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L Introduction

Operator propagation

@ Let X be a proper metric space(i.e. closed balls are compact)
and let 7 : Cp(X) — L(I{) be a representation of Cy(X) on
a Hilbert space H.

o Example: H = L?(X, ) for ;1 Borelian measure on X and 7
the pointwise multiplication.

o If T is an operator of £L(H), then SuppT is the
complementary of the open subset of X x X
{(z,y) € X x X such that there exists f and g such that
f(@) #0,9(y) # 0 and n(f) - T -7(g) = 0}

@ T has propagation less than r if d(z,y) < r for all
(z,y) € SuppT.
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L Introduction

Propagation and indices

Let D be an elliptic differential operator on a compact
manifold M.

Let Q be a parametrix for D.

Then Sy := Id — @D and Sy := Id — DQ are smooth kernel
operators on M x M

(S5 So(Id+ So)Q
P = ( SiD  Id—S? (1.1)

is an idempotent and we can choose @ such that Pp has
arbitrary small propagation.
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@ D is a Fredholm operator and
Ind (D) = [Pp] - [( . ) ] € Ko(K(I3(M)) 2 7

@ How can we keep track of the propagation and have
homotopy invariance ?



Persistence approximation property for maximal Roe algebras and applications

L Introduction

Quasi-projection

Definition

If X is a proper metric space and 7 : Cyp(X) — L(H) is a
representation of Co(X) on a Hilbert space H, let 0 < € < 1
(control) and > 0 (propagation). Then ¢ € L(K) is an
e-r-projection if ¢ = ¢*, ||¢ — ¢?|| < € and ¢ has propagation less
than r .

@ If ¢ is an e-r-projection, then its spectrum has a gap around %

@ Hence there exists kg : 0(q) — {0, 1} continuous and such
that ko(t) = 0 if t < 2 and ko(t) = L if t > 1.

e By continuous functional calculus,ko(q) is a projection such
that ||ko(q) — gl < 2e.
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L Introduction

Quasi-projections and indices

@ Let D be a differential elliptic operator on a manifold, let Q
be a parametrix. Set Sy :=Id— QD and Sy := Id— D@ and

_( S5 So(Id+ Sp)Q
Pp = < S$iD  Id— S} (1.3)

Then
(2P}, — 1)(2Pp — 1) + 1)2 Pp((2P}, — 1)(2Pp — 1) + 1) "2 is
a projection conjugated to the idempotent Pp;
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@ Choosing Q = Q). with propagation small enough and
approximating
(2P, — 1)(2Pp — 1) + 1)2 Pp((2P}, — 1)(2Pp — 1) + 1) 2
by a power series, we can for all 0 < € < % and r > 0,
construct a e-r-projection g7 such that D such that

tnd (0) = o)) | gy ) | € Kotx@zon) =z

(1.4)
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L Introduction

Filtered C*-algebras

Definition

A filtered C*-algebra A is a C*-algebra equipped with a family
(A;)r>0 of closed linear subspaces indexed by positive numbers
such that:

@ A, C A ifr <o

@ A, is stable by involution,i.e. for any x € A,., then 2* € A,;
o Ar-Aw C Ay

o the subalgebra | J, ., A, is dense in A.
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If A is unital, we impose that 1 € A,., for any r> 0. If A is non
unital filtered C*-algebra, then its unitization A is filtered by
(A, + C),~p. We can define the homomorphism

pA:fl—MC;a—i-z—)z

forae€ Aand z € C

Definition

Let A and B be two C*-algebras filtered by (A4, ),~¢ and (B;)r>o-
A *-homomorphism ¢ : A — B is said to be filtered if ¢(A,) C B,
for all r > 0.
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L Introduction

EIES

o K(L*(X,p) for X a metric space and p probability measure
on X. More generally A® K(L?(X, ) for Ais a C*-algebra.
@ Roe algebras:

e X proper discrete metric space, H separable Hilbert space.

o C[X], : space of locally compact operators on [2(X) @ H (i.e
T satisfies fT and T f are compact for all f € C.(2)) and
with propagation less than r.

e The Roe algebra of 3 is C*(X) = J,., C[X]» C L(I*(2) @ K)
(filtered by (C[X],)r>0)-

@ Also the maximal Roe algebras is filtered C*- algebras.

