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ooo���ÄÄÄ���¯̄̄KKK

� ÅÄ�§)�k��O: Ï¦Ü·����m, ïá�5ÅÄ�§)����O.

=⇒ ÛÛÛÜÜÜ111www555ßßß���.

� ²;Fourier?ê¦Ú�LpÂñ5: é?¿�δ > 0, Ï¦Ü·��È�Ip,¦�¦f

�fT

Tf =
[
F−1(mδ(ξ))f̂ (ξ)

]
(x), mδ(ξ) =

(
1− |ξ|2

)δ
+

´Lp(Rd )þ�k.�f. =⇒ Bochner-Rieszßßß���.

� ��È©nØ: éuf (x) ∈ Lp(Rd ), f̂ (ξ) 3ä�"Gauss­Ç�1w�­¡ Sþ�

��´Äk¿Â? =⇒ ������555ßßß���.

� Kakeya¯K: Besicovitch3)ûKakeya“^�”¯KL§¥, �E
äk"ÿÝ

�Besicovitch 8Ü(Rd¥¹?¿��ü �ã�8Ü). =⇒ Kakeyaßßß���.

þþþãããßßß���LLL¡¡¡þþþ


uuuØØØÓÓÓêêêÆÆÆ¯̄̄KKK(PDE!!!Fourier¦¦¦ÚÚÚ!!!������ÈÈÈ©©©!!!AAAÛÛÛÿÿÿÝÝÝØØØ)§§§¢¢¢

KKK���������'''. oooÑÑÑ555wwwùùù4���ßßß���½½½NNN´́́ÓÓÓ������ØØØ%%%¯̄̄KKK333ØØØÓÓÓêêêÆÆÆïïïÄÄÄ+++������LLLyyy///

ªªª.
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Conjecture 0.1 (ÛÛÛÜÜÜ111www555ßßß���-ooo���ßßß���������)

�u(t, x)´gdÅÄ�§Cauchy¯K

�u(t, x) = 0, � = ∂2
t −∆,

u(0, x) = f (x), ut(0, x) = 0
(0.1)

�), Kéu¤k�ε > 0,k

∥∥u∥∥
Lp([1,2]×Rd )

.
∥∥(1 +

√
−∆)εf

∥∥
Lp(Rd )

, p = 2d
d−1

. (0.2)

Conjecture 0.2 (ÛÜ1w5ß�-�'ß�)

• ;6/þÅÄ�§éA�ÛÜ1w5ß�(lÑ��)©

• FourierÈ©�f�ÛÜ1w5ß�(Ê·��)©

• ÛÜ1w5ß�3I/�­¡þ�RadonC�/ª(�Ý��).
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Conjecture 0.3 (Bochner-Rieszßßß���-ooo���ßßß���������)

�d > 2, 1 6 p 6∞,½ÂBochner-Riesz²þXe

Sδf (x) = (1 + ∆)δ+f (x), Ŝδf (ξ) , (1− |ξ|2)δ+ f̂ (ξ).

Bochner-Rieszßßß���: ‖Sδf ‖p . ‖f ‖p ¤á�¿�^�´

δ > δp , max
(
0, d
∣∣ 1

2
− 1

p

∣∣− 1
2

)
, or (δ, p) = (0, 2). (0.3)

Conjecture 0.4 (�'ß�1-¥¥¥¡¡¡444���Bochner-Rieszßßß���)

�d > 2, 2 6 p 6∞, R > 0, ½ÂBochner-Riesz²þXe

ŜδR f (ξ) ,
(
1−

∣∣ ξ
R

∣∣2)δ
+
f̂ (ξ). (0.4)

444���Bochner-Rieszßßß���:
∥∥ sup

R>0
|SδR f |

∥∥
p
. ‖f ‖p �¿�^�´(0.3).

ééé,,,


1 < p < 2,444���Bochner-Rieszßßß������}}}!

444���Bochner-Rieszfff...���OOO(Tao IMJ 47(1998)): �1 < p < 2,K∥∥ sup
R>0
|SδR f |

∥∥
p,∞ . ‖f ‖p ⇐⇒ δ > 09 δ > 2d−1

2p
− d

2
.
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Conjecture 0.5 (�'ß�2-���ÔÔÔ(444���)Bochner-Rieszßßß���)

�d > 2, 1 6 p 6∞, δ > 0, ½Â

̂̃
Sδf (ξ, ξd ) , η(ξ)

(
ξd − 1

2
|ξ|2
)δ

+
f̂ (ξ, ξd ), (ξ, ξd ) ∈ Rd−1 × R,

ùpη(ξ)´äk;|�1w¼ê©���ÔÔÔ(444���)Bochner-Rieszßßß���:

‖S̃δf ‖p . ‖f ‖p (½
∥∥ sup

R>0
|S̃δR f |

∥∥
p
. ‖f ‖p , 2 6 p 6∞)

¤á�¿�^�´δ > δp½(δ, p) = (0, 2).

Conjecture 0.6 (Bochner-Rieszß�-Ù§�'ß�***)

• �;1w6/þéA�lÑ5Bochner-Rieszß�©

• �P(x ,D) ∈ Ψ1
cl (M)´L2(M)þ��½g��f, �T[�©�féA

�Bochner-Rieszß�©
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Conjecture 0.7 (������555ßßß���-ooo���ßßß������nnn)

�S´Rd¥ä�"Gauss­Ç�;��­¡(Rd¥�"ÿ8,X¥¡½î��Ô¡). é?

¿f (x) ∈ S(Rd ), ��5ß�

∥∥f̂ ∥∥
Lq(S)

.
∥∥f ∥∥

Lp(Rd )
⇐⇒ p′ > 2d

d−1
, p′ > d+1

d−1
q. (0.5)

½�d/ª(Mattila�Ö½¢�,ùÂ)

∥∥f̂ ∥∥
Lp(S)

.
∥∥f ∥∥

Lp(Rd )
⇐⇒ 1 6 p < 2d

d+1
. (0.6)

Conjecture 0.8 (��5ß�-�'ß�)

• ;1w6/éA�lÑ��5ß�©

• 1w;6/þg��fA�¼ê�Lp���Oß�©

• Hardy-Littlewood ��5ß�(ü�?Ø).
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Conjecture 0.9 (Kakeyaßßß���-ooo���ßßß������ooo)

Rd¥�¹?¿��ü �ã�"""ÿÿÿÝÝÝ888E¡�Kakeya8. Kakeyaßßß��� ¤kKakeya8

�Minkowski�ê½Haudroff�ê�d .

Conjecture 0.10 (���'''ßßß���-Kakeya444���¼¼¼êêêßßß���)

�f´äk;|�1w¼ê, 0 < δ � 1.½Âü ¥¡þ�Kakeya4�¼ê

f ∗δ (ω) , sup
T//ω

1

|T |

∫
T
f (x)dx , T ´¤k²1 ω � 1× δ .tube. (0.7)

^K(p, α)L«Xe4�¼ê�O

‖f ∗δ (ω)‖Lp(dσ) . δ
d
p
−1−α‖f ‖p . (0.8)

Kakeya444���¼¼¼êêêßßß���: é¤k�1 6 p 6 d�∀α > 0, þkK(p, α)©

íííØØØ: K(p, α) =⇒Kakeya8��ê> p. p = déééAAAKakeyaßßß���.
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Conjecture 0.11 (���'''ßßß���-Nikodymßßß���)

¡"ÿ8E ⊂ Rd�Nikodym8, XJé?¿x ∈ Rd , o�3Lx���`x÷vE ∩ `x�¹
��ü �ã. Nikodymßßß���: Rd¥¤kNikodym8E�Minkowski�ê

�d(Haudroff�ê�d).

Conjecture 0.12 (���'''ßßß���-Nikodym444���¼¼¼êêêßßß���)

�f´äk;|�1w¼ê, 0 < δ � 1. ½ÂRdþ�Nikodym4�¼ê

f ∗∗δ (x) , sup
x∈T

1

|T |

∫
T
f (y)dy , T ´¤k�¹ x � 1× δ .tube. (0.9)

^N (p, α)L«Xe4�¼ê�O

‖f ∗∗δ (x)‖Lp(Rd ) . δ
d
p
−1−α‖f ‖p . (0.10)

Nikodym444���¼¼¼êêêßßß���: é¤k�1 6 p 6 d�∀α > 0, þkN (p, α)©

íííØØØ: N (p, α)¿�XNikodym8��êåè�p.
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Conjecture 0.13 (Keleti***ÜÜÜßßß���)

�A´Rd¥�q�ã�¿,B´�A�ò���8Ü,KdimA = dimB.

d = 2éA�*Üß�®²)û,p��/´úm�;

*Üß�¿�XdimPB = d(Packing�êéA�Kakeyaß�).

Conjecture 0.14 (���'''ßßß���-Montgomeryßßß���)

�T 6 N2, ak ∈ C÷v|ak | 6 1, �ÄDirichlet?ê�¦Ú¯K

D(t) =
N∑

k=1

akk
it , t ∈ R, (Dirichlet¦Ú).

Montgomeryßßß���éu?¿��ÿ8E ⊂ [0,T ],K∫
E
|D(t)|2dt . N1+ε(N + L1(E)), L1 L«LebesqueÿÝ. (0.11)

Bourgain (1993)y²Montgomeryß�¿�XKakeyaß�;

Wolff (2003)y²Montgomeryß�¿�X4�Kakeyaß�.
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Conjecture 0.15 (���'''ßßß���-���­­­¡¡¡Sþþþ©©©lll555(decoupling)ßßß���)

�S´Rd¥;�C21w�­¡, äk�½��gÄ�/ª, SδL«S�δ��, Pδ´Ùk�

­CX,÷v

Sδ ⊂ Pδ , ∪τ, τ L«/X
√
δ × · · ·

√
δ × δ ��N.

b�suppf̂ ⊂ Sδ,K
‖f ‖p .ε δ−

d−1
4

+ d+1
2p
−ε
∥∥∥( ∑

τ∈Pδ

|fτ |2
)1/2∥∥∥

p
, ∀p > 2(d+1)

d−1
,

‖f ‖p .ε δ−ε
∥∥∥( ∑

τ∈Pδ

|fτ |2
)1/2∥∥∥

p
, (��L2�O) ∀2 6 p 6 2(d+1)

d−1
.

(0.12)

ùpf ∈ Lp(Rd ), fτ = (f̂
∣∣
τ

)∨´f�FourierC�3τþ���.

• Bourgain-Demeter (2015)y²fff...���©©©lll555(decoupling)ßßß���:

‖f ‖p .ε δ−
d−1

4
+ d+1

2p
−ε
( ∑
τ∈Pδ

‖fτ‖2
p

)1/2
, ∀p > 2(d+1)

d−1
.

�²��L2�O��,Ò�2 6 p 6 2(d+1)
d−1

�/eéA��O.
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Conjecture 0.16 (Szemerédi½½½nnn������'''ßßß���)

Roth½½½nnn(1953) �A ⊂ Zäk�þ(½�Ý,=

lim sup
N→∞

#(A∩[−N,N])
2N

> 0. (0.13)

KA¹Ã�õ3-��S�{a, a + r , a + 2r},Ù¥a ∈ Z, r > 0.

• NNNÚÚÚ©©©ÛÛÛ���{{{(Roth,��[ø�Ì)

• |||ÜÜÜêêêÆÆÆ���{{{( Szemerédi, Abelø�Ì)©

• HHH{{{nnnØØØ���{{{(Furstenberg, Wolfø�Ì).

• æææ^̂̂êêêØØØ���{{{(Gowers, ��[ø�Ì).

� Z¥k-��S�éA�(J¡�Szemerédi½½½nnn,T½n�p���dFurstenberg,

Katznelson, Gowersy², ��Bourgain��â�{�

� Green-Taoy²3�êa¥��A���

� Bourgain y²
Rdäk�Lebesgue�Ý8E�¹Ã�õ�òzAÛ�.º:©òz

�/�3Nõúm¯K......
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A ⊂ Rd½½½ÂÂÂ���///ååålll000-888ÜÜÜ: D(A) =
{
|x − y | : x , y ∈ A

}
⊂
[
0,∞

)
.

Conjecture 0.17 (Falconer���///ååålll-888ÜÜÜ000ßßß���)

�d > 2, A ⊂ Rd´��Borel8Ü,ÙHausdorff�êdim(A) > d/2,K

L1(D(A)) > 0 ½ Int(D(A)) 6= ∅.

888ccc���ïïïÄÄÄ???ÐÐÐXXXeee:

• XJdim(A) > d+1
2

,KInt(D(A)) 6= ∅

• XJ d−1
2
6 dim(A) 6 d+1

2
,Kdim(D(A)) > dim(A)− d−1

2
.

Conjecture 0.18 (Falconer���fff///ååålll-888ÜÜÜ000ßßß���)

�d > 2, A ⊂ Rd´��Borel8Ü,ÙHausdorff�êdim(A) > d/2,K

dim(D(A)) = 1.
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Conjecture 0.19 (üüü   ååålllßßß���)

²¡þN�:¤Uû½�ü �ã��ê.ε N1+ε.

Conjecture 0.20 (:::���ÂÂÂñññßßß���)

Conjecture 0.21 (Conjecture on unique continuation property)

Conjecture 0.22 (Riemann ßßß���)

Conjecture 0.23 (Lindelöf-ßßß���-f.-Riemannß�)

:
ζ( 1

2
+ ti) = O(tε), ; t −→∞.

