

'
is central diet)

.
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(Printed -Jimbo) Quantum group U=#9) = Ei ,Fi
,
Ki , Kit

ice,

is obtained from IT by a central reduction :

~ kill ski'
U

Kiki
'
- I IEI

=
' U

ideal
'

ftp./k
,

i s Same notation

facts i 7- Variants of 21 with differentU° ( a different Lie covering groups)
- U UT is a Hopf- algebra
-

triangular decomposition U=U
-

wut a- U-④U0④Ut

Here rut = Ei
,
i'EI Serre rel Se

II

zlfnt) 210 = kit
'

i'EI
,
U
-

= Fi III

-

wig) n Mlg)

Example I Az
,

'

z 9=513 Z Nt = e, , ez , GE Ce , er]
H

O x x

O x

0

NIZHNY has a PBW basis EYE.PE?a.b.cE7Lzo
,
where Fyffe,Eh,

2 AT
o ; affine Lie algebra g-- 5k = shaft .tt] ⑦ Gc

3
.

r
:

- general Kae-Moody algebra( r23)

Cartan matrix =
2 -r

r't : positive definite
-r z

re : semi - definite
rZ3 : indefinite



④
Quivers It e.g. an arrow

A- quiver Q consists of- a pair Q= Qo , Q , h : i sj
vertexset arrowset

e.g . A -
sit '- Q

,
→ Qo Sethi

,
tahini

O 30 C O 1=9122,3} Source target
I 2 3 ¥4371

A'
'

loop
"

A- quiver is acyclic if there is no oriented cycles f Oto
0-7 .

.
.

A quiver is called Dynkin
-

y- the underlying diagram Q
← IT

(with directions of arrows ignored) is ADE Dynkin diagram.

e.g
, quivers with underlying Az Dynkin diagram o o o

O 30 30 O > O C O O L O 70 OL OL 0

Take aground field k .

Will assume throughout : Q contains no loop .

A representationtf aquiver Q consists of
a K-vector space Vi , Viti ,

- a linear map in :Vi→Vj , Vh c-Qi , hi i > j

V is nilpotent
-

if 7- NS.t.X.ni-nxnn-o on V for all hi
,

- - -

, ha
,
n>N

.

A morphism of representations fill > W sit
. Vi

×"
> Vj/ "

Cfi) fi Q uf ;

wi. " swag.
mi abelian category repel off.-d. reps .



⑤

path algebra KQ :

e.g . I 2 3

linearbasis : paths in Q o so so e.

{et ,
ez

, ez
" lazy paths at i =D

multiplication: concatenation ←
length o(→2 , 2→ 3 , I⇐

I -72→ 3 } 7dim kQ=6 'T
2

Facts D Q acyclic (⇒ KQ is finite - dimensional

nil nil
⇒
reppCQ) = mod (KQ)
(Vitez ' ' V=¥±Vi
(Milice C l M

(Mi - ein)

37 Simple miodules are sci) ,ieI .

Stiff at vertex i , Sci)j=o
,
Iti

.

Grothendieck group rep,dQ) =ZI
,

v i s dim V :'-(dimvi)ieI
H "Lie th

'' "

dimviairoot lattice II

47 repp(Q) is hereditary , i.e . . Eti
"
= o . / i ⇒ projective resolutionQ

o , pl , p s V SO

5) Euler form : Vv
,
WE rep,dQ) , dim'V=T

,
dimW --J

,
i IIXII >I

Tin = V. W = dmittomofv,WI - di- Ext'dV.w)
= 7¥

' wi -

he
slhlwtlhl

Symmetric form CT ,
to) : = Jiu twin

quadratic form gets = in



⑥
Gabriel'sTheorem
d) A connected quiver Q is of

' 'finite representation type
"

- Q is Dynkin
(ie; I finitely many indecomposable s in reppQ)

(2) For Q Dynkin , the indecomposables it, OIT-fpositi.ve roots for g}
toy V=(Vi) I s EfimVidi

'

i sketch
.

Q is Dynkin (⇒ the quadratic form qc . ) is positive definite
ray geom .

reflection functors at
orbits

✓

(2) → Q finite rep type 11
Example

0 30 so > . . . so t Chang arrowsI 2 3 n

g = 51mi It = { Bij = Litdiet . . -tdj ,
kitten}

I 1=1

Iii : O x . . O sk s k s
- - - sk so . . . →O

i in j
all indecomposable s

una Kac-Moody algebra of
Remark Ckac] For general quiver with no loops ,
7- indecomposable nilpotent rep of Q of dimension vector F=Cvi7ieI

| ⇒ a=¥¥iai E Et , positive roots f¥8au Et = Eye wet!)
⇒ ! mdecomp of Q of die T L⇒ a-Iwai c-Ete



⑦
Let f- Fe

,
and 1=59

The (Ringel -1 Hall algebra of KQ
,

'HCKQ)
,
has

* linear basis an]
,

ME KOCKQ) Iso-classes

• Multiplication :

MN

NHN]=t ¥,.ae/fm!nl4 ,

"
r Ringel

twisting
by Euler form where Fn

,
!i= { N'EL NIN , 4N M}

Recall
Riedtman- Peng formula fu! =

EHM.NL
.

Auth)

Homo,(MIN) Aut (M) . Autos

Here Ext'm ,NkEExt' (Mint denotes the subset parametrizeig the
extensions with middle term =L .

