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Knowing Hua

| first heard about Hua and other famous Chinese scientists from
my brother when | was in elementary school. In middle school, |
read some books by Hua for school kids, and also heard Chen
Jinrun and other younger mathematicians from newspapers. Then
| started to dream to become a number theorist.
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Knowing Hua

| first heard about Hua and other famous Chinese scientists from
my brother when | was in elementary school. In middle school, |
read some books by Hua for school kids, and also heard Chen
Jinrun and other younger mathematicians from newspapers. Then
| started to dream to become a number theorist.

There were some problems with my approach to this dream. First
of all | did poorly on the math college exam in 1980, and was
admitted consequently to the Chemistry department of Zhongshan
University against my wish. Luckily, | was allowed to transfer to
the math department after one semester.
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Meeting Hua

Secondly, after reading part of the book “Goldbach conjecture” by
Pan Chendong and Pan Chenbiao, | started to think that the
Goldbach conjecture (and analytic number theory) is too hard for
me. So | was thinking about an “easier problem” —Fermat's last
theorem—and read as much algebra as possible in my college years.
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Secondly, after reading part of the book “Goldbach conjecture” by
Pan Chendong and Pan Chenbiao, | started to think that the
Goldbach conjecture (and analytic number theory) is too hard for
me. So | was thinking about an “easier problem” —Fermat's last
theorem—and read as much algebra as possible in my college years.
Thirdly, | failed my exam on “ODE" (again!), which would have
some bad effect on my job assignment. So | had to finish one year
earlier, and became a master student at the Chinese Academy of
Science in 1983.
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Meeting Hua

Secondly, after reading part of the book “Goldbach conjecture” by
Pan Chendong and Pan Chenbiao, | started to think that the
Goldbach conjecture (and analytic number theory) is too hard for
me. So | was thinking about an “easier problem” —Fermat's last
theorem—and read as much algebra as possible in my college years.
Thirdly, | failed my exam on “ODE" (again!), which would have
some bad effect on my job assignment. So | had to finish one year
earlier, and became a master student at the Chinese Academy of
Science in 1983.

In 1984, for the only time in my life, | saw Hua on stage in a big
meeting.
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Knowing Well

During my first year at Beijing, | heard a lecture from my future
advisor Wang Yuan about a fantastic theorem of Faltings on
Mordell's conjecture which implies a finiteness statement about
Fermat’s equation. So | started to dream to become an arithmetic
geometer.
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Knowing Well

During my first year at Beijing, | heard a lecture from my future
advisor Wang Yuan about a fantastic theorem of Faltings on
Mordell's conjecture which implies a finiteness statement about
Fermat’s equation. So | started to dream to become an arithmetic
geometer.

In order to read Faltings' paper, | started to study Hartshorne's
“algebraic geometry”, a standard textbook for graduate students.
The book starts with one chapter of classical material, and
continues with three chapters of the compressed version of
Grothendieck's scheme theory. The most interesting part is an
appendix which gives one motivation of scheme theory: the Weil
conjecture.
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Meeting Weil

During the last year at the Chinese Academy of Sciences, | started
to read three volumes of Weil's collected work while preparing my
application for the PH.D. study with Faltings. Unfortunately | did
poorly on the TOEFL exam (again?) and, with personal help from
Wang Yuan and Goldfeld, ended up at Columbia. Fortunately this
is actually a really great place with many great mathematicians in
every direction.
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Meeting Weil

During the last year at the Chinese Academy of Sciences, | started
to read three volumes of Weil's collected work while preparing my
application for the PH.D. study with Faltings. Unfortunately | did
poorly on the TOEFL exam (again?) and, with personal help from
Wang Yuan and Goldfeld, ended up at Columbia. Fortunately this
is actually a really great place with many great mathematicians in
every direction.

Moreover | had a chance to become a visiting student at Princeton
for one year, during which | took lecture notes and wrote a book
with Faltings, and had lunches with André Weil at 1AS. But Weil
didn't remember much other than mentioning Chern to me.
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Hua Luogen

Hua Luogeng became a superstar even in old China for his work on
the Waring problem.
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Hua Luogen

Hua Luogeng became a superstar even in old China for his work on
the Waring problem. In new China, he is a major leader of
mathematical research and education.
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the Waring problem. In new China, he is a major leader of
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Hua Luogen

Hua Luogeng became a superstar even in old China for his work on
the Waring problem. In new China, he is a major leader of

mahematicalesearch and education.
W LS '

Hua is also a public figure famous
for his self-learning during his
childhood, and for his dedication
to the population of mathematics
during the culture revolution.