Conjecture 0.24 (Gauss circle ßßß���)

S2(n) = πn + O(n
1
4

+ε).
(

S2(n) = πn + O(n
1
2 )

)
Conjecture 0.25 (¿¿¿���ãããØØØ���ªªª���êêê)))������êêê���OOO)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local smoothing
⇓

maximal Bochner-Riesz
⇓

spherical Bochner-Riesz
⇓

spherical restriction
⇓⇐⇒
⇐⇒

parabolic restriction

maximal Kakeya

parabolic Bochner-Riesz

maximal Nikodym
⇓
⇓

Kakeya set
⇓

Nikodym set

Figure: Known relations of 4-famous conjectures
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local Smoothing Conjecture

|^Eulerúª9Duhamel �n,�5ÅÄ�§Cauchy¯K�u(t, x) = g(t, x), � = ∂2
t −∆,

u(0, x) = ϕ(x), ut(0, x) = ψ(x)
(1.1)

)�k��O�8(��Å�f)e it
√
−∆f (x)��A�O.

F u(t) , e it
√
−∆f (x)éA�Uþ�O:

‖∇ku(t)‖L2(Rd ) 6 ‖∇
k f (x)‖L2(Rd ), ∀t ∈ R, k > 0. (1.2)

L2�ê¤�x�Uþ�O, ÃÃÃ{{{ÐÐÐ«««u(t) = e it
√
−∆f (x) 333ÔÔÔnnn���mmm¥¥¥���“àààÈÈÈ”

½½½“���ÑÑÑ”, ù
5�I�Lp�O5�x(p > 2).

F �Å�féA�Ø¼êKt : éud > 3, KtØ´Ï~¼ê, =´©Ù�,
, È©k

�g��ÒC¤Ï~�¼ê, �äXeP~:

‖(1 +
√
−∆)−

d+1
2
−εKt‖∞ . t−

d−1
2 , ∀t 6= 0. (1.3)
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¯¢þ,��íÑ�°(�:��O(�Shatah-Struwe�;Í):
‖e it
√
−∆f ‖L∞x . t−

d−1
2 ‖|∇|

d+1
2 f ‖L1

x
, ∀t 6= 0, d > 3´Ûê

‖e it
√
−∆f ‖L∞x . t−

d−1
2 ‖|∇|

d+1
2 f ‖Ḃ0

1,1
, ∀t 6= 0, d > 2´óê

(1.4)

ÏL�Uþ�O��, Ò�ÑPeral-...Lp
′ − Lp���OOO:

‖e it
√
−∆f ‖Lpx . t−γ(p)‖|∇|(d+1)( 1

2
− 1

p
)
f ‖

L
p′
x
, t 6= 0,

γ(p) , (d − 1)( 1
2
− 1

p
), ∀2 6 p 6∞.

(1.5)

F ÀJ“àÈ” .�~f (x): ÷vsuppf = {x : |x | = 1 + O(δ)}. N´�y,

�t ∼ 1 + O(δ)�,

|e it
√
−∆f (x)| � 1, x ∈ Bδ(0).

T�~L², Peral-.Lp
′
-Lp�O´sharp�, ,
ä��p��K5��. T�O3

A^þäkÛ�5,~X:Ø·Ü$�K¯K�ïÄ.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

F lÔnþ5ù, �ê����Ï
uÅ�“àÈ”, =¦Ð�äk¿©��L1�ê, �

¬�)¿©��L∞�ê! �´,ÅÅÅ333,,,???“àààÈÈÈ”������mmmAAA´́́ááá666���(ØØØ¬¬¬¢¢¢333������

������mmm). ���


���xxx½½½uuuyyy���KKK555���������,ÚÚÚ\\\¿¿¿æææ^̂̂���mmm���²²²þþþ

(∫ 2

1

∥∥e it√−∆f
∥∥q
p
dt
) 1

q

�O5�O'u�½����O.ùa���OÚ¡�“local smoothing estimate”.

F StrichartzÇkïá�a�N���O, ²Ginibre-Velo�êÆ[�ãå, Keel-Tao�

ª¢yà:Strichartz�O�y², l
�õ
Strichartz...���OOO:

‖e it
√
−∆f ‖Lq(R;Lr (Rd )) . ‖f ‖Ḣs

x
, (1.6)

ùp 
δ(r)− 1

q
= s, δ(r) , d( 1

2
− 1

r
), (scaling^�),

2
q
6 γ(r), γ(r) , (d − 1)( 1

2
− 1

r
), (Knapp^�).

(1.7)
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Bochner-Riesz Conjecture

Restriction Conjecture
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��A±, ·�kStrichartz���OOO������©©©///ªªª

‖e it
√
−∆f ‖L4

t,x (R×Rd ) . ‖f ‖
Ḣ

1
2
x

, d = 3. (1.8)

F Knapp^�¿Ø�ûu“àÈ” �~, 
dKnapp~f½“1Å”.�~5û½. äN

/`, éu0 < δ � 1§ÀJf (x)÷v

suppf =
{

(x1, x
′) ∈ R× Rd−1 : |x1| . δ2, |x ′| . δ

}
ù�, �t . 1�,gdÅe it

√
−∆f 3²£�“A�Î”{

(x1, x
′) ∈ R× Rd−1 : |x1 − t| . δ2, |x ′| . δ

}
þÒé�; �t ' 1�, Åe it

√
−∆fm©�)“�Ñ”y�. ��¢�,!ÜÅ;Í

5 �©�§�NÚ©Û�{6.

F Strichartz�O3��5ÅÄ�§ïÄ¥Þv�­. �u�K5����3!�mü

àäkØÓ��È5�,§¿�ïÄ$�K)�n�óä! Ï"k“àààÈÈÈ” ...���~~~

999Knapp���~~~555ÿÿÿÁÁÁÙÙÙsharp...���Lpx − Lpt,x ...���OOO.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

F Soggeß�Tn��OAT´

‖e it
√
−∆f ‖

L
2d

d−1
t,x ([1,2]×Rd )

. ‖f ‖
L

2d
d−1
x (Rd )

. (1.9)

§§§���UUUþþþ���OOO���������±±±¼¼¼���ÙÙÙ¦¦¦®®®������OOO, Ø3�´Tn��O´�Ø�. ,


,�U=k�:Ø�. =

‖e it
√
−∆f ‖

L
2d

d−1
t,x ([1,2]×Rd )

. ‖(1 +
√
−∆)εf ‖

L
2d

d−1
x (Rd )

, ∀ ε > 0. (1.10)

ùÒéAXSogge���ÛÛÛÜÜÜ111www555ßßß���. éu

u(t) = cos(
√
−∆t)ϕ+ sin(

√
−∆t)√
∆

ψ, ( gdÅ�§�) )

���AAA���ÛÛÛÜÜÜ111www555ßßß����Ly�
‖u(t)‖Lpt,x ([1,2]×Rd ) . ‖ϕ‖Lpδ(Rd ) + ‖ψ‖Lpδ−1(Rd ),

∀ δ > δp = d
(

1
2
− 1

p

)
− 1

2
, p > 2d

d−1
.

(1.11)

TTTßßß����¥¡4�¼ê�Lp�O!Bochner-Rieszß����'�
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

F local smoothing conjecture4Ù(J, =¦d = 2��/�´Xd, Ì�?ÐXe:

(i) Mockenhaupt(1998)3d = 2, ε > 1
8
�/e, y²(1.10).

(ii) Bourgain!Vargas-Tao(1998-1999), |^Wolff'uIþ���5�O,

òMockenhaupt�(JU?�ε > 5
44

.

(iii) p��/��#?Ð,ë�Bourgain-Demeter, The proof of the `2 decoupling

conjecture, Ann. Math.182(2015) 351-389, ¥'uÛÜ1w�A��#?Ð.

� local smoothing conjectureÑy�ê��´7,�, Wolff (1999)�Ñ
¿Â��

�)º. �âRdþäääkkk0ÿÿÿÝÝÝBesicovitch888���lllÑÑÑzzz,=: =�Äδ-©l���8

Ü,�EþÝ�δ�1× δ�tube8Ü

T1,T2 · · · ,TM , M ∼ δ1−d , ωj , Tj���

÷v

m
( M⋃

j=1

Tj

)
∼

log log(1/δ)

log(1/δ)
−→ 0, δ −→ 0.

¿©`²ùùù


tubeäk¿©�­U5�
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� -T̃j , Tj − ωj (��?1ü ²£). °%�E�Besicovicth8Ü(­ü�)(�²

£��tube8{T̃j}pØ���. ÏL“Å�”�EÐ©¼êfXe

f (x) =
δ1−d∑
j=1

e iδ
−2x·ωjχT̃j

(x), e iδ
−2x·ωjχT̃j

(x) , “Å�”

¯¢þ, z�“Å�”��´δ−2�Knapp¼ê©n
¤. ��O���

e it
√
−∆f (x) =

δ1−d∑
j=1

e iδ
−2(x−tωj )·ωjχT̃j+tωj

(x).

éut ∈ [1, 2], e it
√
−∆f (x)�õU��þ´ò“Å�”lT̃j£Ä�Tj ,5¿�{Tj}¿

©­U
{T̃j}pØ���¯¢, í�

‖e it
√
−∆f (x)‖Lp(Rd ), ∀ p > 2

lt = 0�t ∈ [1, 2] �½:�O\,l
`²nnn���local smothing conjecture(vk

�K5��)´Ø�3�.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Conic Radon Restriction Conjecture

� III¡¡¡þþþRadonCCC���. �f (x , t)´Rd+1þäk;|8�¼ê, I¡þ�RadonC

�R(f )½ÂXe:

R(f )(ω, s) =

∫
Rd

f (x , s + 〈ω, x〉)dx , ω ∈ Sd−1, s ∈ R.

� IIIþþþRadonCCC���...������ßßß���. ÏL�5zSogge.ÛÜ1w5ß�

‖e it
√
−∆ϕ‖Lp([1,2]×Rd ) . ‖ϕ‖Lpδ(Rd ), δ > δp , p > 2, (1.12)

�adjoint/ª,III¡¡¡þþþRadonCCC���...������ßßß���:

∥∥Rf
∥∥
Lp
′

([−1,1]×Sd−1)
.
∥∥f ∥∥

L
p′
α (R×Rd )

, ∀ p > 2d
d−1

, α > − d
p
. (1.13)

� IIIþþþRadonCCC���...������ßßß���=⇒������555���OOO. é 2d
d−1
6 p0 <∞,�(1.13)é¤k

�α > −d/p0¤á, Kk¥¥¥¡¡¡þþþ���������555ßßß���:

∥∥ϕ̂∣∣
Sd−1

∥∥
p
.
∥∥ϕ∥∥

Lp(Rd )
, ∀ 1 6 p < p′0. (1.14)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Bochner-Riesz Conjecture

F Fourier¦Ú½Fourier_C�. é∀f ∈ Lp(Rd ), 1 < p <∞, �Ä

(2π)−
d
2

∫
|ξ|<R

f̂ (ξ)e ix·ξdx −→ f (x), R −→∞ (2.1)

3�o¿ÂeÂñ¯K? N´�y§3�O©Ù¿ÂeÂñ,�¿���Âñ! úúúmmm

¯̄̄KKK: Lp¿¿¿ÂÂÂeee(2.1)���ÂÂÂñññ555XXXÛÛÛ?

F Lp¿Âe�Âñ5Ò8(�“��¦f” S0
R(½S0)�(p, p) k.5, ùp

Ŝ0
R f (ξ) = χ|ξ|<R(ξ)f̂ (ξ), or Ŝ0f (ξ) = χ|ξ|<1(ξ)f̂ (ξ).

²²²;;;(((JJJ: �p = 2�, S0
R´L2 þ�k.�f; �d = 1�,RieszC��(p, p)k.

5Ò�÷/£�
þã¯K.

� éud > 2��/, Fourier¦f Ŝ0
R = χR(ξ)�Û:8´���­¡, S0

R´Ä�

±Lpk.? Fefferman(1971)y²: ¦f.�fS0
R ½S0 3Lpþk.�¿�^�

´p = 2. ùÒéAXÍÍÍ¶¶¶���������ßßß���.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� ������ßßß���yyy²²²òòòVVV: ÄuBesicovitch8Ü��Eng,�±�Ñ��ß��o÷y

²: �EäkØÓ��!ºÝ�N2 × N tube8Ü

R =
{
Rj

∣∣∣ |Rj | = N2 × N, Rj ∩ Rk = ∅, j 6= k
}

÷v{R̃j = Rj + N2ωj}jäk¿©�­U5. 3z�Rjþ�E“wave packet” ψj (x)

¦�3R̃jf8þS0ψj ∼ 1(1/3-R̃j�tube),ù�

f =
∑
Rj

ψj , =⇒ ‖S0f (x)‖p � 1, p > 2.
(
p < 2éó�{

)
.

F �
�Öù�"�, Ú\¥¥¥¡¡¡Bochner-Riesz ²²²þþþ, =:

SδR , (1− |D|2/R2)δ+, ŜδR f (ξ) , (1− |ξ|2/R2)δ+ f̂ (ξ). (2.2)

N´wÑ: δ > 0��,�A�¦f�1w©Ó�,Öö�òN¬�4

�Bochner-Riesz²þ�f:

Ŝδ∗ f (ξ) = sup
λ>0

∣∣Sδλf (x)
∣∣, (ïÄ(2.1)�:�Âñ) (2.3)

´ïÄÛÜ1w�O�Bochner-Riesz²þ�f�O�xù.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

F Herz *	�Sδ�Ø¼êäkXeìCL«ª

Kδ(x) =
Γ(1 + δ)

πδ|x |
d
2
−δ

J d
2

+δ
(2π|x |) ∼

e±2πi|x|

|x |
d+1

2
+δ
, |x | � 1. (2.4)

(Ü Fefferman �ó�, ØJwÑ

‖Sδf ‖p . ‖f ‖p ,
(
scaling¿�X : ‖SδR f ‖p . ‖f ‖p

)
. (2.5)

¤á�7�^�A�

δ > δp , max
(

0, d
∣∣∣1
2
−

1

p

∣∣∣− 1

2

)
, or (δ, p) = (0, 2). (2.6)

Bochner-Riesz ßßß���´�: ^̂̂���(2.6)´́́Bochner-Riesz���fffSδ ´́́Lpkkk...���¿¿¿���^̂̂

���. Bochner-Rieszßßß�������...���III�������Lã�:

‖Sδf ‖ 2d
d−1
. ‖f ‖ 2d

d−1
, ∀ δ > 0. (2.7)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Theorem 2.1 (²;Bochner-Riesz�O)

p ∈
[
1, 2(d+1)

d+3

]
∪
[ 2(d+1)

d−1
,∞
]
� δ > δp =⇒ ‖Sδf ‖p . ‖f ‖p . (2.8)

Remarks 1 (8(�y²g´)

• δp > 0�dup 6∈ [ 2d
d+1

, 2d
d−1

],Ny½n2.1�ß��'X.