A variant ofmultiplication in 'HAQ) is Bridgetand
M ,N ExtffM.NL ¢

EM]glN] = I E
Homem ,N,

[H
-

B

LEKOCKQ) Q

Remark in HCKQ)
,
or

,

with or without Euler form twisting
,

is an

associative algebra with unit [o]
.

' ' bilinear !

(2) HCKQ)
,
OB E HCKQ)

,
or

CMT '

B Auth)
t > [M]

G) In HCKQ)
,
or

,

⇒ a
"

Hopf pairing
"

fan .CM} =
.

So the map in Cz) is
"

passing to dual basis
"

wrt E , -3
.

IPBW
,
canonical basis in HCKQ)

,
or

i > dual PBW
,
canonical basis in HCKQ)

,
ops

④ Q :Dynkin .

[Gabriel]→ HAQ) has the size ot Wnt) or Ut



C

⑧
Multiplication 0=9. below 9=12
Example (rank 1) simple module s write 1ns]=fs⑦h]

Homo, Isis)=k ,
Ext'a(5,51=0 ,

15,5=1

Ert's) 42151=1
"

#Gra ,r) Crs] Grassmann-an #FIT

m5l%[n5l= In" #Grfn , many femurs]
#Gramin)=g-m

" Glimt"

lGkmHGunl

[sYRh=y'
"" " ' """

#Gram . #Graig . . . #Grain)[ns]=y
" (

9444?
" (944ns] #

= I'"' Intel. as]

Autlns) = GHG -9%9-11194 ) - -19M Antes) =9-I

| Cms]B[nS]=Im#Grimmer .

"

Iif'm!:{
""

'"

Emens]=ImfmtnS]

Cs]
""

= III:3,
"

"" #' it as
all iudecomp .by [Gabriel]
-

Example (Az)
,

> Simples Si , Sz In:-. k > k
2

'

T

Homalsi , = { ok Extalsi.gl-ykci.IHI.hn. O ' k
11

else
Sz

Si , Si =/
,
9,5. = -

,
52,5 , =D

Use # to do computations [5.7%19]=1
' Ifs

, Sa] +
'

i. fin]

[51%19]=10 ! t.CI.] = Grosz]

Recall Serre : EEE
;
-Nti'lEiEjEitEjEi2=o o

, g.

- it
, 2



⑨

[5.3%19]%2=14*17153%129] = Eleni's Egos] N

B , ray - Itai's KS,] yes] = Eleni's . I + In]
-

Exercises
= Hui's fists.] + GRID

'

-

.

' Homes
,
25,-051=12 = Hom (Sz , In)

? ?

(318,7%154919)=6,3%[9-03] - I -' feeti'IES,-051+1 . Iii
i Hom S,-052,25,⑦G = It)

,
Honk ,-052,5 ,⑦In) = I

① tent ⇒ Is, or - fetus's a. or +1514193
"-2=0

.

Example (rank 2 KM) #
i

E S -n

j
ti = - Cig

. = rts

Serre ⇒ { HYE!" E
;
E!
"
=o

,

where E!" = Fai! divided powers.
atbtcij

Let Csi] =
Csi]#

a

'

-

[a] !
'

[ Gita's. = ya"
"-at

[MI
,
summedover fin ⇒ Non sit

. N's;.tl/Nes7TFnarepMotkQotdIn=lttl)ditdj.Umi=..h?jkerXh
um -_ dimUm

let f
Wm , = I innxn fwm - dinWM

Then for atb=tH ,
ich;

module in
G.)
"

g.IS;7%[SiY
"
= y-bs-artabtala-htblbtgqpmi.CM] ,

in

where Pm ,b=o unless Wm EUN ( ily is nilpotent) ,
date#"ditdj

i
" www.h.E.se#aa.w...n...w.i=uiun-na-wnuEww:.u..fgi!i! I



④

Hence
, a * itllbcsi]"or If

"'
= E Ruan] ,

where AM It:*.*!
Pm = yet."'s -ummm !!ate-db.umfwyyfodbiitseiiii.nl?w.bdowNote*ym-IZSZWm

,
and thus I-med Emt

, for m := Um-Wu > I
.

Lemme get
'

little) = ⇐ v
'm-"b

Mb zb ,
for mzl

41 I thou-db [Y]=o , for mzl , Idl Emt , D=mi (mod2) .b=o

'

a

' il is standard
,

- ② follows by setting 2- = - v
'-m -d

in a)
.

Theorem Ringel , Green] . I ④CI -algebra embedding
ut : Ut s 'HlbQ)

, %. Ut '
'

HlbQ)
,
a

V=I Or v
B

Ei I > [Si] Ei ' > Csi]
Cq,>

• For Q Dynkin (only) , It is an = . .

i
'

sketch - The rank 2 computation above ⇒ UI is a homomorphism
. I {

, } on Ut compatible w/ the
"

Hopf pairing
"

E
,
} on TKKQ)

.

. { , g on Ut is non-degenerate cus#51 ⇒ UI is injective
• Q Dynkin Ut & HCKQ) has same graded dimension ⇐ [Gabriel]"

VI is surjective . K
sameBeijingtime

Lecture 2 little) : Hall algebra realization of the whole quantum group
[Lu] Thursday It or U .