@ (C*-algebras of groups and cross-products.
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e-r-projections and e-r-unitaries

Let A be a unital filtered C* algebra. for any » > 0 and
e € (0,1),we call:

@ an element p in A an e-r- projection if p belongs to A,,p = p*
and ||p? — p|| < €. The set of e-r- projections will be denoted
by P<"(A).

@ an element u in A is an e-r- unitary if u belongs to
Ay |lufu — 1| < € and |Juu* — 1|| < e. The set of e-r-
unitaries in A will be denoted by U“"(A).

o’

We can construct a projection by continuous functional1 calculus on
o(p) denoted by ko(p) and a unitary ki (u) = u(u*u)~2.
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Definition

For a unital filtered C* algebra A,we can define the following
equivalent relation on P (A) x N and Uy (A):

e if p and g are elements of P (A), [ and I” are positive
integers, (p, 1) ~ (q,1") if there exists a positive integer k and
an element h of Py (A[0,1]) such that h(0) = diag(p, I1r)
and h(1) = diag(q, Jx+1)

e if u and v are elements of U (A),u ~ v if there exists an
element h of U35?"(A[0, 1]) such that h(0) = u and k(1) = v.

If p is an element of P (A) and [ is an integer,we denote by
[p,l]e,r the equivalent class of (p,l) modulo ~. And if u is an
element of U (A) we denote by [u], its equivalent class modulo

~,
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Quantitative K-theory

Let 7 > 0 and € € (0, 7). We define:
(i) Ky'(4) = P”({l) x N/ ~ unital and
K{"(A) = P (A) x N/ ~ such that dim ko(pa(p)) = [ for
A non unltal.

(i) KS"(A) = UYL (A)/ ~ (with A = A if A is already unital).

Then K" (A) turns to be an abelian group where
[, e + [/, U]e,r = [diag(p, p'), L+ Ve,
K7"(A) is also an abelian group with

[u]e,r + [u/]e,r = [diag(u, U,)]e,r
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Lemma

If Ais a filtered C*- algebra, then K{"(A) = K{"(A) @ K" (A)
is a Zy- graded abelian group.

For any filtered C* algebra A and any positive numbers ¢, ¢’ and
r,r’ with e <€ < % and r < r/,there exists natural group
homomorphisms:

o 1j" : Ko (A) = Ko(A); [p, ller = [ko(p)] — [L];
o 17" KT (A) = K1(A); [uler — [k1(uw)];

o 1 = B

° LS’E P < KS’T(A) — KS T (A); [p, Oer — [, e pr;
0 (" KT (A) = K" (A); [u]er — [u]er v

/ / / / / /
Li,e s _ [/E,E s @ [/?E s .

0
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Control pair

Definition
A control pair is a pair (A, h),where
e \A>1;

e h: (0, ﬁ) — (1,400); € — h¢ is a map such that exists a
non-increasing map ¢ : (0, 2x) — (1, +00), with h < g.

The set of control pairs is equipped with a partial
order:(\, k) < (N, 1) if A < X and h. < h, for all € € (0, ).

Definition
For any filtered C*- algebra A,define the families

Ko(A) = (KS7T(A))0<e<i7r>O' K1(A) = (KE’T(A))0<e<i,r>O'
K«(A) = (K:7T(A))O<e<i,r>0'
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Controlled morphism

Definition
Let (A, k) be a control pair,A and B be two filtered C*-algebras,
and 7, j be elements of {0,1,*}. A (), h)-controlled morphism

F: Ki(A) = K;(B)

is a family F = (F°") 0 ©f group homomorphisms

0<6<%

FET K7 (A) = KM (B)

)

such that for any positive numbers €, € and r, " with
0<e<é< ﬁ, r <7’ and her < har', we have

't e AN herhor!
EE Gl €,AE T. nm
Fer OLi7 N Lj SAE S NeTy N o F&.
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The composition of controlled morphism

If (A\,h) and (X,R') are two control pairs,define

1

.
hxh '(0’4>\X

) — (0, +00); € — hych..