• ½n2.1�^���±Lã�

2d
d+1+2δ

< p < 2d
d−1−2δ

, � δ > d−1
2(d+1)

. (2.9)

• �δ > d−1
2
�, Ø¼êKδ(x) ∈ L1. ù¿�X‖Sδf ‖p . ‖f ‖p .

• |^(2.4),½n2.1Ò8(uy²��È©�f:

(Gλf )(x) =

∫
Rd

e iλ|x−y|ψ(x − y)f (y)dy , ψ(x) ∈ C∞c (Rd \ {0}). (2.10)

÷v:
‖Gλf ‖p . λ−d/p′‖f ‖p , 1 6 p 6 2(d+1)

d+3
. (2.11)

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� Hörmander...���OOO.��/,^BR(p, δ)L«Hörmander.�O:∥∥∥ ∫
Rd

e−2πiR|x−y|a(x , y)f (y)dy
∥∥∥
p
. R

− d
p′ +δ‖f ‖p , (2.12)

ùpbump¼êa�|8�lx = y . �âCarleson-Sjölin�{!�?©)�éó5�

n, Bochner-Rieszß�Ò8(�y²:

BR(p, δ) ééé¤¤¤kkk��� 1 6 p 6 2d
d+1
��� δ > 0þþþ¤¤¤ááá. (2.13)

ù�´Bochner-Rieszßßß������²²²;;;ïïïÄÄÄggg´́́.

� ÛÛÛÜÜÜ111wwwßßß���=⇒Bochner-Rieszßßß���. 5¿�

Sε = (1 + ∆)ε+ =

∫
R
a(t)e it

√
−∆dt, a(t) ∼ (1 + |t|)−1−ε. (2.14)

|^Hölder Ø�ª, ·�í�

∣∣Sεf (x)
∣∣ . (∫

R
(1 + |t|)−1−ε∣∣e it√−∆f

∣∣ 2d
d−1 dt

) d−1
2d
. (2.15)

ü>'ux�L
2d

d−1�ê, ¿|^ÛÜ1wß��rescaled/ª,Ò�

ÑBochner-Rieszß�.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� ÛÛÛÜÜÜ111wwwßßß���=⇒444���Bochner-Rieszßßß���. |^HölderØ�ª, ÛÜ1wß

�(1.10)¿�X:é?¿ε > 0,k∥∥∥(∫
t∼1

∣∣∣e it√−∆ϕ
∣∣∣2 dt

t

) 1
2
∥∥∥
L

2d
d−1
x (Rd )

. ‖〈
√
−∆〉εϕ‖

L
2d

d−1
x

. (2.16)

/Ïuscale�P-L ©), é?¿�α > 1
2

+ ε�±íÑ

∥∥∥(∫ |2j t|
(1 + |2j t|)α

∣∣∣e it√−∆ϕ
∣∣∣2 dt

t

) 1
2
∥∥∥
L

2d
d−1
x (Rd )

. ‖ϕ‖
L

2d
d−1
x

. (2.17)

dPlancherel�CauchyØ�ª, éτ ∼ 2j9∀m ∈ L2
α[1/2, 2]�»�¦f, kXe:

��O ∣∣∣m(D/τ)ϕ(x)
∣∣∣ . (∫ |2j t|

(1 + |2j t|)α
∣∣∣e it√−∆ϕ

∣∣∣2 dt
t

) 1
2
. (2.18)

∥∥∥ sup
τ∼2j

∣∣Sε+
τ ϕ

∣∣∥∥∥
p
. ‖ϕ‖p , m̃ε+ ∈ L2

α([1/2, 2], α > 1
2

+ ε. (2.19)

m̃δ(ξ) = (1− |ξ|2)δ+, mδ(ξ) = (1− |ξ|2)δ+ · ed?�bump¼ê.

ddíÑ4�Bochner-Rieszß�.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� Bochner-Rieszß�ïÄÉ~(J, =:XÛ¢y

p 6 2(d+1)
d+3

↗ p 6 2d
d+1
½ p′ > 2(d+1)

d−1
↘ p′ > 2d

d−1
.

Carleson-Sjölin (1972)�d = 2�,y²BR(p, 0) (1 6 p 6 4/3). )û
d = 2é

A�Bochner-Rieszß�. �p�ß�´úm�! �d = 3�, pc = 3/2½p′c = 3é

AX�.�¹.ïÄ?ÐXe:

• Bochner3p′ =∞)û
(2.5);

• Fefferman-Stein (1970)ép′ > 6y²
(2.5);

• Stein-Tomas (1975)ép′ > 4y²
(2.5);

• Bourgain(1991∼)3p′ > 4− 2
15
^�e�y
(2.5);

• Wolff(1995)3p′ > 4− 2
11
^�e�y
(2.5);

• Tao-Vargas(2000)3p′ > 26/7^�e�y
(2.5);

• Bourgian-Guth(2011)�#�{U?Bochner-Rieszß�· · · · · ·
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

� lllÑÑÑBochner-Rieszßßß���999ÙÙÙ���^̂̂©�M´;Ã>1w6/, P(x ,D) ∈ Ψ1
c`´�½

g��f, {λj}L«éA�A��,{ej}´éA�A�¼ê({z). �Ä

Sδλf (x) =
∑
λj6λ

(
1− λj

λ

)δ
Ej f , Ej f = 〈f , ej 〉ej .

aquRd , �p 6= 2,δ 6 δp�,SδλØ¬3Lp(M)þþþ������kkk...! ,
, �½�3��~

êCδ,é?¿�λ > 0, ¤á

‖Sδλf (x)‖L1(M) 6 Cδ‖f ‖L1(M), δ > d−1
2
.

eP�P'é�{�¥¡Σx = {ξ : p(x , ξ) = 1} ⊂ T∗x M\{0}éäk�"
�Gauss­Ç, K

p ∈
[
1, 2(d+1)

d+3

]
∪
[ 2(d+1)

d−1
,∞
]
� δ > δp ⇒ ‖Sδf ‖Lp(M) . ‖f ‖Lp(M).

lllÑÑÑBochner-Rieszßßß���: þþþ¡¡¡���OOO¤¤¤ááá⇐⇒ δ > δp .

T¯K�9lllÑÑÑ������555���OOO!!!���ÛÛÛÜÜÜ©©©ÛÛÛ���PDE!!!���NNNNNNÚÚÚ©©©ÛÛÛ���, 333æææ^̂̂êêêØØØ

ïïïÄÄÄ¥¥¥ååå­­­������^̂̂. ´́́ÄÄÄ|||^̂̂©©©lll555½½½nnnïïïÄÄÄTTT¯̄̄KKK���´́́···���òòò555���ÄÄÄ���ïïïÄÄÄ���

������
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Restriction Conjecture

• e f ∈ L1(Rd )§K f̂ ∈ C0(Rd )"l
§Fourier ���f f 7→ f̂ |S é?
¿ S ⊂ Rd Ñk¿Â.

• e f ∈ L2(Rd ), K f̂ ∈ L2(Rd ). l
, Fourier ���f f 7→ f̂ |S é S ⊂ Rd

� md (S) = 0 vk¿Â.

• é?Û f ∈ Lp(Rd ), �1 < p < 2�,ÏL©)f = f1 + f2 ∈ L1 ⊕ L2 ½ÂFourier

C�. éup > 2�,f̂ (ξ) ∈ S′(Rd )�À��O©Ù� Fourier C�.

¯̄̄KKKµéuä�"Gauss­Ç��­¡S (Rd¥�"ÿ8,�8(��­¡þ�;8)

9f (x) ∈ Lp(Rd ), f̂ |S ´Ääk(½¿ÂºAO/, ´́́ÄÄÄ���3331 6 q 6∞, TTT¯̄̄KKK���±±±888

(((���XXXeee������555���OOO: ∥∥f̂ ∥∥
Lq(S)

.
∥∥f ∥∥

Lp(Rd )
, ∀f ∈ S(Rd ). (3.1)

TTT������555���OOO���éééóóóÒÒÒ´́́“***ÜÜÜ”½½½������555���OOO���“���ÝÝÝ”///ªªª∥∥ĝdσ∥∥
Lp
′

(Rd )
.
∥∥g∥∥

Lq
′

(S)
, ∀g ∈ Lq

′
(S). (3.2)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

T“�Ý”/ª�PDE�ïÄ���'. ~X:�S´I¡½�Ô¡�,ĝdσ©OL«g

dÅÄ�§½Schrödinger�§�), �q = 2�, (3.2)éAX²;�Strichartz�O.

� ������555���OOO���777���^̂̂���: ±ü ¥¡S�~, Ï¦(3.2)�7�^�. �g = 1,^I

O���È©ÒíÑ

∣∣d̂σ∣∣ ∼ |x |− d−1
2 , |x | � 1. =⇒ p′ > 2d

d−1
(7�^���).

,��¡, �g´δ-capþ�A�¼ê, Kĝdσ(Knapp¼ê)àÈ3ºÝ

�δ−1 × δ−2�tubeþ, l
(3.2)�,��7�^�p′ > d+1
d−1

q. ������555���OOO(3.1)

½½½(3.2) ¤¤¤ááá���777���^̂̂���´́́

p′ >
2d

d − 1
, p′ >

d + 1

d − 1
q. (3.3)

������555ßßß���:������555���OOO(3.1)½½½(3.2)¤¤¤ááá���¿¿¿���^̂̂���´́́(3.3).
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

��Bå�,^RS (p → q)�R∗S (q′ → p′) ©OL«��5�O(3.1) 9Ù“�Ý/ª”

(3.2). nnnaaaAAAÏÏÏ­­­¡¡¡���������555ßßß���LLLãããXXXeee:

• ¥¥¥¡¡¡½½½���ÔÔÔ¡¡¡���;;;fff888þþþ���������555ßßß����Lã�

R∗S (q′ → p′) ⇐⇒ p′ >
2d

d − 1
, p′ >

d + 1

d − 1
q,

or

R∗S (∞→ p′) ⇐⇒ p′ >
2d

d − 1
.

(3.4)

• III¡¡¡(���«««¡¡¡);;;|||888þþþ���AAA���������555ßßß����Lã�



R∗S (q′ → p′) ⇐⇒ p′ >
2(d − 1)

d − 2
, p′ >

d

d − 2
q,

or

R∗S (∞→ p′) ⇐⇒ p′ >
2(d − 1)

d − 2
.

(3.5)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

� Stein-Tomas...������555���OOO:æ^TT∗�{, Stein-Tomas.��5�OR(p, 2)�d

u

‖f̂ ‖L2(S) . ‖f ‖Lp(Rd ) ⇐⇒ ‖f ∗ d̂σ‖Lp′ (Rd )
. ‖f ‖Lp(Rd ), p 6

2(d+1)
d+3

.

• ©©©êêê���ÈÈÈ©©©µµµeee:æ^YoungØ�ª�|d̂σ| . |x |−(d−1)/2,��

‖f ∗ d̂σ‖p′ . ‖f ∗ | · |−(d−1)/2‖p′ . ‖f ‖p , p 6 4d
3d+1

.

• ¢¢¢���������{{{���µµµeee:|^ü ©)9¢���{��

‖f ∗ (ψk d̂σ)‖p′ . 2−εk‖f ‖p , p < 2(d+1)
d+3

.

ddíÑ�à:.�Stein-Tomas�OR(p, 2).

• Stein-EEE���������{{{���µµµeee ÏL�E)Û�fq,y²∥∥∥∑
k>0

2[ d−1
2

+it]f ∗ (ψk d̂σ)
∥∥∥
∞
. ‖f ‖1,

∥∥∥∑
k>0

2[−1+it]f ∗ (ψk d̂σ)
∥∥∥

2
. ‖f ‖2,

ddíÑà:.Stein-Tomas�OR( 2(d+1)
d+3

, 2).
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

� ������555ßßß������ïïïÄÄÄ???ÐÐÐ-¥¥¥¡¡¡������ÔÔÔ¡¡¡������///: æ^TT∗�{, Stein-Tomasy²

�p′ > 2(d+1)
d−1

�,������555ßßß���¤á! 3L��n�c,NõêÆ[�åâ»Stein-Tomas�

�. Ì�?ÐXe:

• R2�/,��5ß�®)û.�Stein(1967), Fefferman-Stein(1970),

Zygmund(1974)�êÆ[�ïÄ.

• R3�/.��5ß�(p′ > 3)ÿ�)û�Stein-Tomasy²p′ > 4�/e���5�

O(1975). 1991cccBourgainÇÇÇkkk¼¼¼���âââ»»», )))ûûû


p′ > 4− 2
15
éééAAA���������555���

OOO.²{Wolff(1995)!Tao-Vargas- Vega(1998-2000)!��Tao(2003)U

?Bourgain-WolffuÐ�V�5L2�O, �y
p′ > 3 1
3
éA���5ß�. T�{

q�Ã{U?p′�e.. Rd (d > 3)���///���ïïïÄÄÄ???ÐÐÐ, ÓÓÓR3���///.

