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,¶µ(complex) analytic geometry (SerreÚ\¤

Ù�nÄÆ��*:µ/)ÛAÛ´)Û�m�nØ§

ù´¤kêÆÆ��¥���!�(J�nØ��0,
in Dieudonnéµ/The Work of Nicholas Bourbaki0, The
American Math. Monthly, 1970

Dieudonné: A panorama of pure mathematics,
�/)ÛAÛ0\Boubarki'5Ý£Bourbaki density)Aa



ringed space: a pair (X,A ), X a topological space, A a sheaf
of rings

complex space: ringed space, complex model space

Define differential manifold, scheme,...: based on the same
way

Behnke-Stein & H. Cartan: normal complex spaces
Serre: reduced complex spaces
H. Grauert: complex space

'uE�m�{¤§�Remmert �nã©Ùµ/From
Riemann Surfaces to Complex Spaces0



)Û8µlocally zero set of holomorphic functions

Weierstrassý�½n:
O0 is a Noether ring
éõ�ª��F�ËA":½né�O0�¤á

local behavior of analytic subvariety

û ) Ô µCR ( � § æ X N ì § õ g N Ú ¼

ê§currents£positive closed¤��"

integration on complex analytic subvariety



19­Vµ¼êØ�­V(Volterra)

ÑyõEC¼ê�~fµabel¼ê§theta¼ê§�AÛ¼
ê§�ëê�EC¼ê

19­V"µõE©Û�´üE©Û�{üí2

E��

�X

E)Û

separately complex analytic

identity theorem, maximum modulus principle, openness of
holomorphic functions,...
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20­VÐµ

£1¤d²;� RiemannNì½nµ
C¥üëÏ�£� C¤∼= ∆"AO§?¿k.à�þV�

X�d"

Poincaréuy§� n ≥ 2�§

ü ¥ {|z1|2 + · · · + |zn|2 < 1}
õ�� {|z1| < 1, · · · , |zn| < 1}

ØV�X�d"



)Ûòÿ: /analytic continuation (holomorphic extension)
is a fundamental phenomena in complex analysis0

l«�����«�£/¤�òÿ;
lf6/�16/�òÿ

Cauchy, Riemann, Weierstrass’s pioneer works

üECµ)Ûòÿ�g���Riemann¡�Ú\!iù
û-¼ê�ïÄ!reflection principle!ü�z½n�y²�

Techniques for analytic continuation: Cauchy’s integral for-
mula, Weierstrass’s power series method, origin of the concept
analytic sheaf



£2¤Hartogsy�µ
� n ≥ 2kCn¥�«�§Ùþ¤k�X¼êÑU)Ûò

ÿ����«�"

~X§� n ≥ 2§B�ü ¥ Bn\{0}þ�¤k�X¼ê
�½3ü ¥þ�X"

Adolf Hurwitz31897cÄ3ISêÆ[�¬�üù¥�
Ñ.
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�X�£domain of holomorphy¤�½Âµ

«�D ⊂ Cn Øu) Hartogsy�§=�3���X¼ê
f§¦� D ´ f �g,½Â£½�3¤�£D �>.¡

�g,>.¤"

½n(H. Cartan-Thullen): f�X�⇔�Xà�⇔�X�

üECµz�m8Ñ´�X�

õECµ¿�z�m8ÑXd§



éu D ⊂ C1§�3�X¼ê f§¦� f ØU)Û½Â3

����þ"

~X§

C\{1} is a domain of holomorphy of Riemann ζ function;∑
zn!�g,½Â£½�3¤�´ü �� ∆"

����/ëw Rudin�Ö5Real and Complex Analysis6

~XµBn\{0} (n ≥ 2)Ø´�X�£dHartogsy�¤

à�!k.à5�!;.�!Teichmüller�m´�X�
£L. Bers¤
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X Levi¯ K §Cousin I!II¯ K £ ü E C Mittag-
Leffler!Weierstrass½n��Aí2¤��ïÄ§

