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0. ¯K

=«Ý
�A��Ñ´¢ê?

¢é¡Ý
.

���a: �q
. �3¢�É H :

B “ HAH´1. B: ¢é�
.

�/í? H “?

5µ

Ag“λgñrHAH´1spHgq“λpHgq
pA `mIqg“λgñAg“pλ ´mqg

�7{ (BNU) Maximal eigenpair 2018 c 7 � 13 F 2 / 43



0. ¯K

=«Ý
�A��Ñ´¢ê?

¢é¡Ý
.

���a: �q
. �3¢�É H :

B “ HAH´1. B: ¢é�
.

�/í? H “?

5µ

Ag“λgñrHAH´1spHgq“λpHgq
pA `mIqg“λgñAg“pλ ´mqg

�7{ (BNU) Maximal eigenpair 2018 c 7 � 13 F 2 / 43



~. )« Q Ý


né�Ý
: E“tkPZ`Z`Z`: 0ďkăN 1̀u

Q“

¨

˚

˚

˚

˚

˚

˝

´c0 b0 0
a1 ´c1 b1

a2 ´c2 b2
. . . . . . . . .

0 aN ´cN

˛

‹

‹

‹

‹

‹

‚

,

d? aką0, bką0, ck“ak̀ bk, cNěaN .
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~. )« Q Ý

����a�ÅL§—)«L§.

k42�A^, nØïÄå:, �â/

��©Ù[137 �; 2010]. ¹ pckq: 2014.

nã�w.

C.(2016). “Unified speed estimation of

various stabilities”, Chin. Appl. Prob.

Statis. 2016, 32(1): 1–22 1ďδ11
´1
{δ1

´1
ď2

p4δq´1
ďδ´1

n Òďλ0p´QqďÓδ
1

n
´1
ďδ´1, @n
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)« Q Ý
��¡[�é��Ã']

Q é¡: ak`1 “ bk.

ak`1 � bk �ØÓ, �Ó��.

½Â pµkq: µ0 “ 1,
µk “ µk´1

bk´1

ak
.

K µkak “ µk´1bk´1. UP Q “ pqijq

K µkqk,k´1“µk´1qk´1,k. �d/

µiqij“µjqji. mij :“ µiqij,
Q �é¡� pmijq é¡.
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1.VÇ.��¡ Q Ý
.E“ti, j, . . .u

Q Ý
: �é�����K, 1Ú ď 0

Dpµką0q ¦� µiqij“µjqji, i, j PE.

Ý
/ª: DiagpµqQ “ Q˚Diagpµq
pQ :“ Diagpµq1{2QDiagpµq´1{2,

é¡ñ¢Ì "Ó5 :

Q � pQ ÓÌ ñ¢Ì qiją0ôqjią0

µk ” 1 ñ ��¡ = é¡.
µk ı 1 ñ ��¡ĄÜ© é¡.
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k³|.´ i0Ñ i1Ñ¨ ¨ ¨Ñ in, qik,ik`1
ą0

µi0
qi0i1
qi1i0

“ µi1 Schrödinger1931. Æ!�

µi0
qi0i1
qi1i0

¨
qi1i2
qi2i1

“ µi1
qi1i2
qi2i1

“ µi2

µi0
qi0i1
qi1i0

qi1i2
qi2i1

¨ ¨ ¨
qin´1in

qinin´1

“ µin in “ i0?

Kolmogorov �/½n (1936): éz�

4´ i0Ñ i1Ñ¨ ¨ ¨Ñ in´1Ñ in“ i0,
qi0i1qi1i2 ¨ ¨ ¨ qin´1i0“qi0in´1qin´1in´2 ¨ ¨ ¨ qi1i0
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k³|
řn´1
k“0log

qikik`1

qik`1ik

“log
µin
µi0
“logµiń logµi0

´ i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in. ë�:µi0“1

÷ ik Ñ ik`1 ¤��õ:

wikik`1
“ log

qikik`1

qik`1
ik

Q�©ê

3 ik ?�³(U): Vik “ logµik.
řn´1
k“0 wikik`1

“ Vin ´ Vi0.
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k³|

þª��: |÷´

i0 Ñ i1 Ñ ¨ ¨ ¨ Ñ in ¤��õ.

m�: 3 in ?Ú i0 ?�³�.