• Bourgain-Guth(2012)ÏLBCTõ�5�{�“Å�©)”, uÐ
ÄuºººÝÝÝ888BBB���

ggg���qqqSSS������###���{{{. �Ñ
��5ß�!Kakeya 4�¼êß�(p′ > 3 3
10

)�#

y²9p��/e�#â»!

• Guth/Ïuõ�ª":©a(���êAÛ�Ä�½n)¼�
p′ > 3.25éA��

�5�O(2014,JMAS).
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Remarks 2 (I¡þ���5�O�ïÄ?§)

�¥¡!I¡þ�ïÄ?§aq,Strichartzy²
p′ > 2d
d−2

éA���5�O,¯K´X

Û)ûp′ > 2(d−1)
d−2

éA���5ß�,äN?ÐXe:

• R3�/. ��5�O(p′ > 4)�Barcelao(1985))û�

• R4�/. ��5ß�(p′ > 3, �Usharp)�Wollf(2000))û�

• Wollf(2000)�yp′ > 2(d+2)
d

éA���5�O.

Remarks 3 (na;.�­¡–Bochner-Rieszß����5ß��'X)

• Carbery y²���ÔÔÔ...Bochner-Rieszßßß���⇐⇒���ÔÔÔ������...ßßß���;

• Taoy²¥¥¥¡¡¡Bochner-Rieszßßß���=⇒¥¥¥¡¡¡������...���OOO.

• I¡�Bochner-Rieszß�éAÏ, §éAXMockenhaupt I¦f¯K, §�I�

�5ß��'XÿØ�Ù.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Restriction =⇒ Bochner-Riesz Means, partly

F æ^�àgLittlewood-Paley.©)

Sδ(f )(x) =
∞∑
j=0

(Kδψj ∗ f )(x) ,
∞∑
j=0

(Sδj f )(x),

9Sδj |3|x | ∼ 2jNC,¯KÒ8(�

‖Sδj f ‖Lp(Rd ) ∼ ‖S
δ
j f ‖Lp(x :|x|∼2j ) . 2−jε‖f ‖p , ∃ε > 0.

F æ^Stein-Tomas.(2, p)��5�O∥∥f̂ ∥∥
L2(S)

.
∥∥f ∥∥

Lp(Rd )
, 1 6 p 6 p0 ,

2(d+1)
d+3

, ∀f ∈ S(Rd ), (3.6)

æ^Plancherel½n�4�I�{, ´�L2ÛÜBochner-Riesz �O:∥∥Sδj f ∥∥2
. 2−j(δ+ 1

2
)‖f ‖p =⇒ ‖Sδj f ‖p . 2

−jd( d+1+2δ
2d
− 1

p
)‖f ‖p ,

“=⇒”^�HölderØ�ª9Sδj f�f85�.

dd¼�Bochner-Riesz���fff���Lp���OOO(p < p0)9f.Lp0�O.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Bochner-Riesz Conjecture =⇒ Restriction Conjecture

F �âIO�Carleson-SjölinnØ, Bochner-Rieszß����5ß��±8(�X

eHörmander...ÈÈÈ©©©������:
∥∥∥∫ e−iR|x−y|a(x , y)f (y)dy

∥∥∥ . R
− d

p′ +α‖f ‖p , BR(p, α)∥∥∥ ∫ e
−iR〈 x

|x| ,y〉a(x , y)f (y)dy
∥∥∥ . R

− d
p′ +α‖f ‖p , R(p, α).

(3.7)

F R(p, α)��¼êTÐ´BR(p, α)��¼ê��5z:

R|x − y | = R|x | − R〈
x

|x |
, y〉+ O(1) |x | ∼ 1, |y | . R−

1
2 . (3.8)

ddíÑ: é∀ α > 0, kBR(p, α) =⇒ R(p, 2α).

F |^”ε−�Ø�n”[
R(p0, ε) ∀ ε > 0

]
=⇒

[
R(p, 0) ∀ 1 6 p < p0

]
, (3.9)

íÑ: Bochner-Rieszß�=⇒��5ß�(�Tao: Duke J. Math.).
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

F �#?Ð,Bourgain!Wolff!Bourgain-Guth!Bourgain-Demeter�<uÐ�`p©

l5�{, Ø=3NÚ©Û�o�ß�ïÄ¥Þv�­, éêêêØØØ!!!AAAÛÛÛÿÿÿÝÝÝ

ØØØ!!!PDE!!!'''éééAAAÛÛÛ!!!æææ^̂̂|||ÜÜÜÆÆÆ�Æ�¥Í¶ß��ïÄ��©­�. ~X:

Bourgain-Demeter-Guthff)û
êØ¥Í¶�Vinogradovß�.

1. Bourgain-Guth, Bounds on oscillatory integral operators based on multilinear

estimates, GAFA, 21(2011)

2. Bourgain-Demeter, The proof of the `2 decompling conjecture, Ann.Math,

182(2015)

3. Bourgain-Demeter-Guth, The proof of main conjecture in Vinogradov’s mean

value theorem for the degrees higher than three. Ann.Math. 184(2016).

4. Guth L. A restriction estimate using polynormal partitioning, JAMS, (2015)

5.Bourgain, Moment inequalities for trigonometric polynomials with spectrum in

curved hypersurfaces. Israel J. Math. 193(2013).

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

��5�OïÄ�y��{�Ä�óä

� 777���   ©©©ÛÛÛ���Carleson-Sjölin ���{{{.

� ε−£££ØØØ555OOOKKK���ÛÛÛÜÜÜzzz���{{{.

� îîî���555^̂̂������VVV���555���{{{.

� ÅÅÅ���©©©))).

� |||ÜÜÜ©©©ÛÛÛ���ºººÝÝÝ888BBBEEEâââ.

� BCT���õõõ���555EEEâââ���Burgain-Guth���{{{©

� Burgain-Demeter���decoupling���{{{©

� Khinchin ØØØ���ªªª(���ÅÅÅ���{{{).

� Guth ���õõõ���ªªª""":::888ÜÜÜ(���êêêqqq)¿¿¿©©©EEEâââ.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Khinchine’s inequality method (Rademacher functions)

Theorem 3.1 (��5ß��eZ�p�dLã)

∥∥ĝdσ∥∥
Lp
′

(Rd )
.
∥∥g∥∥

Lq
′

(S)
, p′ > 2d

d−1
, p′ = d+1

d−1
q; (3.10)∥∥ĝdσ∥∥

Lp
′

(Rd )
.
∥∥g∥∥

L∞(S)
, p′ > 2d

d−1
; (3.11)∥∥ĝdσ∥∥

Lp
′

(Rd )
.
∥∥g∥∥

Lp
′

(S)
, p′ > 2d

d−1
. (3.12)

• p′ = 2d
d−1

, p′ = d+1
d−1

q¿�Xp′ = 2d
d−1

,l
(3.10)⇔(3.10).

• �âSoblevi\½n���úª,=Iy²(3.11) =⇒ (3.12).

• (3.11)=⇒(3.12)�duy²: é∀2 6 p 6∞, k

∥∥f̂ ∥∥
Lp(Rd )

.
∥∥f ∥∥

L∞(S)
=⇒

∥∥f̂ ∥∥
Lq(S)

.
∥∥f ∥∥

Lq(Rd )
, q > p. (3.13)

?
�duéó/ª:é∀1 6 p 6 2, k

∥∥f̂ ∥∥
L1(S)

.
∥∥f ∥∥

Lp(Rd )
=⇒

∥∥f̂ ∥∥
Lq(S)

.
∥∥f ∥∥

Lq(Rd )
, 1 6 q < p. (3.14)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Theorem 3.2 (f.�O=⇒ (3.14))

�1 6 p 6 2, 0 < C0 <∞÷v

σ
(
{x ∈ S : |f̂ (x)| > λ}

)
6 C0λ

−1‖f ‖Lp(Rd ), λ > 0, f ∈ S(Rd ) (3.15)

=⇒

σ
(
{x ∈ S : |f̂ (x)| > λ}

)
. λ−p‖f ‖p

Lp(Rd )
, λ > 0, f ∈ S(Rd ) (3.16)∥∥f̂ ∥∥

Lq(S)
. ‖f ‖Lq(Rd ), 1 6 q < p, f ∈ Lq(Rd ). (3.17)

Theorem 3.3 (KhinchinØ�ª–½n3.2Ä�óä)

�{ωj}´÷vP[ωj = 1] = P[ωj = −1] = 1/2��pÕá�ÅCþ, K

C−1
( N∑

j=1

|aj |2
)p/2

6 E
(∣∣∣ N∑

j=1

ωjaj

∣∣∣p) 6 C
( N∑

j=1

|aj |2
)p/2

, 1 6 p <∞. (3.18)

ùp E(|g |p) , p

∫ ∞
0

λp−1P({ω : |f (ω)| > λ})dλ.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

7�©Û�Carleson-Sjölin�{

�Ä���������...½½½nnn���'''���������ÈÈÈ©©©���fff

Tλf (z) =

∫
Rd−1

e iλΦ(z,y)a(z, y)f (y)dy , λ > 0, (3.19)

Ù¥a ∈ C∞c (Rd × Rd ), Φ(x , y) ∈ C∞(suppa). T��È©���éééAAA���Lagrangian 666///

���;;;KKK'''XXX

CΦ =
{(

z,Φ′z (z, y), y ,−Φ′y (z, y)
)}
∈ T∗Rd × T∗Rd−1 (3.20)

Carleson-Sjölin^̂̂���

(i) b�ΠT∗(Rd−1) : CΦ 7−→ T∗(Rd−1)´g,�ÝK,÷v�òz^�

rankdΠT∗(Rd−1) ≡ 2(d − 1). =⇒
(

rank
( ∂2Φ

∂zj∂yk

)
= d − 1

)
. (3.21)
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

(ii) é∀z0 ∈ suppza, y 7−→ Φ′z (z0, y)L«Lagrangian 6/CΦ�{�mT∗Rd�n�þ

�ÝK, Ù�

Sz0 , ΠT∗z0
Rd (CΦ) =

{
Φ′z (z0, y) :

(
z0,Φ

′
z (z0, y), y ,−Φ′y (z0, y)

)
∈ CΦ

}
´T∗z0

(Rd ) = Rd¥���C∞E\�­¡, ­Ç^��±Lã�

Sz0 ⊂ T∗z0
(Rd )äk�"�Gauss­Ç (3.22)

¡(3.21)�(3.22)�Carleson-Sjölin^̂̂���©

������ÈÈÈ©©©���OOO:�a ∈ C∞(Rd × Rd−1), �¼êΦ(x) ∈ C∞÷vC-S^�,K(3.19)½Â�

��È©�÷v

‖Tλf ‖Lq(Rd ) 6 O(λ
− d

q )‖f ‖Lp(Rd−1), q = d+1
d−1

p′, (3.23)

ùp

(i) 1 6 p 6 2, d > 3;

(ii) 1 6 p < 4, d = 2;
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Theorem 3.4 (Stein-Tomas��5½n)

�d > 2, S ⊂ Rd ´ä�"pd­Ç�1w�­¡, dσ(x)´­¡ÿÝ.

�β(x) ∈ C∞c (Rd ), Pdµ , βdσ. K

(∫
S
|f̂ (ξ)|qdµ(ξ)

)1/q
. ‖f ‖Lp(Rd ), f (x) ∈ S(Rd ), (3.24)

ùpq = d+1
d−1

p′, 1 6 p 6 2(d+1)
d+3

, d > 3; 1 6 p < 4
3
, d = 2.
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

Local restriction estimates

���NNN������555���OOO���±±±888(((���ÛÛÛÜÜÜ������555���OOO. òf (x) ∈ Lp(Rd )éA���5�O8(

�f (x) ∈ Lp(B(x0,R))éA���5�O. ¢yù«8(�S3�Ï: ­­­¡¡¡ÿÿÿÝÝÝdσ

���FourierCCC���(dσ)∨(x)333,,,«««¿¿¿ÂÂÂeeeäääkkkÛÛÛÜÜÜzzz���AAA��� (=:�|x | → +∞äkP~�5
�).

ÛÛÛÜÜÜ������555���OOO:é∀p, q9?¿�α > 0, ^RS (p → q;α) L«ÛÜz��5�O

‖f̂ |S‖Lq(S ;dσ) 6 Cp,q,S,αR
α‖f ‖Lp(BR (0)), ∀f (x) ∈ D(BR(0)), (3.25)

Theorem 3.5 (Tao-99)

�ρ´d̂σ�P~�I. XJÛÜ��5�ORS (p → p;α) éu,�p < 2Ú0 < α� 1¤

á, KkXe�N��5�O

RS (p → q), ��
1

q
>

1

p
+

Cρ

log(1/α)
. (3.26)

· · · · · · · · · · · ·
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

bilinear estimates
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Local restriction estimates
bilinear estimates
wave packet and induction on scales
Bourgain-Guth argument

wave packets decomposition
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Induction on scales

•

•

•

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�
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Bourgain-Guth argument

•

•

•
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Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

Kakeya Conjecture

• 1917c, F�êÆ[KakeyaJÑXe¯K: ^=²¡þ�ü �ã¦Ù��¤×L

���¡È´õ�? ùÒ´Í¶�Kakeya needle ¯̄̄KKK.

• ±�ã�¥%^=, ¤I¡È´π/4; ÏL°%�“n:-Uª^=” Ò�±¦�×L

�¡È�π/8.

• 1925cBesicovitch *	�ü�Ä�ng: (i) é∀ ε > 0, 3²¡þ²£ü

 needle�?¿� �, ×L�¡È�uε. (ii) é∀ ε > 0, �3�>�1!�¹?¿

��tube {Tj}�8Ü, ÷vm(∪jTj ) < ε. Äuþãng, BesicovitchÏÏÏLLL���

EEEBesicovitch888ÜÜÜ, yyy²²²^̂̂===²²²¡¡¡þþþ���üüü   ���ããã¦¦¦ÙÙÙ������¤¤¤×××LLL���������¡¡¡ÈÈÈ���±±±

???¿¿¿���!