3Hartogs!Oka!Bochner!H. Cartan�õECk°3þ
­Vþ���­�ó�Ä:þg,�)

�¤õECÄ��Ø%SN§/¤�^Ì�



VgµõgNÚ¼ê£40c�Lelong§OkaÚ\¤
singularity, positive closed (1,1)-current

[à�£pseudoõconvex domain¤: �3�þõgNÚ¼
ê§3>.ªuÃ¡�"

Levi¯K:[à�´�X�

Oka, Norguet, BremermannÊ�c�Ð)û

Levi¯KÒ´r�X���xaÑ
�EE£)Û¤¼ê
�µµ§
^�E¢¼ê£õgNÚ¼ê¤5�x"



�éLevi¯K§Cousin I!II¯K£üECMittag-Leffler½
n!Weierstrass":½n3p��aq¤�

�)
��ê!AÛ!©Û;��'�­��{:

�9ÙþÓNØ(dJ.VXÚ?)�{¶
∂ �§�L2�{¶

È©L«�{¶...

þ�^5)ûþãLevi¯K§Cousin I!II¯K�



'��Úµvà)Û�(coherent analytic sheaf)

coherence: a local principle of analytic continuation

~fµ

(��§)Û8�n��§

normalization of coherent analytic sheaves,
Grauert’s direct image theorem (corollary: Remmert’s proper
mapping theorem)



�X�3E6/þ�aqµStein6/£�Xà§�X©
l¤

H. Grauert (ICM 1962 plenary speaker))ûE6/þ�Levi
¯K:
Kähler exhaustion implies Steinness

Stein6/´��Ef6/(embedding theorem due to Bish-
op, Narasimhan, Remmert;
Gromov-Eliashberg, Schürmann for minimal dimension
[3n/2] + 1 of the target complex euclidian space)



Stein6/þ�Cartan½nA!Bµ

Given a coherent analytic sheaf F on a Stein manifold M ,
X Theorem A. the stalk Fx is generated by Γ(M,F );
X Theorem B. Hq(M,F ) = 0 for q ≥ 1

extension theorem (interpolation theorem): Given a closed
complex subvariety S in the Stein manifold M , then any holo-
morphic section f of a holomorphic vector bundle restricting
on S can be holomorphically extended to a holomorphic sec-
tion F on the Stein manifold M .

used by Serre to establish GAGA principle



Stein6/þ�Oka-Grauert principle£Gromov�í2¤

Grauert’s h-principle: a continuous map from a Stein manifold
to a complex Lie group is homotopic to a holomorphic map

En�Stein6/´n�CWE/(Stein(�é�m/G�K
�)

Runge%C½n£Weil, Oka¤

Stein 6/þ�3Ã�.:��X¼ê£Forstneric̆§Acta
Math. 2003)



(related to Hodge conjecture) on Stein manifold every class of
even-dimensional cohomology with rational coefficients can
be realized as a closed complex submanifold (Griffiths)

holomorphic version of de Rham theorem on Stein manifolds

Serre’s problem on fibre bundle over Stein manifolds

covering of a Stein space is Stein (Stein)

Stein6/dÙþ�X¼ê�ê�Ì�x



Solving ∂̄-equation:

Dolbeault isomorphism theorem

Hq(M,Ωp) = 0 iff ∂̄-equation is solvable

e.g. M is a Stein manifold, then Hq(M,Ωp) = 0 for q > 0 (by
Cartan theorem A, B)

Question: the converse is true?

Prove the Hartogs phenomena via solving ∂̄-equation (Ehren-
preiss, 1961)



L2 Hodge theory: Weyl, Hodge, Kodaira, Morrey, Spencer, ...

L2 method for solving ∂̄-equation: Hörmander, Andreotti-
Vesentini, Kohn,...

in the setting of unbounded (closed, densely defined) operator
on Hilbert space

L2 existence theorem

Applications: extension theorem (Analytic continuation of
holomorphic functions on analytic subvarieties to the Stein
manifolds), Levi problem, Cousin problems I!II,...