._ 7 s
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Hua Luogeng (1910-1985)
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André Weil

Weil established himself for his Ph.D. thesis on the Mordell-Weil
theorem in the 1920s. He was regarded as a founder of modern
number theory and algebraic geometry in the early 20th century.
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Weil established himself for his Ph.D. thesis on the Mordell-Weil
theorem in the 1920s. He was regarded as a founder of modern
number theory and algebraic geometry in the early 20th century.
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André Weil

Weil established himself for his Ph.D. thesis on the Mordell-Weil
theorem in the 1920s. He was regarded as a founder of modern
number theory and algebraic geometry in the early 20th century.

André Weil (1906-1998)

Shou-Wu Zhang Hua Luogeng and André Weil



Introduction
Personal experience
Hua Luogen
André Weil

André Weil

Weil established himself for his Ph.D. thesis on the Mordell-Weil
theorem in the 1920s. He was regarded as a founder of modern
number theory and algebraic geometry in the early 20th century.
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André Weil

Weil established himself for his Ph.D. thesis on the Mordell-Weil
theorem in the 1920s. He was regarded as a founder of modern
number theory and algebraic geometry in the early 20th century.

Weil also had a personal
experience as a prisoner
and refuge, and took jobs
in every continent. He is
the (spiritual) leader of
Bourbaki.

André Weil (1906-1998)
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Common point: both are math geniuses with extremely broad
knowledge, extraordinary personal experience, and tough
personality.
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Difference:
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Naive comparison

Common point: both are math geniuses with extremely broad
knowledge, extraordinary personal experience, and tough
personality.

Difference:

Hua is more a problem solver, a doer;

Weil is more a problem interpreter, a visionary.

Shou-Wu Zhang Hua Luogeng and André Weil
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Waring problem over integers

Theorem (Hilbert 1909)

For any positive integer k, there is a positive integer g such that
any positive integer n can be written as a sum of g terms of kth
powers of integers:

n:X{(—f-Xé(-i-'---i-Xg.
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Waring problem over integers

Theorem (Hilbert 1909)

For any positive integer k, there is a positive integer g such that
any positive integer n can be written as a sum of g terms of kth
powers of integers:

NV SV

Problem (Waring)

What is the minimal value of g(k)?

Shou-Wu Zhang Hua Luogeng and André Weil
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Waring problem over integers

Theorem (Hilbert 1909)

For any positive integer k, there is a positive integer g such that
any positive integer n can be written as a sum of g terms of kth
powers of integers:

nzxf+x§—|—~-+x£.

Problem (Waring)
What is the minimal value of g(k)?

The first few numbers of g(k): 1, 4 (Lagrange), 9, 19, 37 (Chen
Jinrun), 73, 143, 279, 548, 1079, 2132, 4223, 8384, 16673, 33203,
66190, 132055 ....
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Waring problem over finite field

We may also consider the Waring problem modulo a prime p:

nzxf+x2"+~--+x§ mod p.

Shou-Wu Zhang Hua Luogeng and André Weil



Theorem of Hua-Weil Waring problem over integers
Waring problem over finite field
Hua—Weil Theorem

Waring problem over finite field

We may also consider the Waring problem modulo a prime p:
nzxf+x2"+~--+x§ mod p.

This is the same as to solve the equation over the finite field
Fp :=1Z/pZ.
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Waring problem over finite field

We may also consider the Waring problem modulo a prime p:
nzxf+x2"+~--+x§ mod p.

This is the same as to solve the equation over the finite field
Fp := Z/pZ. More generally, one may consider much more general
equations over any [y,

k
n= alel + agx§2 c - agxg®, n,ai € Fy

and ask for the number N of solutions.
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Hua—Weil Theorem

Theorem (Hua-Vandiver, Weil, 1948)

@ There is an explicit formula for N in terms of Gauss sum;
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Hua—Weil Theorem

Theorem (Hua-Vandiver, Weil, 1948)

@ There is an explicit formula for N in terms of Gauss sum;

]
IN—g < C-q°2

with C depending only on ki, - - kg.
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Hua—Weil Theorem

Theorem (Hua-Vandiver, Weil, 1948)

@ There is an explicit formula for N in terms of Gauss sum;

]
IN—g < C-q°2

with C depending only on ki, - - kg.