Then (AN, h x h') is a control pair. Let A, By and Bs be filtered
C*-algebras, i,j and [ in {0,1,x}. Let

F = (Fe,r)0<€<¢7r>0 : JCl(A) — X](Bl) be a (Oég, I{J(f)—
controlled morphism,let

9 = (G€7T)O<e<ﬁ,r>0 : ij(Bl) — KZ(BQ) be a (Ozg,kg)—
controlled morphism. Then Go JF: K;(A4) — XK;(Ba) is the

(agag, kg * kg)-controlled morphism defined by the family
(Gagé,kg&E o Fe,r)
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L Introduction

The equivalence of controlled morphism

Definition

Let A and B be filtered C*-algebras,and (\, k) is a control pair.

Let F = (F ’E)0<€<4 L0 : Ki(A) = X;(B)(resp.

G = (G”)O<E<% +~0) be a (ag, kg)- controlled morphism (resp.
ag’

a (ag, kg)- controlled morphism). Then we write I ol g if
o (az, k) < (A h) and (ag, kg) < (A, h)

e for any € € (0, ;) and 7 > 0, then

L‘?3~67A67k3'.,6r7h67’ o F€7T _ L?QevAeka,eraher o G&,T.
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Controlled isomorphism

Let (X, k) be a control pair, and F : K;(A) — K;(B) be a
(avg, k)-controlled morphism with (g, kg) < (A, h).
o JFis called left (A, h)-invertible if there exists a controlled
morphism
§:%;(B) = Xi(A)

such that Go & ) Jdgc,(ay- and Fo § Cult) Jdy, (B)-

e JFis (A, h)-isomorphism if there exists a controlled morphism

which is a (A, h)-inverse for &.
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Let (A, h) be a control pair and let I : K;(A) — K;(B)
(cvy, ky)-controlled morphism.

e Fis called (A, h)-injective if (g, ky) < (A, h) and for any
0<e< 45 anyr>0andany z € K{"(A), then F"(z) = 0
in K7 (B) implies that 1" () = 0 in K} (A);
e JFis called (A, h)-surjective ,if for any 0 < € < ﬁ, anyr >0
and y € K" (B), there exists an element x € K;‘E’hET(A) such

that FAG,hAeT'(:L,) _ L;vaffA€7T7kff,)\eh€T(y) |n K‘?$A57r7kff,>\eher(B).
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Controlled exact sequence

Definition
Let (X, h) be a control pair. Let
F=(F°") Xi(A) = K;(B1) be a (ag, kg)-controlled

0<e<¢,r>0 e
morphism,and let § = (G€7T)O<e<ﬁ,7‘>0 : XK;(B1) = X;(B2) be a

(aeg, kg)-controlled morphism,where i, j and [ are in {0,1,*} and
A, By, By are filtered C*-algebras. Then the composition

Ki(A) D K,;(By) S K,(By)

is said to be (A, h)-exact at K;(B1) if o F =0
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and if for any 0 < € < g, any 7 > 0 and y € K" (B1)

r . 0[96,]{)9757‘
such that G"(y) =0 in K; (B2),

there exists an element z in K,“""(A) such that

FAE?h)\ET((L‘) = L;7Q$A€7T7k?,)\ehs7‘(y)

in K;‘ff)‘evk?)\eher(Bl).
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Completely filtered extension

Let A be a filtered C*-algebra. let J be an ideal of A and set
Jr = J N A,.. The extension of C'*- algebras
0—-J—>A—A/J—=0

is called a completely filtered extension of C*- algebras if the
bijection continuous linear map

A)dy — (A + J))J

induced by the inclusion A, < A is a complete isometry i.e for any
integer n, any r > 0 and = € M, (A,),then

n

inf T+ = inf T+ y|.
Lt eyl = af ety
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Controlled six term exact sequence

Theorem Oyono-Oyono and G.Yu

There exists a control pair (A, h) such that for any completely
filtered extensions of C*-algebras