• ��5ù, Besicovitch8´�Rd¥¹?¿��ü �ã�8Ü. Besicovitch8��

EL²ÙÿÝ�", @oBesicovitch8Ü�Minkowski ½Hausdorff�ê´Äî��

ud? ùp
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dimM(E) = inf
{
n
∣∣E ⊂ O(δ−n)⋃

j=1

Bj (xj , δ), ∀0 < δ � 1
}

;

dimH(E) = inf
{
n
∣∣E ⊂⋃

j

Bj (xj , rj ),
∑
j

rnj . 1, 0 < rj 6 δ � 1
}

´�dimH(E) 6 dimM(E).

• Kakeya ß�: Rd�m¥Besicovitch8Ü�Minkowski½Hausdorff�ê´d .

• 1971c, Druryy²
d = 2�/�Kakeya ß�©

• éud > 3��/, Kakeya ß�E,´úm�¯K! Bourgain, Wolff, Katz, Laba

�y² dimM(E) > max
(
d+2

2
+ 10−10, 4d+3

7

)
,
(
1999− 2000

)
dimH(E) > max

(
d+2

2
, 6d+5

11

)
,
(
1995− 1999

)
• Tao y²
dimH(E) > (2−

√
2)(d − 4) + 3, (2000).
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� Kakeya 444���¼¼¼êêê éa ∈ Rd , ω ∈ Sd−1, 9�½0 < δ � 1, ½Â¥%�a,���ω

�1× δ.tubeT δω(a)Xe:

T δω(a) =
{
x ∈ Rd : |(x − a) · ω| 6 1

2
, |x − a− ((x − a) · ω)ω| 6 δ

}
,

½ÂKakeya 4�¼ê

Kδf (ω) , sup
a∈Rd

1

Ld (T δω(a))

∫
Tδω(a))

|f |dx , ∀f ∈ L1
loc(Rd ), (4.1)

Ù¥Ld (T δω(a)) = α(d−1)δ
d−1,α(d−1)L«Rd−1¥ü ¥�NÈ.

���������yyy 
‖Kδf (ω)‖L∞(Sd−1) 6 ‖f ‖L∞(Rd ),∥∥Kδf (ω)

∥∥
L1(Sd−1)

. δ1−d‖f ‖L1(Rd ),∥∥Kδf (ω)
∥∥
L∞(Sd−1)

. δ1−d‖f ‖L1(Rd ).

(4.2)

• <�g,¬¯:�p <∞�, Kakeya4��f´Ääk'uδ���k.��f�

ê‖Kδ‖Lp−Lq ? £�´Ä½�, =
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∥∥Kδf (ω)
∥∥
Lq(Sd−1)

. ‖f ‖Lp(Rd ), f ∈ Lp(Rd ), 0 < δ < 1,

ØU¤á�^Bescovitch8Ü�δ-��þ�A�¼êf = χBδ (x)ÿÁKakeya4��

f, okKδf (ω) = 1, ∀ω ∈ Sd−1. Ïd,∥∥Kδf (ω)
∥∥
Lq(Sd−1)

≈ 1, ,
 ‖f ‖Lp(Rd ) = Ld (Bδ)1/p → 0, δ → 0.

�A�Lp − Lq�êåè´δ�logO�.

• ò�Úù, <��UÏ�/X
∥∥Kδf (ω)

∥∥
Lp(Sd−1)

6 C(d , p, ε)‖f ‖Lp(Rd ),

∀ε > 0, 0 < δ < 1, and f ∈ Lp(Rd ),
(4.3)

¤á�À�f = χB(0,δ)(x),5¿�B(0, δ) ⊂ T δω(0), Òk
Kδf (ω) = Ld (B(0, δ))

/
Ld (T δω(0)) ≈ δ, ∀ω ∈ Sd−1

∀ω ∈ Sd−1, ,
 ‖f ‖p ∼ Ld (B(0, δ))
1
p ∼ δ

d
p .

dd��p < d�, (4.3)�Ø�U¤á�
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• þ¡�©Û,<�Ï��Kakeya444���¼¼¼êêêßßß����±Lã�
∥∥Kδf (ω)

∥∥
Ld (Sd−1)

6 C(d , ε)δ−ε‖f ‖Ld (Rd ),

∀ε > 0, 0 < δ < 1, and f ∈ Ld (Rd ),
(4.4)

• Éþ¡A±�éu, Bourgain(1991) ÒJÑ
XeKakeya444���¼¼¼êêêßßß���

∥∥Kδf (ω)
∥∥
Lp(Sd−1)

/ δ
1− d

p ‖f ‖p , ∀1 6 p 6 d , (4.5)

ùpA / BL«éu?¿�ε, A 6 Cεδ−εB.

• (4.4)�(4.2)1nª��, Ò�Kakeya444���¼¼¼êêêßßß���������ddd///ªªª:
∥∥Kδf (ω)

∥∥
Lq(Sd−1)

6 C(d , p, ε)δ−(d/p−1+ε)‖f ‖Lp(Rd ),

∀ε > 0, 1 6 p 6 d , q = (d − 1)p′, 0 < δ < 1.
(4.6)

�®y²2�Kakeya4�¼êß�, �d > 3�/e�Kakeya4�¼êß�

´open�
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� Kakeya 444������OOO���lllÑÑÑzzz999éééóóó///ªªª ¡{e1, · · · , em} ⊂ Sd−1´ü ¥¡�δ-©l

f8, XJ÷v

|ej − ek | > δ, j 6= k.

eé?¿e ∈ Sd−1,o�31 6 ` 6 m,¦�|e − e`| < δ,¡{e1, · · · , em}´4�δ-©lf

8. �½T1, · · · ,Tm ´δ-©lf8{e1, · · · , em}éA�δ-©l�tube,Ù¥

Tk = T δe` (ak ), 1 6 k 6 m, m . δ1−d .

�T1, · · · ,Tm ´4��δ-©ltube�, m ∼= δ1−d .

Remarks 4

b�e, e′ ∈ Sd−1÷v|e − e′| 6 δ,K

Kδf (e) 6 C(d)Kδf (e′).

TAÛ¯¢3y²Kakeya4�¼ê�O�lÑ/ª¥�~­�.
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Proposition 1

�1 < p <∞,0 < δ < 1, 1 6 M <∞ 9

∥∥∥ m∑
k=1

tkχTk

∥∥∥
Lq(Rd )

6 M, q = p
p−1

, (4.7)

Ù¥T1, · · · ,Tm ´δ-©lf8δ-.tube, t1, ·, tm´÷v

δd−1
m∑

k=1

tqk 6 1 (4.8)

��ê, K ∥∥Kδf (ω)
∥∥
Lq(Sd−1)

6 C(d)M‖f ‖Lp(Rd ), (4.9)

Ï~Mäkδ−β�/ª.

555PPP: (4.7)L«éó�m�¼ê, (4.8)L«��Ä¥��{χTk
}A÷v�{z^�.
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Theorem 4.1

é?¿�0 < δ < 1 9f (x) ∈ L2(R2),k

∥∥Kδf (ω)
∥∥
L2(S1)

6 C
√

log(1/δ)‖f ‖L2(R2), C ´ýé~ê. (4.10)

Theorem 4.2

�1 < p <∞,q = p
p−1

,0 < δ < 1, 1 6 M <∞, K

∥∥Kδf (ω)
∥∥
Lq(Sd−1)

6 C(d , p, ε)Mδ−ε‖f ‖Lp(Rd ), ∀ε > 0 (4.11)

¤á�¿�^�: éu?¿�δ-©l�δ-.tube T1, · · · ,Tm, k∥∥∥ m∑
k=1

χTk

∥∥∥
Lq(Rd )

6 C(d , q, ε)Mδ−ε(mδd−1)
1
q , ε > 0. (4.12)

?
, (4.12)¤á�¿�^��∥∥∥ m∑
k=1

χTk

∥∥∥
Lq(Rd )

6 C(d , q, ε)Mδ−ε, ε > 0 (4.13)
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Corollary 4.3

�1 < p <∞,q = p
p−1

,0 < δ < 1, 0 < β <∞, K

∥∥Kδf (ω)
∥∥
Lq(Sd−1)

6 C(d , p, ε)δ−β−ε‖f ‖Lp(Rd ), ∀ε > 0 (4.14)

¤á�¿�^�´:é¤k�δ-©l�δ-.tube T1, · · · ,Tm,

∥∥∥ m∑
k=1

χTk

∥∥∥
Lq(Rd )

6 C(d , q, ε)δ−β−ε, ∀ε > 0. (4.15)

AO, Kakeya4�¼êß�(4.4)¤á�¿�^�:

∥∥∥ m∑
k=1

χTk

∥∥∥
L

d
d−1 (Rd )

6 C(d , ε)δ−ε, ε > 0, (4.16)

Ù¥T1, · · · ,TmL«¤k�δ-©l�δ-.tube©
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� Kakeya 444���¼¼¼êêê���Lp���OOO¿¿¿���XXXBesicvitch888ÜÜÜMinkowski���êêê���eee...���OOO: b�

�31 < p <∞�β > 0÷v

∥∥Kδf (ω)
∥∥
Lp(Sd−1)

. δ−β‖f ‖Lp(Rd ), ∀0 < δ < 1. (4.17)

BδL«Besicvitch8Ü�δ��(é?¿��,�¹��mδ-tube). �f (x) = χBδ (x),

KKδf (ω) = 1, ω ∈ Sd−1. u´, (4.17)Ò¿�X

1 ≈
∥∥Kδf (ω)

∥∥p
Lp(Sd−1)

. δ−βpLd (Bδ), =⇒ dimMB > d − βp, (4.18)

ùp^�8ÜA ⊂ Rd�Minkowski�ê�½Â
dimMA = inf

{
s > 0 : lim inf

δ→0
δs−dLd (Aδ) = 0

}
;

dimMA = inf
{
s > 0 : lim sup

δ→0
δs−dLd (Aδ) = 0

}
.

(4.19)

^N(A, δ)L«CXA��»�δ��¥����ê, K

dimMA = lim inf
δ→0

log N(A, δ)

log(1/δ)
, dimMA = lim sup

δ→0

log N(A, δ)

log(1/δ)
. (4.20)
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� Kakeya444���¼¼¼êêêLp���OOO=⇒Besicvitch888Hausdorff���êêê���OOO:

Theorem 4.4 (Kakeya4�ß�=⇒Kakeyaß�)

PB ⊂ Rd´?¿Besicvitch8. �1 < p <∞,β > 0,d − βp > 0. e

‖Kδf (ω)‖Lp(Sd−1) 6 C(d , p, β)δ−β‖f ‖Lp(Rd ), ∀ 0 < δ < 1, (4.21)

KdimH(B) > d − βp. AO/,

• é,�1 < p <∞, e(4.3)¤á,KdimH(B) = d .

• Kakeya444���¼¼¼êêêßßß���(4.4)¿¿¿���XXX²²²;;;���Kakeyaßßß���©

Theorem 4.5

�d > 3, é?¿0 < δ < 1�f (x) ∈ L2(Rd ).K

‖Kδf (ω)‖L2(Sd−1) 6 C(d)δ−(2−d)/2‖f ‖L2(Rd ), (4.22)

Ù¥(2− d)/2´�U��Z�I. �d�½n4.5¿�XRd (d > 2)¥¥¥Besicvitch888

���hausdorff���êêêåååèèè���2. 
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� ������555ßßß���=⇒Kakeya444���ßßß���(=⇒ Kakeyaßßß���):

£Á��5ß�/ª���

‖f̂ ‖Lq(Rd ) 6 C(d , q)‖f (ω)‖Lq(Sd−1), f ∈ Lq(Sd−1), q > 2d
d−1

. (4.23)

ÏLKhintchineØ�ª, �±y²������555ßßß���=⇒Kakeya444���ßßß���.

Theorem 4.6 (��5ß�=⇒Kakeya4�ß�)

�2d/(d − 1) < q <∞, p = q/(q − 2),K��5�O(4.23)¿�X

 ‖Kδf (ω)‖Lp(Sd−1) 6 C(d , q)δ
4d
q
−2(d−1)‖f ‖Lp(Rd ),

∀ 0 < δ < 1, f (x) ∈ Lp(Rd )
(4.24)

AO/, ·�k

• ��5ß�(4.23)=⇒Kakeya4�ß�(4.5).

• ��5ß�(4.23) ¿�X

dimH(B) > 2d−(d−2)q
q−2

, 2d
d−1

< q <∞.
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� Nikodym444���¼¼¼êêê���Nikodym 444���ßßß���

Definition 4.7 (Nikodym8Ü�Nikodym4�¼ê)

Rd¥äk"ÿÝ�Borel8N¡�Nikodym8Ü, XJé∀x ∈ Rd , o�3��L¦

�L ∩ N�¹��ü �ã. é?¿�0 < δ < 1,½ÂNikodym4�¼ê

Nδf (x) , sup
x∈T

1

Ld (T )

∫
T
|f |dx , ∀f ∈ L1

loc(Rd ),T , {T δe (a)}. (4.25)

Conjecture 4.1 (Nikodym 4�ß�)

‖Nδf (x)‖Ld (Rd ) 6 C(d , ε)δ−ε‖f ‖Ld (Rd ), ∀ ε > 0, 0 < δ < 1. (4.26)
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Theorem 4.8 (Nikodym4�ß�=⇒Nikodymß�)

PN ⊂ Rd´?¿Besicvitch8. �1 < p <∞,β > 0,d − βp > 0. e

‖Nδf (x)‖Lp(Rd ) 6 C(d , p, β)δ−β‖f ‖Lp(Rd ), ∀ 0 < δ < 1, (4.27)

KdimH(N) > d − βp. AO/,

• é,�1 < p <∞, e(4.27)¤á, KdimH(N) = d .