�o��E6/´Stein6/º£Levi¯K¤
�o��E6/´�K�ê6/º(Kodaira embedding)

Philosophy of Levi problem, Kodaira embedding theorem,
Hömander’s L2 estimate with singular weights:

I complex differential geometric conditions imply complex
analytic conclusion
I existence or construction of specified holomorphic objects
(functions, sections) is reduced to the construction of specified
plurisubharmonic functions (real-valued, may take −∞)
• ”hard” objects (rigid): holomorphic functions, sections
• ”soft” objects (flexible): psh functions, currents



#C�{µ

¦fn��(multiplier ideal sheaf)
£�9ÙþÓNØ§∂ �§�L2�{�nÜ¤

1950’s: Cartan, Serre, Grauert,
1960’s: Hörmander, Kohn, Andreotti-Vesentini,
1970’s: Bombieri, Skoda,
1990’s: Y.-T. Siu, Nadel, Demailly£{I�Æ��¬§ICM
2006�¬�w<¤
......



multiplier ideal sheaf:

Definition (Nadel 1990 Ann. of Math.): to a plurisubharmonic
function ϕ, is associated an ideal subsheaf I(ϕ) of O: germs
of holomorphic functions f ∈ Ox such that |f |2e−2ϕ is locally
integrable.

Nadel theorem: I(ϕ) is coherent

Theorem: multiplier ideal sheaf is integrally closed, i.e., the
integral closure of I(ϕ) is itself



Nadel vanishing theorem: Let (L, e−ϕ) be a big line bundle on
a compact Kähler manifold (X,ω) (i.e., the curvature current
Θ of the singular Hermitian metric is a Kähler current: ∃ε > 0,

s.t., Θ ≥ εω). Then

Hq(X,KX ⊗ L⊗ I(ϕ)) = 0,

for any q ≥ 1.

corollaries:
Kodaira vanishing theorem, Kodaira embedding theorem,
Kawamata-Viehweg vanishing theorem,
Grauert’s solution of Levi problem on complex manifolds



multiplier ideal sheaves give a unified treatment to the solution
of Levi problem and proof of Kodaira embedding theorem

philosophy:
• singularities of psh functions play a key role:
create singularities!use singularities

Green (Green function), Riemann, H. Weyl, Dirac, ......

singular integral, Newtonian potential, fundamental (weak) so-
lution, generalized function (distribution), currents, Poincaré-
Lelong equation, ......



• singularity of a psh ϕ: ϕ(z) = −∞
e.g., for ϕ = c log(|f1|2 + · · · + |fk|2) is psh, where c > 0

• relation between an analytic subset and a pluripolar set:

f−11 (0) ∩ · · · ∩ f−1k (0) = ϕ−1(−∞)

• psh with analytic singularities

• singular hermitian metric on a holomorphic line bundle:

locally e−ϕ, ϕ ∈ L1
loc

curvature Θ = i∂∂̄ϕ in the sense of currents

pseudoeffective line bundle: Θ ≥ 0, i.e., ϕ is psh.



invariants:

• Lelong number: v(ϕ, x) := lim infz→x
ϕ(z)

ln|z−x|

• complex singularity exponent (log canonical threshold)

cx(ϕ) = sup{c ≥ 0 : exp−2cϕ is L1 w.r.t. the Lebesgue
measure on Cn on a neighborhood of x}
•multiplier ideal sheaf:

{f = 0|
∫
|f |2e−ϕ < ∞} = {e−ϕ not locally integrable }

⊂ {ϕ = −∞}



Oka-Cartan extension theorem:

Given a closed complex subvariety S in the Stein manifold
M , then any holomorphic section f of a holomorphic vector
bundle restricting on S can be holomorphically extended to a
holomorphic section F on the Stein manifold M .