0%J$A$A/J%O,

the following six-term sequence is (A, h)-exact

Ko (J) —Z> Ko(A) —2> Ko (A/J)

DJ,AT QJ,Al

K1(A)T) <-— K1 (A) =——K1(J)
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Controlled Roe transformation

For any z € KK (A, B),then z can be represent by a triple
(Hap,m,T) where:
o m:A— Lp(Hp) is a x-representation of A on Hp;
e T € Lp(Hp) is a self-adjoint operator;
o [T,m(a)],n(a)[T? — Idy,] are compact operators in
K(Hp) = K(H)® B
Let P = (41) € Lp(Hp) and

E™T) = {(a,Pr(a)P+7y):ac Ayec B K(H)}
Then we have a semi-split exact extension:
0B KH)—E™T) 5450

where the completely positive section is
s: A= E™T:q s (a, Pr(a)P).
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By the functor property of C},...(X,-),then we have a semi-split
exact extension:

(X,B) = EYT

X,maz max

0—=C*

max

(X,A)—0

7T,T _ *
where Ev = Chias

(X, E™T)

Proposition

The controlled boundary map D™7T = Do

max

g T of the

X,mazx

(X,B),
extension

(X,B) —» E¥L

X,maz mazxr

0—C*

max

(X,A) =0

only depends on the class z.
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Odd case

Let A and B be two C*-algebra.then there exists a control

pair(ax, kx)such that for any z € KK (A, B),there exists a
(ax, kx)- controlled morphism

X maz(2) : Ki(Craz (X, A)) = K1 (Crran (X, B))

max

Using Bott periodicity theorem, LetA and B be two
C*-algebras,for any z € KKy(A, B),there exists a control pair
(ax, kx)and even degree (ax, kx)-controlled morphism

0X,maz(2) : Ki(Crraz(X, A)) = Ki(Cyy

max

(X, B))
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For any positive number d and probability n of the Rips complex
P4(X) can be written as n = > x Az(1)dz, where &, is the Dirac
probability at =, and A\, : Py(X) — [0, 1] is a continuous function.

Let
{X x X — Co(Py(X))
hg :

(z,y) — )é /\y%

Let (e;)zex be the canonical basis of I2(X), e be a rank one
projection in H, and P, be defined as the extension by linearity
and continuity of

Pile, @E@ f) = e, @ (e€) @ (h(w,y)f)

yeX

forevery x € X, € Hand f € Co(Py(X)). As Y cx A =1, Py
is projection of K(I2(X)) ® Co(Py(X)) of propagation less than d.
Hence, P; define a class [Py, 0], € KS’T/(C;MH(X, Co(Pa(X))))
for any € € (0, 1) and 7' > d.
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Quantitative maximal coarse Baum-Connes assembly map

Let A be a C*-algebra,e € (0, ) and positive numbers d,
satisfying that kx(e)d < r. The quantitative assembly map

5 Mg = (M}d}{mm .)er is defined as the family of maps
edr KK.(Co(Pa(X)), A) = KL (Crrar (X, A))
5ET s
X, Amazx, RN itxe &k x (€7 O6X,maz(z)[Pd70]e/,r/

where € and 7’ satisfy:
o € €(0,7) such that axe <e.
e d <1’ such that kx(e")r’ <r.
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Let KK, (Py(X),A) denote KK, (Co(Py(X)), A).

Let A be a G-algebra, We say that:

o (Quantitative injectivity) MXAWM « IS quantitative injective if
for any d > 0, there exists € € (0, ) such that for any r > 0
satisfying kx (e)d < r, there exists d’ > d such that for any

z € KK, (Py(X),A), ,u}djmax .(2) = 0 implies that
(43)*(z) = 0.

o (Quantitative surjectivity) X, A;maz,+ 1S quantitative surjective
if there exists € € (0, 1) such that for any r > 0 such that,
there exists €' € (e, l) and positive numbers d, " such that
r <7 and kx(e')d < r', for any y € K“(C;mx(X, A)) there
exists z € KK*(Pd(X) A) such that

l,d, /
H;(,Afmam,*(z) - [‘66 5 (y)
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Let X be a discrete metric space with bounded geometry and A be
a C*-algebra.
® If fx, Amax,» IS quantitative injective then fix A maz « IS
one-to-one.