• Nikodym444���ßßß���(4.26)¿¿¿���XXX²²²;;;���Nikodymßßß���©

Tao1999cy²
XeÍ¶�½n:

Theorem 4.9 (Nikodym4�ß�⇐⇒Kakeya4�ß�)

Kakeya4�ß�(4.4)⇐⇒Nikodym4�ß�(4.26).

Kakeyaßßß���ïïïÄÄÄ¼¼¼���âââ»»»ÌÌÌ���ÄÄÄuuuüüü«««���{{{, ÙÙÙ���´́́ÄÄÄuuu|||ÜÜÜ���'''éééAAAÛÛÛ���AAAÛÛÛ���{{{;

ÙÙÙ���´́́ÄÄÄuuuæææ^̂̂|||ÜÜÜÆÆÆ������âââ���{{{.
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� Kakeyaßßß������AAAÛÛÛ���{{{: AÛ�{
uCordoba. '��AÛ¯¢´ü^Ø²1��

ã(½tube) �õ���:(½ball). äN/ù,ü�Y�∼ 1�δ−tubes =U��3�

�δ-¥; ü�Y�∼ θ�δ−tubes=U��3 1
θ
�δ-¥�¿8�¥.

• æ^Cordoba�AÛ�{�±°(�O‖
∑

T∈T χT ‖2. ?
|^|ÜêÆÄ�¯¢,

y²3aKakeya.ß�éup = 2, d > 3 ¤á, `²¤kBescovitch8Ü

�Hausdorff9Minkowski�êåè´2. Uìy�*:, Cordoba�{L²:²¡þä

kØÓ���tubes ��Ø�.

• Bourgain|^|ÜAÛ�¯¢(X:ü^�����±��/û½��²¡)�, uÐ


Bushes�{; Wolff?
uÐ
Hairbushes�{, y²Bescovitch8Ü

�Hausdorff�êåè�5/2,�.

• Cordoba�{3p��/��(T�{Ï��õ�tubes��Ø��)! BourgainuÐ

��â�{,ò�ãÀ��â?ê,/Ïuæ^êØSzemerédi½ny²�Gowers�

{, �Ñ
p��/,Bescovitch8�Hausdorff9Minkowski�ê�e.�O�
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� Bourgain���Bushes���{{{: XÛy²dim(B) > d+1
2

? o÷/ù, �Besicovitch8÷

vdim(B) = m, g,z���ã�{�A´m − 1. Q,Rd�3²Lx0�d − 1���ã

q, Ï"Besicovitch8Üz�:x0A�¹3(d − 1)− (m − 1)����x¥©²Lx0�¤

k���¿/¤
��“bush”. �uü^���õ���:, bush¥��3�lx0?´

ØÓ�, l
íÑT8Üäk�ê(d − 1)− (m − 1) + 1©�´, Tbush�¹

3Besicovitch8�¥,Ïd

(d − 1)− (m − 1) + 1 6 m ⇐⇒ m > d+1
2
.

Theorem 4.10 (��f.Kakeya4��O=⇒Besicovitch8�ê�O)

B ⊂ Rd´?¿Besicvitch8. �1 > p <∞,β > 0,d − βp > 0. eσd−1
({

e ∈ Sd−1 : Kδ(χE )(e) > λ
})
6 C(d , p, β)δ−βpλ−pLd (E),

∀ Lebesgue �ÿ8E ⊂ Rd , 0 < δ < 1, λ > 0.
(4.28)

KdimH(B) > d − βp.
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• (4.28)´

‖Kδf ‖Lp(Sd−1) . δ−β‖f ‖p

éA���f.Kakeya4��O, ½n4.10�y²aqu½n4.5. =I�

y(4.28)éup = (d + 1)/2, β = (d − 1)/(d + 1)¤á, Ò�dimH = (d + 1)/2.

• =I�yKakeya444���¼¼¼êêêßßß���(4.6):
∥∥Kδf (ω)

∥∥
Lq(Sd−1)

6 C(d , p, ε)δ−(d/p−1+ε)‖f ‖Lp(Rd ),

∀ε > 0, 1 6 p 6 d , q = (d − 1)p′, 0 < δ < 1.

3p = (d + 1)/2, q = (d − 1)p′�éA���.f/ª=�.

Theorem 4.11 (ÄuBushes�{�Bourgain½n)

é?¿�Lebesgue �ÿ8E ⊂ Rd , ∀0 < δ < 1 9λ > 0,k

σd−1
({

e ∈ Sd−1 : Kδ(χE )(e) > λ
})
6 C(d)δ1−dλ−d−1Ld (E)2. (4.29)

AO, éRdþ¤kBesicovitch8ÜB,þkdimH(B) > (d + 1)/2.
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� Wolff���Hairbrushes���{{{:

• Bourgain�bush�{äkÛ�5, �Ï3u¿�Besicovitch8¥?¿ü:þU�T

8Ü¥��ãë�. ~X: 32��/,Cordoba��{ÒüØ
Ty��u).

• Wollf[1995]Ú�
Cordoba�bushes�{,¼�
m > d+2
2

.

• Wollf�AÛng´�Ä²L“ª”-�ãT0þ:�¤kbush�¿(�Lü:x0��

�bush�éA), ·�¡�“Brush”. XÓ��bush��/, Cordoba��{(

�“brush”¥���´��Ø��©

• �ubrush�bush��êp1, Tbrush��ê�(d − 1)− (m − 1) + 2. 5¿�

Tbrush�¹3Besicovitch8B�¥,Ïd

(d − 1)− (m − 1) + 2 6 m ⇐⇒ m > d+2
2
.

• þãAÛ¯¢´e¡ü�Ún�Ä:.

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

Lemma 4.12 (Wolff�EâÚn-I)

�α, β, γ, δ ∈ (0, 1). T = T δe (a), Tj = T δej (aj )´δ-tube, j = 1, · · · ,N. �{Tj}´
�δ-©l�tubes,�÷v

T ∩ Tj 6= ∅, j = 1, 2, · · · ,N; � |ej − e| > αβ.

Kéj = 1, · · · ,N, k

#
{
` : |e` − ej | 6 β, T` ∩ Tj 6= ∅, d(Tj ∩ T`,Tj ∩ T ) > γ

}
6C(d , α)βδ−1γ2−d .

(4.30)

Definition 4.13

δ-©l�tube8Ü{Tj}N1´(N, δ)-Hairbrush, XJ�3��δ-tube T÷v

T ∩ Tj 6= ∅, j = 1, · · · ,N.
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Lemma 4.14 (Wolff�EâÚn-II)

�{Tj}N1´(N, δ)-Hairbrush. Ké?¿ε > 09 d/(d − 1) 6 p 6 2,

∫
Rd

( N∑
`=1

χT`

)p
dx 6 C(d , p, ε)δd−(d−1)p−εNδd−1 (4.31)

Theorem 4.15 (ÄuHairbrushes�{�Wolff½n)

�0 < δ < 1 9λ > 0,Kéu?¿�f (x) ∈ Ld (Rd ),k

‖Kδf ‖Ld (Sd−1) 6 C(d , ε)δ
2−d

2d
−ε‖f ‖Ld (Rd ), ∀ ε > 0. (4.32)

AO, éRdþ¤kBesicovitch8ÜB,þk

dimH(B) > d − βd = (d + 2)/2, β = d−2
2d

.
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� Kakeyaßßß���������âââ���{{{: AÛ�{
uBurgain, �²Katz-Tao�uÐ, 3p��m

�±y²Bescovitch8�Hausdorff9Minkowski�êäk/X

dim(B) > cd + 1− c, c > 1
2

�e.�O.AO/§·�k

dimM(B), dimH(B) > 6d
11

+ 5
11
.

w,, �d > 12�,`uWolff��ê�O(d + 2)/2.

� ���âââ���{{{nnnggg �E´m��Bescovitch8Ü, �¹?¿����ã. ��Bå�,Àù


�ã´ë��²¡X0 = {xd = 0}þ�:(x , 0) ��²¡X1 = {xd = 1}þ�:(y , 0)�

ë�. ?
, P

G ,
{

(x , y)¤kUþã�ª¼�pairs�8Ü
}
⊂ Rd−1 × Rd−1.

¯¢þ, ½Â~{K�

π−1 : Rd−1 7−→ Rd−1, π−1(x , y) = x − y .

Kπ−1(G)´d − 1��8Ü.
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,��¡,dim(E) = m, Ï"õêslices {x ∈ E : xd = t}´m − 1�, �´ù
slices�¹


8Ü{(1− t)x + ty : (x , y) ∈ G}. Ïd, XJPπr (G)L«K�

πr : (x , y) 7−→ x + ry ; π∞ : (x , y) 7−→ y

@o·�Ï"é�õê�Çr(r 6= −1), πr (G)´m − 1��.

• w,,$��Kakeya83“~{”K�π−1�“���”(large range)�Ù§ÝK�“�

��”(small range)�m�),
Àâ.~X: π0�π∞þäkm − 1 ���, G�õ

äk2(m − 1)���, Ïd

2(m − 1) > d − 1, =⇒ m > d+1
2
.

• þã*	
uKahane 1969. ,
, ��1999cBourgainòù
Vg�Gowers'

uSzemeredi½n(æ^|ÜÆ)�y²ng�(Ü, Kakeya¯Kâk?Ð. ùpÃ¿

�\?Ø,Ð«�
(Jv±`²XÛ�ÑÝKπ−1(G)º���²����O. ~

X: éuk�8G ,Bourgainy²Xe���O

#π−1(G) 6 min
(
π0(G)), π1(G)), π∞(G)

)2−σ
, σ = 1/13.
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• Katz��òÙJ,�σ = 1/6. ù�(J©OéA�Minkowshi�ê�e.�O�

m > 11
13

(d − 1) + 1, σ = 1
13

; m > 6
13

(d − 1) + 1, σ = 1
6
.

T�{��´X|Ü¯K,�6u/Xe¡�ð�ª (a− b) = (a− b′)− (a′ − b′) + (a′ − b),

a + b = c + d ⇐⇒ a− d = c − b

• XJUy²σ = 1,�Òy²
Kakeyaß�. ÏL�ÄO\ÝK��ª, X:

#π−1(G) 6 min
(
π0(G)), π1(G)), π2(G)), π∞(G)

)2−σ
, σ = 1/4,

ù«O\ãõ�ÝK(∼ exp exp(C log(1/ε)2)��{, ==�¼�σ = 0.32486. 

• AÛ�{éu$�Kakeya�k�, �âEâéup��k�©�â�{=�

6Besicovitch8Ü�Slices,
����Besicovitch8,Ïd�U¬��∼ 1�.;
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� Kakeya444���ßßß������Kakeyaßßß������'''XXXooo((( ?¿�ÿÝ�Besicovitch8Ü��^�

�EKakeya4�¼êLpÃ.��~. �`²å�, Ú\XeVg:

• �T´δ-��©l�tubes�8Ü(∼ δ1−d ). é�½�0 < λ 6 1, ∀T ∈ T, ¡f

8Y (T ) ⊆ T ��Ý´λ, XJ|Y (T )| = λ|T |.

• Kakeya4�¼ê3Lp�ê��O�du

∣∣∣ ⋃
T∈T

Y (T )
∣∣∣ ' λpδd−p . (4.33)

• b�(4.33)éλ = 1¤á, Y (T ) = T . K(4.33) ¿�XBesicovitch8Ü��ä

kMinkowski�ê�p

• �(4.33)éλ ≈ 1¤á, K(4.33) ¿�X(�Ø�du)Besicovitch8Ü��ä

kHausdorff�ê�p.

• Kakeya4�¼êß�¿�XHausdorffß�, Hausdorffß�¿�XMinkowshiß�.
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� Kakeya 444���¼¼¼êêêlllÑÑÑzzz///ªªª Kakeyaß��lÑz/ª´���r���. b�T

´Rd¥üüδ�Ý©l!ºÝ�δ × 1�tube�8Ü.@o, |^Kakeya4�¼êß��é

ó/ª�±íÑ: ∥∥∥∑
T

χT

∥∥∥
p
/ δ

d
p
−1
,∀ p >

d

d − 1
. (4.34)

{ü��OL²XJ(4.34)é,�p0¤á, K¤kBesicovitch8Ü

�Hausdorff9Minkowski�ê��´

dimH(B) > d − βp′0 = d − (1− d
p′0

)p′0 = p′0.

� Wolff������{{{©©©ÛÛÛ

• aÓu�ê�O,Wollf��{��¼�Kakeya4�¼êéA��O. ?n4�¼ê

�3ü�Eâ¯K. Ù�´��Ý¯K-“jf”(bristles).brush�U²1ustem

T0,�)���ÿÝ. Ù�´NõY (T )�U==àÈ3�à,ù��
brush�º�

�e.�O¥(J(
�3��Tþ*Ñ�).
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• ÏLWolff�üà8(�±�Ñ1��(J.T8(¦·�Ã�b�8ÜY (T )÷v

∣∣Y (T ) ∩ B(x , r)
∣∣ / rσλ|T |, ,� σ > 0, ∀ B(x , r).

=:Y (T )�½*Ñ
�àÈ3tube��à, Y (T )¥ü:�²þ©l≈ 1. XJ�3

Lõ�8ÜY (T )Ø÷vT�O, Ò¬��3��r × δtubeàÈ
�1× δþàÈ.

ù�,Ò�±¦^rescaleEâ. TEâ
uWolff�ºÝ8BüÑ.