For Hua, this should be a baby exercise for the much more
sophisticated Waring problem and exponential sums.
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Theorem of Hua-Weil Waring problem over integers
Waring problem over finite field
Hua—Weil Theorem

Hua—Weil Theorem

Theorem (Hua-Vandiver, Weil, 1948)

@ There is an explicit formula for N in terms of Gauss sum;

]
IN—g < C-q°2

with C depending only on ki, - - kg.

For Hua, this should be a baby exercise for the much more
sophisticated Waring problem and exponential sums.
For Weil, however this is the beginning of his Riemann Hypothesis

over function field.
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Proof A reformulation

Fourier analysis on finite group

Let G be a finite abelian group with the uniform probabilistic
measure.
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Fourier analysis on finite group

Let G be a finite abelian group with the uniform probabilistic
measure. Then there is an orthogonal decomposition

1*(G) =) Cx.

xeG
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Fourier analysis on finite groups

Proof A reformulation

Fourier analysis on finite group

Let G be a finite abelian group with the uniform probabilistic
measure. Then there is an orthogonal decomposition

1*(G) =) Cx.

xeG

Here G := Hom(G,C*) is the dual group of G.
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Fourier analysis on finite groups

Proof A reformulation

Fourier analysis on finite group

Let G be a finite abelian group with the uniform probabilistic
measure. Then there is an orthogonal decomposition

= ZCx.

xeG

Here G := Hom(G,C*) is the dual group of G. Thus for any
function f on G, there is a Fourier expansion

F=> (Ffox (fx)= ’G‘Zf

X geG
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A reformulation

The above equation is equivalent to the following system:

n=yi1+-yg additional equation,
yi/aj=x% (i=1,---g) multiplicative equations.
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A reformulation

The above equation is equivalent to the following system:

n=yi1+-yg additional equation,
yi/aj=x% (i=1,---g) multiplicative equations.

For each k and each u € 7, let Ni(u) denote the number of
solutions for the equation u = x*,
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Proof A reformulation

A reformulation

The above equation is equivalent to the following system:

n=yi1+-yg additional equation,
yi/aj=x% (i=1,---g) multiplicative equations.

For each k and each u € 7, let Ni(u) denote the number of
solutions for the equation u = x*,
and let 0, denote the Dirac function on Fg:

5n(x) = {1 X=n

0 otherwise.
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Fourier analysis on finite groups

Proof A reformulation

A reformulation

The above equation is equivalent to the following system:

n=yi1+-yg additional equation,
yi/aj=x% (i=1,---g) multiplicative equations.

For each k and each u € 7, let Ni(u) denote the number of
solutions for the equation u = x*,
and let 0, denote the Dirac function on Fg:

0n(x) =
o) {0 otherwise.
Then we have the following expression

N= > Sarni+y2+-yg) H N (vi/ai)-

Y1, 5Ye
Yi7#0

Shou-Wu Zhang Hua Luogeng and André Weil
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Fourier analysis on finite groups

Proof A reformulation

k

Solving u = x

Apply the Fourier analysis on the finite groups F to obtain

Nic(u) = D (Nie, x)x(u)-

X
XEFq
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Fourier analysis on finite groups

Proof A reformulation

k

Solving u = x

Apply the Fourier analysis on the finite groups F to obtain

Ni(u) = Z(NkaX>X(U)'

Compute the inner product:

(N, x —7ZN/<(U 72)(
:qilzx:Xk(X):<1>Xk>={l -t

0 otherwise.
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Fourier analysis on finite groups

Proof A reformulation

k

Solving u = x

Apply the Fourier analysis on the finite groups F to obtain
Ni(u) = D~ (Nis x)x(u)-
XEFg

Compute the inner product:

(N, x —7ZN/<(U 72)(
:qilzx:Xk(X):<1>Xk>={l -t

0 otherwise.