® If f1x A maz« 1S quantitative surjective then fix A maz,» iS ONto.

® QIx Amazx(d,d, e r)forany z € KK,((Piy(X),A), then
BSEE () = 0 implies (¢F )*(z) = 0 in KK.(Py(X), A)

® QSx Amazx(d e € 1) forany y € K{"(CF (X, A),then
there exist a v € KK, (Py(X), A)) such that

/7(i7 / , /7 1 !
M_EX,ATma:t,*(x) - Lie o (y)
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Let X be a discrete matric space with bounded geometry and A is
a C*-algebra. The following are equivalent:

(1) px oo (N,K(H)®A),maz iS ONE to one,
(2) Forany d >0,€€ (0,%) and r > 0 with kx(e)d < rthere
exists d’ such that d < d’ and QIx A maz+(d,d €, 1) holds.

Theorem

Let X be a discrete metric space with bounded geometry and A is
a C*-algebra. Then there exist A > 1 such that the following are
equivalent:

(1) px oo (N, K (H)®A),maz,« 1S ONtO;

(2) For any positive numbers € with € < 4 and 7 > 0,there exist
d >0 and 7’ > 0 with kx(e)d < r and r < r/ for which
QSx,Amaz(d, T, 7', €, Xe) is satisfied.
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Corollary

Let X be a discrete metric space with bounded geometry and A is
a C*-algebra. Then we have the following results:

® /LX,Amaz IS ONe to one. Then for any € € (0, i) and every
d > 0,7 > 0 such that kx(e)d < r,there exists d’ with d < d’
such that
QIX Amaz+(d,d e r) holds.

® [LX,Amazx 1S onto. Then for some A > 1 and any € € (0, ﬁ)
and every r > 0, there exists d > 0,7" > 0 such that
kx(e)d <r and r <71’ such that QSx A maz«(d, 7,7, €, Ae)
holds.
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Persistence approximation property

Persistence approximation property was introduced by
Oyono-Oyono and Guoliang Yu. It provides the geometric
obstruction to Baum-Connes conjecture.

Definition

Let B be a filtered C*-algebra. we sat that K,(B) has persistence
approximation property if: for any € € (0, %) and r > 0, there
exists € € (e, %) and 1’ > r such that for any z € K, (B), then
ST (1) £ 0 in KS(B) implies that 15" (z) # 0 in K,(B).
PAL(B, e, €,r,r"): for any x € K" (B), then 1i" (z) =0 in

K, (B) implies that (<™ (z) = 0 in K5 (B).
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Persistence approximation property for crossed with
groups

Theorem Oyono-Oyono and G.Yu

Let I' be a finite generated group and A be a C*-algebra.Assume
that:

® [p joo(N, A K (H)) 1S Onto and up 4 is one to one.
o I' admits a cocompact universal example for proper actions.

Then for some universal constant Aps > 1, any € € (0, ﬁ),any
r > 0, and any ['-C*-algebra A there exists 7’ > r such that
PA(A Xreq Ty e, Apae,r,7") holds.
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Persistence approximation property for crossed product
with groupoids

Theorem Clément Dell’Aiera

Let G be an étale groupoid such that:

o GO is compact.
@ (G admits a cocompact example for universal space for proper
actions.
Then there exists a universal constant Aps > 1 such that for any
G-algebra A,if jig (N Ak (1)) 1S ONto and e A is one to one,
then for any € € (0, ﬁ) and every F' € € ,there exists a F' such
that F C F’ and PAL(A Xyeq G, €, \pae, F, F') holds.




Persistence approximation property for maximal Roe algebras and applications
LPersistence approximation property

For the metric space, we need a condition to replace that the
group(groupoid) admits a cocompact universal example for proper
actions.

Definition

A discrete metric space is coarsely uniformly contractible: if for
every d > 0,there exists d’ > d such that any compact subset of
P;(X) lies in a contractible invariant compact subset of Py (X).