A natural question:

in the setting of the above theorem, if the holomorphic function
or section is of a special property (say, invariant w.r.t. a group
action, Lp, bounded or L2), could the holomorphic extension
be still of the same special property?



L2 extension problem:

for a suitable pair (M,S), in the above Oka-Cartan extension
theorem, if the function or section f is further L2 on S, find
an L2 extension F on M together with a good or even optimal
estimate?

see Demailly: Analytic methods in algebraic geometry, Higher
Education Press, Beijing, 2010.



L2 extension theorem: Analytic continuation of L2 holomor-
phic functions on analytic subvarieties to the Stein manifolds
(Ohsawa-Takegoshi, Ohsawa)

L2 division theorem (Skoda, ICM1978 speaker)

Deformation invariance of plurigenera for projective algebraic
manifolds (Siu)

• Y.-T. Siu, Some recent transcendental techniques in algebra-
ic and complex geometry, Proc. of ICM. 2002.

• J.P. Demailly, Kähler manifolds and transcendental tech-
niques in algebraic geometry. Proc. of ICM. 2006.



õEC3�êAÛ��^:

transcendental techniques in algebraic geometry:
Abel, Jacobi, Riemann, Weyl, Hodge, Kodaira, Hirzebruch,
Grauert,...

compact Riemann surface is projective algebraic,
noncompact Riemann surface is Stein

GAGA principle (W.L. Chow, Serre)
for the projective category:
complex analytic geometry = complex algebraic geometry

positive line bundle in the sense of Grauert: Kodaira embed-
ding theorem generalized to complex spaces



õEC3�êAÛ��^:

Unified treatment based on L2-estimates: Kodaira-Akizuki-
Nakano (precise) vanishing theorem, Nakano vanishing the-
orem, Cartan theorem B (for holomorphic vector bundles),
Kodaira-Serre (unprecise) vanishing theorem, Levi problem
on complex manifolds,...

Relation between Stein manifolds and projective algebraic
manifoldsµprojective manifold \ the zero set of a nontrivial
holomorphic section of the positive line bundle is a Stein man-
ifold

• L2 extension plays a connection role



õEC3þf|Ø��^:

�X���E§þf|Ø¥ÚÑ'X£1��¢S

A^§discovered the edge of the wedge theorem 3>½
n(high dimensional analogue of reflection principle), N.N.
Bogolyubov, V. Vladimirov (both are ICM1958 plenary speak-
er)¤

the edge of the wedge theorem stimulated M. Sato to obtain
the theory of hyperfunctions

the extended future tube conjecture: the extended future is a
domain of holomorphy
solved by Xiangyu Zhou in 1997
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uÛ�(1910-1985)



@ÏµõECgÅ¼ê§�C.L. SiegelÓÏó��'p

£I�µ;.�þ�õEC¼êØ

open problemµconstruction of Cauchy-Szegö kernel on the
unit ball¶
Dirichlet problem on the classical domains

�EÑ4a;.���aØµBergmanØ§Cauchy-Szegö
Ø§PoissonØ;
�ºé�)û
éABergmanÝþ�Laplace-Beltrami�§
�)|�X¯K¶

A�6/£Shilov>.¤µ�kduk)uy



1950c£I��¤

1956c¼Ä3I[g,�Æ��ø

�µd�/+kÜ����Ac0

/Hua operator0, /Hua system0, /Hua equation0,
/Hua measure0

/ 3 ¥ I < ¬ � /   § k X O Ï d " � 3 {

I0£Science¤

�ºÄ �À�{I�Æ�	7�¬
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ºé�k)(1927-2015)



ºé�, 1957µ50c�3ISþ�@/��
õEC¼
ê� Schwarz Ún§ék.à5�þ� Bergman Ýþ
f ∗ds2 ≤ kds2¶

Ú\
;.�þ�
dj­Ç(½��X)ÛØCþ(3
ISþ�¡�/Lu constant0¤

ék.�XNì§uy�^ BergmanÝþÜþ5��N
ì� Jacobian"��íØ§CaratheodoryÝþ�½Ø�L
BergmanÝþ§ù´õEC¥�Ä�(J"