´»Ã'5 in “ i0
ô ÷z�4´¤��õ�"

ñO�pµkq.
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“z�4´”��15º

±Ê�(�~, 4´�Ukéõ.
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Theorem (û�Í��(1979))

��|¤�³|p�d/, �A� Q

Ý
��¡q�¿�^�´§÷v"

Ó5, �÷z�4´p�d/,� 

���4´q¤��õ�". d��

¡ÿÝ pµkq �^³¼êLÑ.

“ê��ÅL§�|Ø”, Â\a¯!
û�Í� (1979):5�_ê��ÅL

§6. �;©Û|Ø+ãþ��{¢Ã
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©0

;;cc

OO

©1

##

))

©3
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©2

ii

��

55

©0

;;cc

OO

©1

##

))

©3

uu

{{

©2

ii

��

55

©0

;;cc

OO

wp0Ñ3Ñ2Ñ0q“0, wp0Ñ2Ñ1Ñ0q“0,

wp0Ñ3Ñ2Ñ0Ñ2Ñ1Ñ0q“0,

wp0Ñ3Ñ2Ñ1Ñ0q“0.

 �´ wp2Ñ0Ñ2q“ log
a20

a02

`log
a02

a20

“0.
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2 ÚOÔn

Ý
 Q“pqijq: iÑj ��Ç qij. ã

(�. né�
: k´1 ÐÝ
ak
k

bk
ÝÑ k`1

40õcc, Ü©êÆ[lmúnz´

�, £8g,. m©&¢ÚOåÆ�

êÆÄ:, /¤�Å|�VÇ�ÚO

Ôn���Æ�. ²ï���²ï�.

î¬è, �& ¶�» (1982a, b), /Å
�(1982), o�(1983), Q©�
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2 ÚOÔn

Ý
 Q“pqijq: iÑj ��Ç qij. ã

(�. né�
: k´1 ÐÝ
ak
k

bk
ÝÑ k`1

40õcc, Ü©êÆ[lmúnz´

�, £8g,. m©&¢ÚOåÆ�

êÆÄ:, /¤�Å|�VÇ�ÚO

Ôn���Æ�. ²ï���²ï�.

î¬è, �& ¶�» (1982a, b), /Å
�(1982), o�(1983), Q©�
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g^�m t´1,`1u, E “ t´1,`1uZ
dZdZd

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1
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g^XÚ�o>/^�

vx

cpv,xq

��

cpu,vuxq
//
vux

cpu,vxqoo

cpv,uxq

��

x

cpv,vxq

OO

cpu,uxq
//
ux

cpu,xq
oo

cpv,vuxq

OO
vx

cpv,xq

��

cpu,vuxq
//
vux

cpu,vxqoo

cpv,uxq

��

x

cpv,vxq

OO

cpu,uxq
//
ux

cpu,xq
oo

cpv,vuxq

OO
vx

cpv,xq

��

cpu,vuxq
//
vux

cpu,vxqoo

cpv,uxq

��

x

cpv,vxq

OO

cpu,uxq
//
ux

cpu,xq
oo

cpv,vuxq

OO

1982Ñ1987, H. Rost. 1’st. RD L§
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Theorem (� (2004); ½n 11.2 (1))

±k�8 S �O ZdZdZd. Kdg^X
Úá²ï���=�eão>/^

�¤á

cpu, xqcpv, uxqcpu, uvxqqcpv, vxq

“cpv, xqcpu, vxqcpv, vuxqqcpu, uxq,

u, v PS, x“pxu : uPSq.

(Øéu ZZZd �é, d�4´kÃ¡õ
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Í¶� Ising �.. t´1,`1uZ
dZdZd

cpu, xq“exp

„

´β
ÿ

v:|u´v|“1

xuxv



, βě0.

� d “ 2 �, ·�k βp2qc «0.44

|I |“1|I |“1|I |“1, eβă
1

2
log

`

1`
?

2
˘

“:βp2qc

|I | ą 1|I | ą 1|I | ą 1, eβ ą
1

2
log

`

1 `
?

2
˘

.

� d ě 3 �, βpdqc “?
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�²ïÚOÔn. �A*ÑL§[�1985]

�ÛÜ;�m ZZd
`

ZZd
`ZZd
`

. 16 «;.�..

�XÚ�nØ.

C. “From Markov Chains to

Nonequilibrium Particle Systems”,

1st 1992; 2nd 2004. World Sci, Singapore

|Øñ«©²ï���²ï��.