Example 2.5 D.Meintrup and T.Schick

Any discrete hyperbolic metric space is coarsely uniformly
contractible.
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L Persistence approximation property

Persistence approximation property for maximal Roe

algebras

Theorem Q.Wang and Z.Wang
Let X be a discrete metric space with bounded geometry and A is
a C*-algebra. Assume that:

@ X is coarsely uniformly contractible.

@ [ix joo(N,AQK (H)),maz,x 1S ONt0 and Lix A maz,« IS ONE to one
Then there exists a universal constant Aps > 1 such that for any

e € (0, ﬁ) and every r > 0 ,there exists a 7’/ > 0 such that
r < v’ and PA(C}, .. (X, A), e, Apae,r,7") holds.
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Theorem Q.Wang and Z.Wang

Let X be a discrete metric space with bounded geometry. Assume
that X admits a fibred coarse embedding into Hilbert space and X
is coarsely uniformly contractible. then there exists a universal
constant )\pA > 1 such that: for any € € (0, 4)\ ) and any 7 > 0
there exists 7' > r such that PA.(C},,.(X), €, )\pAe,r, ') holds.

max
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Theorem Q.Wang and Z.Wang

Let I' be a finite generated residually finite group with haagerup
property and admits a cocompact universal example for proper
actions. Then there exists a universal constant Ap4 > 1 for any
e € (0, ﬁ) and any 7 > 0 there exists ' > r such that
PAL(C (X (T)), €, \pae,r, ") holds.

max

Both Fy and SLy(Z) are finite generated group with Haagerup
property. Since their classifying space is a tree and this tree is
cocompact. So they admit a cocompact universal example for
proper actions. Hence the maximal Roe algebra of their box space
will have persistence approximation property.
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L An application of quantitative K-theory

Let X = (X;)ien be a family of discrete metric space with bounded
geometry and A = (A;);en be a family of C*-algebras. Denote
Crraz(X, A) be the closure of |, ([ T;en C[ X, Ad])r of

max

[Licn Conaz(Xi, As). Then Crr (X, A) is filtered C*-algebra.

There exist a control pair (A, k) and a (A, h)-controlled
isomorphism

:K*(C:naz (X, ‘A)) - H j<:>*<(Cf;krww: (X17 A;)
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L An application of quantitative K-theory

Quantitative assembly map for a family of metric space

For any € € (0, 1) and d,r > 0 with kx(e) - d < r. Define:

[ KK.(Co(Pa(X:)), C) = K™ (Crrgr(X))
M+ QN

axelzezkx(el)rlrr A 00 [oe)
2 by © fo,max(z) [Pd,x7 O]e’,r’

where € and 7’ satisfy:
o € € (0, ) such that ay - € <¢;
o d <7 and kx(¢)-r' <r.
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L An application of quantitative K-theory

® QIx mazs(d,d,1€): for any x € [], .y KK« (Py(X;),C),
then u?;;’jg’;*(:v) = 0 implies (¢%)*(x) = 0 in
Miew KKo(Pa(X:), ©)

® QSxmaz«(d,r, 17" € €): for any y € Kg'(C 0 (X)), there
exists x € [ [,y KK (P (X;),C) such that

d,
i (@) = 5577 ()

Let ¥ = | |;cny Xi, where (X;)ien is a family of metric space
satisfying: for any r > 0, there exists an integer N, such that for
any integer 4, any ball of radius r in X; is no more than NV,
elements.
The metric d on X is defined to be:

@ on each Xj;, the metric is just the usual metric on Xj;

o d(Xi, X;)>i+jifi#j.
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Theorem Q.Wang and Z.Wang

Let X = (X;)ien be a family of discrete metric space with bounded
geometry.Let ¥ = | |, X; defined as before. Assume that:
o for any € € (0, 1) and positive numbers such that
ax(€) - d < r, there exists d’ with d < d’, such that
QIx maz,«(d, d €, 1) is holds.
@ For some A > 1 and any € € (0, ﬁ),r > 0, there exists
d > 0,7 > r with ax(e) - d < r’ such that
st,max,*(da r, T,a €, )‘E)
Then X satisfies the maximal coarse Baum-Connes conjecture.
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