, � í Ø § 3 I 	(Krantz’s book)� ¡ �”Cartan-
Caratheodory-Kaup-Wu Theorem” (Kaup, Wu’s papers ap-
peared ten years later)



1966cJÑ
/ºé�½n0µä~j­Ç���
BergmanÝþ�k.�)Û�duü ¥§

JÑ
 Bergman ØkÃ":�¯K§3ISþ�¡�
/ºé�ß�0§Tß�¤á�«��¡�/ºé�

�0£k.à5�´/ºé��0¤§

/ºé�ß�£¯K¤0®1\õEC�Í¶��Ö§

��nã©z�K8§�8��k<ïÄ"

Boas(Bergman Prize winner): Lu Qikeng problem.



70c�^éäØ9²1£Ä5�º5�|§Çk�ÑÔ
nþ5�|�êÆþ�Ìn�m�éä�'X§y²


�w�5�|�È©½Â�du÷�­��²1£Ä"

Look, K. H.µYang-Mills fields, and connections on principal
fibre bundles. (Chinese. English summary) Acta Phys. Sinica
23 (1974), no. 4, 249õ263.
The relation between the theory of Yang-Mills fields and that
of connections of principal bundles is established.

Donaldsonµ”The realization that the gauge fields of parti-
cle physics and the connections of differential geometry are
one and the same has had wide-ranging consequences” (Ency-
clopaedia of Math. Physics”



/luÛ�¼ø�Ö¥��§4� Siegel þ�²¡�
BergmanØ¼ê�±�¤ 1/det ImZ�eZg��/ª§
´��õgNÚ¼ê"¦�Æ)�Æ)±��3)û

/*¿�51I+�ß�0�y²¥§­���ÚÒ´

��E��3*¿�51I+��õgNÚ¼ê§�l
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M#Y~®?")

'�µÄuu-ºÆ��ó�: E. Cartan-Weyl-Siegle�'u
é¡�9;.+�ó����uÐ

�N
uk)!ºk)ó���ÏK�
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��I�Æ��¬Vladimirov�\
5��­V�êÆ�¯6£2006c§Springer¤

/this difficult problem was solved only in 1997 by the
Chinese mathematician Zhou0

/show how mathematics helps physics to obtain new
knowledge which is hidden in the axioms!0



�a;�[�Æ��¬Kiselman�\
5êÆ�uÐµ1950-20006£2000c§Birkhäuser¤

Tó��@�´/êÆuÐ��:��0



L2 extension and multiplier ideal sheaf

natural development of

X Hartogs, Levi, Cousin: foundational works on analytic ex-
tensions and domains of holomorphy
X Oka, Grauert’s solutions of Levi problem
X Bergman kernel and metric: Bergman,uÛ�,ºé�
X Oka - Cartan’s global theory on Stein manifolds, analytic
extensions, problems of Cousin I and II
X Hörmander’s L2 method for solving ∂̄ equation

X Kodaira-Grauert embedding theory (Kodaira-Grauert van-
ishing, embedding theorems, positivity in the sense of Grauert)



I many mathematicians have contributions to L2 extension
theorem
Ohsawa-Takegoshi,
Ohsawa (ICM 1990���w<),
Siu({II[�Æ��¬§ICM 2002�¬�w<),
Demailly({I�Æ��¬§ICM 2006�¬�w<),
Berndtsson(a;�[�Æ��¬§ICM 2018���w<)
also obtained explicit good estimates

I natural open problem – optimal L2 extension problem

I very few connection between optimalL2 extension and other
problems (except Suita conjecture)