&¢�²ï�ÚOÔn�êÆÄ:
uÐ½muÑ#�êÆóä
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�é���K�¢�
ÑE�


(¢)é¡ (symmetric) ñ ¢Ì,

Eé¡
ÌØ7¢�, X

A “

˜

0 i

i 0

¸

, λ “ ˘i.

(¢)é¡ÝÑHermite:aij“ ājiñ¢Ì. X

A “

˜

0 i

´i 0

¸

, λ “ ˘1.
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3 E��¡Ý
. ¿Âµ�ê§þfåÆ

(¢)��¡ (symmetrizable),

Dpµk ą 0q: µiaij“µjaji, i, j PE

E��¡ (Hermitizable) [aii �¢]

Dpµk ą 0q: µiaij“µjāji, i, j PE

Ý
A“paijqE��¡�7�^�:

"Ó5: éu?¿� i, j,

aij“0ôaji“0.

�'�: X aji‰0, Kaij{ājią0.
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3 E��¡Ý
(Complex symmetrizable)
Theorem (�(2018))

EÝ
 A “ paijq E��¡�¿�^

�´eãü^�Ó�¤á.

éu?¿� i, j, ½ö aij Ú aji
Ó��", ½ö aijajią0.
§¤�Ñ�|´k³|p=÷?�

4´p��4´q ¤��õ�"q.

wp2Ñ0Ñ2q“ log
a20

ā02

`log
a02

ā20

“0.
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né�EÝ
: A „ pak,´ck, bkq
Theorem

né�EÝ
 A „ pak,´ck, bkq E

��¡�¿�^�´eãü^�Ó�

¤á.
pckq �¢�.

½ai`1Ú biÓ��", ½ai`1bią0.

5 ai`1 Ú bi Ó��", KdÝ
�©¬?n.

�~�Ñd^�.
ai`1bią0 ñ bi

āi`1
ą0. X āi`1‰0§�Û¹�é

�7{ (BNU) Maximal eigenpair 2018 c 7 � 13 F 22 / 43



E��¡Ý
k¢Ì

E��¡: Dpµkq,¦�µiaij“µjāji @i, j.

Diag pµqA“AHDiag pµq, AH:“Ā˚.

A “ Diag pµq´1AHDiag pµq.

A �Ìu AH , �ö�Ìu Ā

(Ï� A˚ �Ìu A)

ùñ A k¢Ì
E��¡Ą¢��¡Ąé¡

�7{ (BNU) Maximal eigenpair 2018 c 7 � 13 F 23 / 43



E��¡Ý
�~

A“

»

—

—

—

—

—

—

–

´6
8 ´ 6 i

5

8 ` 14 i

13

18 ` 4 i

17

3 `
9 i

4
´

55

4

´5 ` 40 i

13

30 ` 35 i

17
12 ´ 21 i

5

´4 ´ 32 i

5
´13

60 ´ 66 i

17
63 ´ 14 i

10

84 ´ 98 i

15

70 ` 77 i

13
´16

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E��¡, lk¢A��:

´21.3806, ´17.7581, ´9.44576, ´.165558.

�¡ÿÝ µ: µ0“1, µ1“
8

15
, µ2“

10

39
, µ3“

20

119
.
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E��¡Ý
�~
©1

  

((

//©3oo

vv

~~

©2

hh

��

66

©0

>>``

OO

©1

  

((

//©3oo

vv

~~

©2

hh

��

66

©0

>>``

OO

©1

  

((

//©3oo

vv

~~

©2

hh

��

66

©0

>>``

OO

rij “
aij

āji
,

µ0 “ 1,

µk“µk´1rk´1,k

r01 “
8

15
, r12 “

25

52
, r20 “

39

10
,

r03 “
20

119
, r32 “

119

78
, r31 “

238

75
.
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E��¡né�Ý
��ÌC�
Theorem (Algorithm)

b½ ckě|ak|̀ |bk|,¿�uk“akbk´1

9c̃k“ck,0ďkăN 1̀.½Â b̃0“c0ą0,
$

’

&

’

%

b̃k“ck´uk
L

b̃k´1, ãk“ck´b̃k,

1ďkăN

ãN “uN
L

b̃N´1 XN ă8.
K ãk, b̃ką0; cN ě|aN | X N ă8.
A„pak,´ck, bkq�ÌuÃ„pãk,´c̃k, b̃kq.
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b̃k“ wª uk“akbk´1“|akbk´1|

ck´
uk

ck´1´
uk´1

ck´2´
uk´2

. . . c2´
u2

c1´
u1

c0

ãk“ck´b̃k, kăN ; ãN “uN
L

b̃N´1.