It follows that

Ni(w) = 3~ x(u)

xk=1

Shou-Wu Zhang Hua Luogeng and André Weil



Fourier analysis on finite groups

Proof A reformulation

Solving n = x

Apply the Fourier analysis on I, to obtain

n = 3 ) = = 3 ().
P

peF,
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Fourier analysis on finite groups

Proof A reformulation

Solving n = x

Apply the Fourier analysis on I, to obtain

n = 3 ) = = 3 ().
P

peF,

Put two Fourier expansions together to get

g
(D DD SUCOIIESRESAR | DR CI)!

ey, 9 _
BRI GRPES!
1 _
= > wE=nTaE ) D] vii)xil).
X155 Xg ¥ i Yi
Xii=1
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Fourier analysis on finite groups
A reformulation

Gauss sums

The last sums are Gauss sums:

g(¥,x) =D x(x)(x)
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Fourier analysis on finite groups
A reformulation

Gauss sums

The last sums are Gauss sums:
g(¥,x) =D x(x)(x)
which has an explicit estimate if one of ¢ and y is trivial:

g-1 ¢=1,x=1
g(,x) =40 v=1x#1
-1 y#Ly=1
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Fourier analysis on finite groups
A reformulation

Gauss sums

The last sums are Gauss sums:
g(¥,x) =D x(x)(x)
which has an explicit estimate if one of ¢ and y is trivial:

g-1 ¢=1,x=1
g(,x) =40 v=1x#1
-1 y#Ly=1

Otherwise, one has an estimate |g(%, X)| = /.
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Fourier analysis on finite groups
A reformulation

Gauss sums

The last sums are Gauss sums:
g(¥,x) =D x(x)(x)
which has an explicit estimate if one of ¢ and y is trivial:

g-1 ¢=1,x=1
g(,x) =40 v=1x#1
-1 y#Ly=1

Otherwise, one has an estimate |g(%, x)| = 1/q. It follows that

N = ("_ql)g + 0(¢F7?).
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Fourier analysis on finite groups
A reformulation

Gauss sums

The last sums are Gauss sums:
g(¥,x) =D x(x)(x)
which has an explicit estimate if one of ¢ and y is trivial:

g-1 ¢=1,x=1
g(,x) =40 v=1x#1
-1 y#Ly=1

Otherwise, one has an estimate |g(%, x)| = 1/q. It follows that
—1)¢
N = (qq) + 0(q8/?).

This completes the proof of the Theorem of Hua-Vendiver and
Weil.



Sequent work by Hua-Vandiver
Sequent work by Weil
Weil conjecture

Sequent work Work of Grothendieck and Deligne

Consequences by Hua-Vandiver

Hua established himself as a major world figure in analytic number
theory by his work on the Waring problem and exponential sums.
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Hua established himself as a major world figure in analytic number
theory by his work on the Waring problem and exponential sums.
The above theorem certainly has some applications to Diophantine

equations.
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The above theorem certainly has some applications to Diophantine

equations.
For example, it can be shown that the Fermat equation has no
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Shou-Wu Zhang Hua Luogeng and André Weil



Sequent work by Hua-Vandiver
Sequent work by Weil
Weil conjecture

Sequent work Work of Grothendieck and Deligne

Consequences by Hua-Vandiver

Hua established himself as a major world figure in analytic number
theory by his work on the Waring problem and exponential sums.
The above theorem certainly has some applications to Diophantine
equations.

For example, it can be shown that the Fermat equation has no
solutions in nonzero x, y:

x"+y"4+1=0 mod p, p=29,71,113,491,
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Sequent work Work of Grothendieck and Deligne

Consequences by Hua-Vandiver

Hua established himself as a major world figure in analytic number
theory by his work on the Waring problem and exponential sums.
The above theorem certainly has some applications to Diophantine

equations.
For example, it can be shown that the Fermat equation has no

solutions in nonzero x, y:

x"+y"4+1=0 mod p, p=29,71,113,491,

x>+y5+1=0 mod p, p=11,41,71,101,
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Sequent work by Hua-Vandiver
Sequent work by Weil
Weil conjecture

Sequent work Work of Grothendieck and Deligne

Consequences by Hua-Vandiver

Hua established himself as a major world figure in analytic number
theory by his work on the Waring problem and exponential sums.
The above theorem certainly has some applications to Diophantine

equations.
For example, it can be shown that the Fermat equation has no

solutions in nonzero x, y:

x"+y"4+1=0 mod p, p=29,71,113,491,
x>+y5+1=0 mod p, p=11,41,71,101,

xX*4+y34+1=0 mod p, p=7,13.

Shou-Wu Zhang Hua Luogeng and André Weil
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Sequent wok of Weil

Weil has studied the variation of solutions when I is replaced by
all its finite extensions Fym which led to Weil's conjecture.
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Weil conjecture

Sequent work Work of Grothendieck and Deligne

Sequent wok of Weil

Weil has studied the variation of solutions when I is replaced by
all its finite extensions Fym which led to Weil's conjecture.
Let X be a smooth projective variety of dimension d over Fg. Let

Nm be the number of rational points on X over Fgm. Consider the
power series
o0

Tm
Z(T)=exp | Y Nm—
m=1
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Sequent work by Hua-Vandiver
Sequent work by Weil
Weil conjecture

Sequent work Work of Grothendieck and Deligne

Sequent wok of Weil

Weil has studied the variation of solutions when I is replaced by
all its finite extensions Fym which led to Weil's conjecture.