• ��ØÈ, Ò¿£���Ý¯KA��±���Ø. XÓüà8BA��±�Ø“�

ål¯K”��, ¤¢�“V�58B” �±�Ø“��Ý¯K”. Ä�g�^V�5

�O/ª

∥∥∥( ∑
T∈T

χT

)( ∑
T ′∈T′

χT ′

)∥∥∥
p′/2
. δ

2( d
p
−1)

, �O
∥∥∥ ∑

T∈T

χT

∥∥∥
p′
. δ

d
p
−1
, (4.35)

ùpT, T′L«üxtubes÷vT �T′����Y�∼ 1. |^TVV �Eâ�±y²

�ö�d.
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F Kakeyaß��c¡�n�ß����'. @ý�	¤¢���{, Ò¬uyÛÜ1

w5ß�!Bochner-Rieszß�!��5ß�þ�íÑKakeyaß�. ��,�

½Kakeya�O,Ó��±¼��²��ÛÜ1w5�O!Bochner-Riesz�O!��

5�O�.

F ±��5�O(éó/ª½òÿ�f)`²Kakeya�O��^, 8I´�

Of̂dσ�Lp�ê. ;.�ÿÁ�.Ò´Knapp�~,=�gàÈ3±ω ���δ-capþ,

KĝdσàÈ3±ω����δ−1 × δ−2�tube T�þ. u´,�±òf̂dσ?1“Å�”©

)

f̂dσ ≈
∑

T

cTe
iω·xχT(x). (4.36)

|^IO���5�O�{(X:��5�),��Ú�±8(�²�¼ê�O,=∥∥∥∑
T

cTe
iω·xχT(x)

∥∥∥
p
.
∥∥∥(∑

T

∣∣∣cTe
iω·xχT(x)

∣∣∣2) 1
2
∥∥∥
p
. (4.37)

,
, �O²�¼ê��´¯, Ï~���δ����g�.
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F ²�¼ê��O�±8(�Xe���Úª

∥∥∥(∑
T

∣∣cT

∣∣2χT(x)
)∥∥∥ 1

2

p/2

��O, ùÒ�±ÏLKakeya�O5¢y.

F �C, TüÑ¤õA^�ÅÄ�§)��O¿��?Ð. Ì�g´´òÅ©)¤“ Å

�” (wave packets,½Knapp~f)�Ú,æ^XeÚ½:

(I) |^Iþ���5�OO�^²�¼ê�O“Å�”�¦Ú;

(II) |^Kakeya�O(�é��
�?¿tube¤éA��O)5�Où
¼ê.

ù´8c��¤U¼���Ð��O.
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©l5(decoupling)��*Vg�È�*:

� ?�Banach�mX¥�k�8{fj}j∈I ,n�Ø�ª¿�X∥∥∥∑
j∈I

fj

∥∥∥
X
6
∑
j∈I
‖fj‖X .

�fjäk,«���,<�Ï"��U?þã�O. ~X: ���X ´́́Hilbert���mmm, {fj}j∈I�p
��, �âPythagorean½n,k∥∥∥∑

j∈I
fj

∥∥∥
X
6
(∑

j∈I
‖fj‖2

X

) 1
2
.

�'�e, éBanach�mX
ó,=U¼�(n�Ø�ª�Cauchy-Schwarz):∥∥∥∑
j∈I

fj

∥∥∥
X
6
∑
j∈I
‖fj‖X

(
nnn���ØØØ���ªªª

)
6
(
#I
) 1

2

(∑
j∈I
‖fj‖2

X

) 1
2
.

(
Cauchy − Schwarz

)
(4.38)

dd��, Hilbert�m���5�)
“²��Ïf”�����^!
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� ©©©lll555���nnnggg: ��`5, ¡{fj}j∈I3X¥Ðy©l5(decoupling)´�:

∥∥∥∑
j∈I

fj

∥∥∥
X
.ε

(
#I
)ε(∑

j∈I
‖fj‖2

X

) 1
2
, ∀ε > 0. (4.39)

ù��u¼�3‖ · ‖X¿ÂeA�“²��Ïf”���.

• L2(½��Hilbert�m)¥�������555 =⇒ ©©©lll555.

• �p < 2�, Lp���mmmØØØ���333©©©lll555! ¯¢þ, e{fj}äkØ��|8, K

∥∥∥∑
j∈I

fj

∥∥∥
Lp

=
(∑

j∈I
‖fj‖pLp

) 1
p �

(∑
j∈I
‖fj‖2

p

) 1
2
, p < 2.

• �p =∞�,�u{fj}�Uä�Ó��¿�3�Ó�ÛÜz«���L∞�ê, Ïd

ØUÏ"3‖ · ‖∞¿Âe�“©l5”.

• ooo(((���íííÿÿÿ: Lpäääkkk©©©lll555���777���^̂̂���´́́p ∈ (2,∞)! Ïd,é,
2 < p <∞,

�±¼��A�“©l5”.
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� Lp(2 < p <∞)¥¥¥äää©©©decouplingyyy������~~~fff���©©©lll���ªªª

• �Äp = 4, b�{fj}Nj=1´V��5, =fj fk (1 6 j < k 6 N)3L2µee´Å:�

��, K

∥∥∥ N∑
j=1

fj

∥∥∥2

L4
=
∥∥∥( N∑

j=1

fj
)2∥∥∥

L2
=
∥∥∥ ∑

16j,k6N

fj fk

∥∥∥
L2
.
( ∑

16j,k6N

‖fj fk‖2
L2

) 1
2

=
∥∥∥( ∑

16j,k6N

|fj fk |2
) 1

2
∥∥∥
L2

=
∥∥∥ N∑

j=1

|fj |2
∥∥∥
L2
6

N∑
j=1

∥∥|fj |2∥∥L2 =
N∑
j=1

∥∥fj∥∥2

L4 .

dd¼�L4¥�“©l5”.

• aq/, b�{fj}Nj=1´n��5, =fi fj fk (1 6 i < j < k 6 N)�pA���. Ó�

�±ïáL6¥�“©l5”. Xd��.

• é∀p ∈ (2,∞), �Ä{ωj fj}, ωj = ±1´Õá��ÅÎÒ, KKhinchinØ�ª

E
(∥∥∥ N∑

j=1

ωj fj

∥∥∥p
Lp

)
∼
∥∥∥( N∑

j=1

|fj |2
)1/2∥∥∥p

Lp
.
( N∑

j=1

‖fj‖2
Lp

)p/2
,

ÒÐ«
Lp¿Âe�“©l5”.
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� NNNÚÚÚ©©©ÛÛÛ¥¥¥©©©lll555(decoupling)���555


!!!AAA^̂̂���@@@£££

• ©l5�{
uWolff'uÅÄ�§)��K59Bourgain'uSchrödinger�§)

�Strichartz�O�ïÄ.

• é2 < p <∞�,
�I, Bourgain!Demeter3“��5nØ”�µeeïá
Lp

“©l5”½n, l
C½
©l5�{�Ä:. 3Ï����S,)û
/lÑ��

5ßÿ0. ��A^,Bourgain-Demetery²
kn�Ãn�þSchrödinger�§)

�Strichartz�O.

• DecouplingÚ<58�A^%´3êØ+�, X: Bourgain!Demeter, Guth�éõ

�ª­�¤ïá�©l5½n, �Þ)û
)ÛêØ¥�Vinogradovß�. ?


,3Diophatine ¯K, exponential sums ¯K, Riemann-Zeta¼ê¯K�úm¯

K��â».

• ©l5�{�Ø%�«
Lp�m�S3��(�. l,«¿Âþ5ù,´é

�Hilbert�m"���5�Ö�.
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Decoupling version of restriction conjecture

� ©©©lll555ßßß������������555ßßß���;;;������'''. �Qã�B,±�Ô¡�~5`²üö�'X.

�Pd−1´Rd ¥;��Ô¡,P

Pd−1 =
{

(ξ′, ξd ) ∈ Rd−1 × R : ξd = |ξ′|2, |ξ′| 6 1
}

;

NR−1 (Pd−1) ,
{

(ξ′, ξd ) ∈ Rd−1 × R : |ξd − |ξ′|2| 6 R−1, |ξ′| 6 1
}

;

NR−1 (Pd−1) ⊂ PR−1 , ∪τ L« NR−1 (Pd−1)k�­CX;

τ L«ºÝ� R−1/2 × · · · × R−1/2 × R−1 tube.

Conjecture 4.2 (������555ßßß���)

�Pd−1´Rd¥;��Ô¡,�A���5ß�µ

‖f̂ |Pd−1‖Lq(Pd−1,dσ) . ‖f ‖Lp(Rd ) ⇐⇒ p < 2d
d+1

, q 6 d−1
d+1

p′; (4.40)

������555ßßß���(4.40) ������dddéééóóó///ªªª

‖(gdσ)∨‖
Lp
′

(Rd )
. ‖g‖

Lq
′

(Pd−1,dσ)
⇐⇒ p′ > 2d

d−1
, p′ > d+1

d−1
q (4.41)

XJ(4.41) ¤á, dHölder Ø�ª, ·�k∥∥(gdσ)∨
∥∥
L

2d
d−1 (B(0,CR))

.εR
ε‖g‖

L
2d

d−1 (Pd−1,dσ)
, ∀ε > 0, R � 1. (4.42)
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�
�Bå�,^X / YL«X .ε RεY , K(4.42)�±�{'�L��

∥∥(gdσ)∨
∥∥
L

2d
d−1 (B(0,CR))

/ ‖g‖
L

2d
d−1 (Pd−1,dσ)

. (4.43)

��,XJ(4.42)¤á,|^ε-removingOK, Ò����5ß���d/ªµ

Conjecture 4.3 (������555ßßß���������ddd///ªªª-ÛÛÛÜÜÜ������I)

�g�½Â3Pd−1þ�¼ê,K

‖(gdσ)∨‖
L

2d
d−1 (BR )

/ ‖g‖
L

2d
d−1 (Pd−1,dσ)

(4.44)

dHeisenbergØ(½5�n�,(4.44)�duXe/ª:

Conjecture 4.4 (������555ßßß���,ÛÛÛÜÜÜ������II)

‖f ‖
L

2d
d−1 (BR )

/ R−
d+1
2d ‖f̂ ‖

L
2d

d−1 (N
R−1 (Pd−1))

, f ∈ S(Rd ), supp f̂ ⊂ NR−1 (Pd−1)

(4.45)

?
,y²(4.45)q�±8(y²e¡L¡þ�f��/µ
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Conjecture 4.5 (������555ßßß���§§§ÛÛÛÜÜÜ///ªªªIII)
‖f ‖

L
2d

d−1 (BR )
/ R−1‖f̂ ‖L∞(N

R−1 (Pd−1)),

f ∈ S(Rd ), supp f̂ ⊂ NR−1 (Pd−1).

(4.46)

¯¢þ,(4.45)Ú(4.46)�d. ��5ß�8(�y²ßßß���4.5. �d,©)fXe:

f ∼
∑
τ

fτ , Ù¥ f̂τ := f̂ χτ .

Ø�b�‖f̂ ‖L∞(N
R−1 (Pd−1)) 6 1, (4.46)�±Ly�∥∥∥∑

τ

fτ
∥∥∥

2d
d−1

(BR )
/ R−1, (4.47)

�
y²(4.47), ¢Sþ,§�du/ªþ�r��/∥∥∥∑
τ

fτ
∥∥∥

2d
d−1

(Rd )
/ R−1. (4.48)

dØ(½5�n�(4.47)Ú(4.48)�JÝ´���. dn�Ø�ª��²��O:
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τ

fτ
∥∥∥

2d
d−1

(Rd )
6
∥∥∥∑

τ

|fτ |
∥∥∥

2d
d−1

(Rd )
. (4.49)

¿©|^fτ�m���(��5),�±Ï�r(4.49)m>`1�êU?�`2�ê,=:∥∥∥∑
τ

fτ
∥∥∥

2d
d−1

(Rd )
/
∥∥∥(∑

τ

|fτ |2
) 1

2
∥∥∥

2d
d−1

(Rd )
(4.50)

Conjecture 4.6 (square function estimate)

∥∥∥∑
τ

fτ
∥∥∥

2d
d−1

(Rd )
/
∥∥∥(∑

τ

|fτ |2
) 1

2
∥∥∥

2d
d−1

(Rd )
, supp f̂ ⊂ NR−1 (Pd−1). (4.51)

¯¢þ,

decoupling conjecture (square function estimate)
+

wave packet decomposition ⊕ Kakeya estimates
⇓

restriction conjecture
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� |^Knapp¼ê9KhinchinØ�ª(�Å�{), ������555ßßß��� =⇒ Kakeya444���ßßß���:

Conjecture 4.7 (Kakaya 444���ßßß������lllÑÑÑ������)

�Ω ⊂ Sd−1 ´R−
1
2 4�©l���¤�8Ü, K∥∥∥ ∑

ω∈Ω

χTω

∥∥∥
L

d
d−1 (Rd )

.
( ∑
ω∈Ω

|Tω |
) d−1

d
(4.52)

{Tω}ω∈ΩL«/XR−
1
2 · · · × R−

1
2 × R−1��N�Tω ����ω.