5gØ´ 2014–2018/2/1-2
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4 ��A�éf�O�

E “ tk P Z`Z`Z` : 0 ď k ă N ` 1u.

Q “

¨

˚

˚

˚

˚

˚

˝

´3 2 0
1 ´3 2

1 ´3 2
. . . . . . . . .

0 1 ´3

˛

‹

‹

‹

‹

‹

‚

,

λ0 ` 3 “ 2
?

2 cos 2π
N`2

g0pjq“2´pj`1q{2 sin pj`1qπ
N`2

, j PE.
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�{

�½Ð� pv0, z0q « pg0, λ0p´Qqq.

� k ě 1 �, ®k pvk´1, zk´1q.

· wk �eã�5�§�)
`

´ rQ ´ zk´1I
˘

wk “ vk´1.

2· vk “ wk{}wk}, zk “ δk
´1

K pvk, zkq Ñ
`

g̃0, λ0p´Qq
˘

, k Ñ 8.
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�ÌC� 1 k pă N q 1Ú�"

E “ tk P Z`Z`Z` : 0 ď k ă N ` 1u.

rQ“

¨

˚

˚

˚

˚

˚

˚

˝

´3 22´1
2´1

0
22´2
22´1

´3 23´1
22´1

23´2
23´1

´3 24´1
23´1

. . . . . . . . .

0 2N`1´2
2N`1´1

´3

˛

‹

‹

‹

‹

‹

‹

‚

,

λ0̀ 3“2
?

2 cos 2π
N`2

«2.82843, Ně2562.
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¦^ rQO��Ð�þ eü4¯

800 1000 1200 1400 1600 1800 2000

5.×10-119

1.×10-118

1.5×10-118

2.×10-118

2.5×10-118

800 1000 1200 1400 1600 1800 2000

5.×10-119

1.×10-118

1.5×10-118

2.×10-118

2.5×10-118

800 1000 1200 1400 1600 1800 2000

5.×10-119

1.×10-118

1.5×10-118

2.×10-118

2.5×10-118

3«m r500, 2000s þ��
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¦^ rQO��Ð�þ eüé¯ 0.70.70.7 Ó

2 4 6 8 10 12

0.1

0.2

0.3

0.4

0.5

0.6

0.7

2 4 6 8 10 12

0.1

0.2

0.3

0.4

0.5

0.6

0.7

2 4 6 8 10 12

0.1

0.2

0.3

0.4

0.5

0.6

0.7

3«m r0, 12s þ��
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¦^ rQO��Ð�þ eü4¯ 0.7 Ó0.7 Ó0.7 Ó

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

3«m r2010, 2050s þ��
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rQ �é¡z pQ

pQ“

¨

˚

˚

˚

˚

˚

˝

´3
?

2 0
?

2 ´3
?

2
?

2 ´3
?

2
. . . . . . . . .

0
?

2 ´3

˛

‹

‹

‹

‹

‹

‚

,

z�1Ñ��Å, õÅ�¢. �ÌC
�ñ�é¡. �\Ì�.

2018/3/13
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rQ �é¡z pQ

pQ“

¨

˚

˚

˚

˚

˚

˝

´3
?

2 0
?

2 ´3
?

2
?

2 ´3
?

2
. . . . . . . . .

0
?

2 ´3

˛

‹

‹

‹

‹

‹

‚

,

z�1Ñ��Å, õÅ�¢. �ÌC
�ñ�é¡. �\Ì�. 2018/3/13
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¦^ pQO��Ð�þ,A�½3 111?

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000
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0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

3«m r500, 2000s þ��
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¦^ pQO��Ð�þ,l 0.70.70.7þ,� 111

2 4 6 8 10 12

0.85

0.90

0.95

1.00

2 4 6 8 10 12

0.85

0.90

0.95

1.00

2 4 6 8 10 12

0.85

0.90

0.95

1.00

3«m r0, 12sþ��,3 0?�2´1{2
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¦^ pQO��Ð�þ,�Üeü� 0.70.70.7

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

3«m r2550, 2562sþ��Ñ2´1{2
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