Let X be a smooth projective variety of dimension d over Fg. Let
Nm be the number of rational points on X over Fgm. Consider the

power series
& m
Z(T) = exp <z:1 Nmm> .
m=

If there is a reasonable cohomology theory, then we can calculate
Np, using the Lefschetz fixed point theorem for the Frobenius
operator F : X — X by raising g-th power on coordinates.:

Np=#{xeX, FMx=x}= Z(—nftr(Fm - H(X).
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Sequent work by Hua-Vandiver
Sequent work by Weil
Weil conjecture

Sequent work Work of Grothendieck and Deligne

Sequent wok of Weil

Weil has studied the variation of solutions when I is replaced by
all its finite extensions Fym which led to Weil's conjecture.

Let X be a smooth projective variety of dimension d over Fg. Let
Nm be the number of rational points on X over Fgm. Consider the

power series
& m
Z(T) = exp <z:1 Nmm> .
m=

If there is a reasonable cohomology theory, then we can calculate
Np, using the Lefschetz fixed point theorem for the Frobenius
operator F : X — X by raising g-th power on coordinates.:

Np=#{xeX, FMx=x}= Z(—nftr(Fm - H(X).

Furthermore the number N, can be explicit bounded.
Shou-Wu Zhang Hua Luogeng and André Weil
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Weil conjecture

Sequent work Work of Grothendieck and Deligne

Weil conjecture

The function Z(T) is a rational function, satisfying the functional
equation

1
Z(—=)=+q™?TXZ(T
(da> K (7)
where x is the Euler-Poincare characteristic of X. Furthermore,
2(T) = Pi(T)P3(T)--- Pay—1(T)
Po(T)P2(T) - Pay(T)
with Po(T)=1—T, Pyg(T)=1—q?T, and

b;
P(T)=J[1—ayT), 1<i<2d-1
j=1

where «j; are algebraic integers of absolute value q'/2.
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Sequent work by Hua-Vandiver
Sequent work by Weil

Sequent work Weil conjecture
Work of Grothendieck and Deligne

Work of Grothendieck and Deligne

Motivated by the Weil conjecture, Grothendieck developed a new
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(and Dwork) to prove the rationality and the functional equation
for Z(T).

The bound |a;| < /2 was eventually proved by Deligne.
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Work of Grothendieck and Deligne

Motivated by the Weil conjecture, Grothendieck developed a new
algebraic geometry with a cohomology theory. This allowed him
(and Dwork) to prove the rationality and the functional equation
for Z(T).

The bound |a;| < /2 was eventually proved by Deligne.

The proof of the Weil conjecture is considered as one of the most
important achievement in mathematics in the last century.
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Instead of vertical variations N, as before, one may also consider
the horizontal variation when X was priori defined over Z.
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the horizontal variation when X was priori defined over Z. For
example, the variety X defined by equation

n= alel + a2x§2 + - agxgg, n,a; € 7.

For each prime p, one may consider the number of solutions N, of
the above equation mod p. What can we say about this collection
of numbers N7
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Future

Future

Instead of vertical variations N, as before, one may also consider
the horizontal variation when X was priori defined over Z. For
example, the variety X defined by equation

k,
n= alx1 + axx, —i—---agxgg, n,a; € 7.
For each prime p, one may consider the number of solutions N, of
the above equation mod p. What can we say about this collection
of numbers N,? Inspired by the early work of Hasse, Weil
formulated a zeta function using these numbers:

i

HL s) DT g A a, € Z.

)
ns
n=1
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Future

Instead of vertical variations N, as before, one may also consider
the horizontal variation when X was priori defined over Z. For
example, the variety X defined by equation

k
n—alx1 + axx, —i—---agxgg, n,a; € 7.

For each prime p, one may consider the number of solutions N, of
the above equation mod p. What can we say about this collection
of numbers N,? Inspired by the early work of Hasse, Weil
formulated a zeta function using these numbers:
i
HL )V = % an € 7.
n=1
The identification of these L-functions is a major topic in
arithmetic geometry and Langlands program in the 21st century.
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