Guan, Zhou solved the optimal L2 extension problem, as ap-
plications, solving several long-standing problems and finding
some new connections

published in Ann. of Math. 2015, based on a series of works
in Liouville’s J. 2012, Comptes Rendus 2012, Science China
Math. 2015

Ohsawa 2015c;Í/L2 Approaches in Several Complex
Variables0(Springer)§3có¥�Ñµ/Q. Guan and X.-
Y. Zhou proved generalized variants and characterized those
surfaces on which the inequality is strict. Their work gave
the author a decisive impetus to start writing a survey to cover
these remarkable achievements0



a solution of Ohsawa’s question in
T. Ohsawa, On the extension of L2 holomorphic functions VIII
- a remark on a theorem of Guan and Zhou, IJM 2017

Guan and Zhou found in Ann. of Math. 2015 that their optimal
L2 extension theorem could imply

Berndtsson: logBt(z) is a plurisubharmonic function with re-
spect to (z, t).

implies Griffiths positivity of the relative canonical bundle
(Guan, Zhou, Sci. China Math. 2017)

3Ohsawa�;Í¥¡�”Guan-Zhou method”



Guan, Zhou solved Demailly’s strong openness conjecture
about the multiplier ideal sheaves in 2013

I(ϕ) = ∪ε>0I((1 + ε)ϕ).

• published in Ann. of Math. 2015
• also conjectured by Y.T. Siu
• special case - openness conjecture was solved by Berndtsson
in 2013

{IêÆµØµ/The proofs of both the openness and the
strong openness conjectures are among the greatest achieve-
ments ’in the intersection’ of complex analysis and algebraic
geometry in recent years.0



The meaning of the conjecture:
X |f |2e−ϕ is locally integrable, then there exists an ε0 > 0 s.t.
|f |2e−(1+ε0)ϕ is also locally integrable

X {p ∈ R : |f |2e−pϕ is locally integrable} is open

origin from calculus:
{p ∈ R : 1/|x|pc = e−pϕ is locally integrable at the origin} is
open, where ϕ = c log|x|, c > 0

{p ∈ R : f (x)/|x|pc = f (x)e−pϕ is locally integrable at the
origin} is open



Corollaries:

•Demailly-Ein-Lazarsfeld conjecture (þ�ICM���w<),

also stated as an open problem in Lazarsfeld’s book: Posi-
tivity in algebraic geometry

•Vanishing theorem for pseudoeffective line bundles£%
¹Kodaira!Kawamata-Viehweg!Nadel�v½n¤

• Boucksom (2018 ICM���w<)-Farve-Jonson conjecture



Guan, Zhou solved
Demailly-Kollár’s conjecture related to openness conj.,
Jonsson-Mustata’s conjecture related to strong openness conj.

based on ideas of our work on optimal L2 estimate

published in Invent. Math. 2015



Using Guan-Zhou’s solution of Demailly’s strong openness
conjecture:

Meng, Zhou (to appear in JAG):
Nadel vanishing theorem without Kähler condition

vanishing theorem, finiteness theorem and surjectivity valued
in multiplier ideal sheaves



Zhou, Zhu (JDG, 2018), establish:
optimal L2 theorem on weakly pseudoconvex Kähler mani-
folds
positivity of twisted relative canonical bundles for Kähler fi-
bration

by using and developing the following
Zhou, Zhu (MRL 2017)µgeneralized Siu’s lemma

Zhou, Zhu (2017): positivity of twisted relative pluricanonical
bundles and their direct images for Kähler fibration
case of algebraic fibre spaceµobtained by Berndtsson-Paun(Duke 2008), Paun-Takayama (JAG

2018)



Some authors are using

• our optimal L2 extension theorem,

• ”Guan-Zhou method” and

• the solution of Demailly’s strong openness conjecture

to study some important problems in several complex variables
and algebraic geometry

Demailly,
Ohsawa,
Berndtsson-Lempert,
Paun-Takayama,
Paun,
Hacon-Popa-Schnell
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