��,Ï�Kakeya 4�¼ê�O==NyºÝ�����,
��3��5�O¥å­�

�^, Ïd,Kakeya444���ßßß��� 6=⇒������555ßßß���. �´, XJ\þ��5^�'X²�¼ê�

O(4.51),KlKeyaya 4�ß���íÑ��5ß�. ¯¢þ,(4.51)���¿�

XKakeya4�ß�,ë�=11>.

decoupling conjecture (square function estimate)
⇓

restriction conjecture
⇓

maximal Kakeya conjecture
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Bourgain-Demeter `2-decoupling theorem

� Square function estimate-rrr555©©©lll555

‖f ‖p .ε δ−ε
∥∥∥( ∑

τ∈Pδ

|fτ |2
)1/2∥∥∥

Lp
, ∀2 6 p 6 2d

d−1
, (4.53)

õUr�,NõÍ¶ß��)ûþ8(�©l5ß�. 2��/�®)û(��5), p��/

E´úm�! Burgain-Demeter)û©l5Ø�ª(f.square function estimate)µ

Theorem 4.16 (Bougain-Demeter 2015µ�­¡Sþ©l5½n�Lã/ª-I )

�S´Rd¥;�C21w�­¡, äk�½��gÄ�/ª, SδL«S�δ��, ÷v

Sδ ⊂ Pδ , ∪τ, τ L«/X
√
δ × · · ·

√
δ × δ ��N.

b�suppf̂ ⊂ Sδ,K

‖f ‖p .ε δ−
d−1

4
+ d+1

2p
−ε
( ∑
τ∈Pδ

‖fτ‖2
p

)1/2
, ∀p > 2(d+1)

d−1
. (4.54)

à:�/�²��/p = 2��Ò�

‖f ‖p .ε δ−ε
( ∑
τ∈Pδ

‖fτ‖2
p

)1/2
, ∀2 6 p 6 2(d+1)

d−1
. (4.55)

ùpf ∈ Lp(Rd ), fτ = (f̂
∣∣
τ

)∨´f�FourierC�3τþ���.
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• ¥¡Sd−1½�Ô¡��ä/ª´½n�;.�/. Ø�ª(4.54)�(4.55)m>¦Ú

gS��,ÒéA©©©lll555ßßß���(srong-version)!

• ���ÔÔÔ���������Wolff-ØØØ���ªªª

‖f ‖p .ε δ−
d−1

2
+ d

p
−ε
( ∑
τ∈Pδ

‖fτ‖pp
)1/p

, ∀p > 2(d+1)
d−1

. (4.56)

´©l5Ø�ª�XeHölderØ�ª:(∑
τ

‖fτ‖2
p

) 1
2 . δ

d−1
4

( 2
p
−1)
(∑

τ

‖fτ‖pp
) 1

p
. (4.57)

���(J.

• ÍÍÍ¶¶¶open¯̄̄KKK: Sharp.©l.Ø�ª(=¦��I��)

‖f ‖p 6 C(d , p)
( ∑
τ∈Pδ

‖fτ‖2
p

)1/2
, ∀2 6 p 6 2d

d−1
. (4.58)

�d = 2, p 6 4�,(4.58)¤á. ���/É~(J,ÿ�k(J.

• ½½½nnn4.16������///���«««


Lp©©©lll555���SSS333(((���. cÏBourgainæ^WolffºÝ8B

9BCT�õ�5Eâ, )û
p = 2d
d−1
��/; Demeter|^'éAÛ�lÑ��

5�O)û
p > 2(d+2)
d−1

��/.
¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
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� ���­­­¡¡¡Sþþþ©©©lll555(Decoupling)½½½nnn���LLLããã///ªªª-II Ì­Ç�"��ê�­¡(X:I

¡), ½Â�äI¡

Cd−1 =
{(
ξ1, · · · , ξd−1,

√
ξ2

1 + ·+ ξ2
d−1

)
, 1 6

√
ξ2

1 + ·+ ξ2
d−1 6 2

}
.

^Nδ(Cd−1)L«Ùδ��,Pδ(Cd−1)L«/Xσ = 1× δ ×
√
δ · · · ×

√
δ�“�N”(R3é

A“Plate” 1× δ ×
√
δ) �8Ü, /¤Nδ(Cd−1)�k�­CX.

Theorem 4.17 (I¡éA�©l5½n2015)

�suppf̂ ⊂ Nδ(Cd−1),Ké∀ε > 0,

‖f ‖p .ε δ−
d−2

4
+ d

2p
−ε
( ∑
σ∈Pδ

‖fσ‖2
p

)1/2
, ∀p > 2d

d−2
, (4.59)

‖f ‖p .ε δ−ε
(∑

σ

‖fσ‖2
p

)1/2
, ∀2 6 p 6 2d

d−2
. (4.60)

ùpf ∈ Lp(Rd ), fσ = (f̂
∣∣
σ

)∨´f�FourierC�3σþ���.

• I¡þ�©l5�Oy²�~{ü,´ý�½�Ô.�­¡�/��-<¯¯�A^.
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Remarks 5

• �â½n4.17¥©l5�O�HölderØ�ªÒ�Wolff.�O

‖f ‖p .ε δ−
d−2

2
+ d−1

p
−ε
( ∑
τ∈Pδ

‖fτ‖pp
)1/p

, ∀p > 2d
d−2

. (4.61)

dd�íÑÅÄ�§)�ÛÜ1w5�O(5¿�êCz)!I¦f�Lp�O��A

�4�¼ê�k.5�. ��Bourgain!Wolff!Laba-Wolff�ó�.
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©l53lÑ��5�O9PDE¥���A^

dMinkowskiØ�ª, �p > 2�, ©l5Ø�ª'²�¼ê�O(4.53)(©l5ß�)f. ¦

+Xd, Bourgain��,A^©l5½n)ûÍ¶Vinogradovß�½íÄ
ØÓêÆ+�

Í¶ß��ïÄ. �^��íØ,Çk�ã3lÑ��5ß�9PDE¥A^.

�S ∈ Rd´Gauss­Ç�"�C2;�­¡, Λ ⊂ S´?¿�δ1/2 ©lf8.

Stein-Tomas��5�O

‖f̂dσ‖Lp(Rd ) . ‖f ‖L2(S,dσ), ∀p > 2(d+1)
d−1

, f ∈ L2(S) (4.62)

⇐⇒ 
( 1

|BR |

∫
BR

∣∣∑
Λ

aξe(ξ · x)
∣∣pdx) 1

p . δ
d
2p
− d−1

4 ‖aξ‖`2(Λ), aξ ∈ C,

e(a) , e2πξ·x , p > 2(d+1)
d−1

, R ∼ δ−
1
2 , ∀ 0 < δ 6 1.

(4.63)

Ïd, Stein-Tomas½n�x
�mºÝ�ªÇ©lºÝ÷vR ∼ δ−
1
2�/e�êÚ��

�Lp-²þ.
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� Decoupling½½½nnn���AAA^̂̂(I)-lllÑÑÑ������...���OOO

|^©l5½n,3ºÝR > δ−1�,�±y²lÑ��5äk�r��y�,=:

Theorem 4.18 (lÑ��y�-�êÚr���Lp�x-I)

�Λ ⊂ S´�δ1/2 ©l8, R & δ−1, Ké∀ε > 09p > 2(d+1)
d−1

k( 1

BR

∫
BR

∣∣∑
Λ

aξe(ξ · x)
∣∣pdx) 1

p .ε δ
d+1
2p
− d−1

4
−ε‖aξ‖`2(Λ). (4.64)

• �êÚr���Lp�O(4.64) ´©l5½n4.16���íØ:

‖f ‖p .ε δcp
( ∑
τ∈Pδ

‖fτ‖2
p

)1/2
, supp(f̂ ) ⊂ Nδ, (4.65)

Ò¿�X:é?¿�g : S 7−→ CÚR & δ−1,¤á(∫
BR

∣∣ĝdσ|pdx)1/p
6 · · · . δcp

( ∑
τ∈Pδ

‖ĝτdσ‖2
Lp(wBR

)

)1/2
, (4.66)

ùpgτ = gIτ , �¼êwBR
÷vsuppŵBR

⊂ B(0,R−1)9

IBR
(x) . wBR

(x) 6
(
1 + |x−c(BR )|

R

)−10d
. (4.67)
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Pτδ(ξ)´±ξ ∈ S�¥%�δ1/2-cap, 3(4.66)¥À�

g =
∑
ξ∈Λ

aξσ(τδ(ξ))−1Iτδ(ξ)(x),

-δ → 0Ò�(4.64). ?
,l(4.64)�HölderØ�ªÒ�íÑ

δε‖aξ‖`2(Λ) .ε
( 1

|BR |

∫
BR

∣∣∑
Λ

aξe(ξ · x)
∣∣pdx) 1

p .ε δ−ε‖aξ‖`2(Λ), (4.68)

Ù¥1 6 p 6 2(d+1)
d−1

, R & δ−1.

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

Corollary 4.19 (±Ï�êõ�ª�Lp�O)

�S ∈ Rdäk�½�g.�C2;�­¡, E = Zd ∩ RS,K(∫
Td

∣∣∣∑
z∈E

aze
2πix·z

∣∣∣pdx) 1
p .ε Rε

(∑
z∈E
|az |2

) 1
2
, p 6 2(d+1)

d−1
. (4.69)

Corollary 4.20 (A�¼ê�Lp�O)

�φE´Tdþ�A�¼ê,=−∆φE = EφE ,K

‖φE‖Lp(Td ) . Eε‖φE‖L2(Td ), ∀p 6 2(d+1)
d−1

. (4.70)

Corollary 4.21 (±ÏSchrödingerj+����O)

�d > 1, suppf̂ ⊂ Zd ∩ B(0,R), K

‖(e it∆f )(x)‖Lq(Td+1) � Rε‖f ‖L2(Td ), ∀q 6 2(d+2)
d

. (4.71)
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• �d = 2, 3, p = 4�, kXe²;��O: ‖φE‖L4(T2) 6 C‖φE‖L2(T2), (Zygumund-Cook �O),

‖φE‖L4(T3) .ε Eε‖φE‖L2(T3), (�â�{).
(4.72)

aq/,égd�±ÏSchrödingerj+�k�O: ‖(e
it∆f )(x)‖L4(T1+1) 6 C‖f ‖L2(T1), (Bourgain �O),

‖(e it∆f )(x)‖L4(T2+1) .ε Rε‖f ‖L2(T2), (õ�5�{).
(4.73)

• �d > 4�, �c(JØ�9/X(4.70)�A�¼ê��O�

• �þ�AAA���¼¼¼êêê���Lp-ßßß���:

‖φE‖Lq(Td ) 6 Cq‖φE‖L2(Td ), q < 2d
d−2

, (4.74)

‖φE‖Lq(Td ) 6 CqE
1
2

( d−2
2
− d

q
)‖φE‖L2(Td ), q > 2d

d−2
. (4.75)

• |^Hardy-Littlewood�{, Bourgainy²�q > 2(d+1)
d−3

�,(4.75)¤á. I��Ñ�

´: ·���Ø�9êØ�{,
==æ^NÚ©Û�Eâ�
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� Decoupling½½½nnn���AAA^̂̂(II)-²²²;;;½½½ÃÃÃnnn���þþþ���Strichartz���OOO

TorusþSchrödinger�§)�Strichartz�O,�±8(��ªÇáu�:�éA�lÑ�

�.�O. P

Pd (N) ,
{
ξ , (ξ1, · · · , ξd+1) ∈ Zd+1 : ξd+1 = ξ2

1 + · · ·+ ξ2
d , 0 6 |ξj |j6d 6 N

}
.

Theorem 4.22 (lÑ��-�Ô¡þ��:�/)

�aξ ∈ C, ε > 0,KkXelÑ��5�O: (i) ed > 3,

∥∥∥ ∑
ξ∈Pd (N)

aξe(ξ · x)
∥∥∥
Lp(Td+1)

.ε N
d
2
− d+2

p
+ε‖aξ‖`2 , p >

2(d+3)
d

, (4.76)

∥∥∥ ∑
ξ∈Pd (N)

aξe(ξ · x)
∥∥∥
Lp(Td+1)

.ε Nε‖aξ‖`2 , 1 6 p 6 2(d+1)
d

. (4.77)

(ii) ed = 1, 2,∥∥∥ ∑
ξ∈Pd (N)

aξe(ξ · x)
∥∥∥
Lp(Td+1)

.ε Nε‖aξ‖`2 , p = 2(d+2)
d

. (4.78)
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• (i)�y²/Ïu�{!©l5�O(4.55)d+1��/,æ^Stein-Tomas�{�±�

~{ü/y²(ii),Ì�Äu²¡þ��¹é��“�:”!

• BourgainQßÿ(ii)éd > 3�´�(�(ØONε���). ¯¢þ,½n4.18 Ø=¿

�X½n4.22¤á,Ó��k������.

ÃÃÃnnnToriþþþ���Laplace���fff������AAA���Schrödingerjjj+++ P 1
2
< θ1, · · · , θd < 2,

éφ(x) ∈ L2(Td ),�ÄÃnTori Πd
i=1R/(θiZ)þ�Laplace�f:

∆φ(x1, · · · , xd ) =
∑

(ξ1,··· ,ξd )∈Zd
(ξ2

1θ1 + · · ·+ ξ2
dθd )φ̂(ξ1, · · · , ξd )

× e(ξ1θ1 + · · ·+ ξdxd ), (4.79)

9�A�Schrödingerj+

e it∆φ(x1, · · · , xd , t)

=
∑

(ξ1,··· ,ξd )∈Zd
φ̂(ξ1, · · · , ξd )e(ξ1θ1 + · · ·+ ξdxd + t(ξ2

1θ1 + · · ·+ ξ2
dθd )). (4.80)
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Theorem 4.23 (ÃnToriþ�Strichartz�O)

�φ(x) ∈ L2(Td )÷vsupp(φ̂) ⊂ [−N,N]d ,Ké∀ε > 0, I ⊂ R÷v|I | & 1, k

‖e it∆φ‖Lp(Td×I ) .ε N
d
2
− d+2

p
+ε|I |

1
p ‖φ‖2, p > 2(d+2)

d
. (4.81)

The sketch of Proof é−N 6 ξ1, · · · , ξd 6 N,½Â

ηi =
θ

1/2
i ξi
4N

, aη = φ̂(ξ).

{ü�CþO�ÒíÑ∫
Td×I

|e it∆φ|pdx1 · · · dxddt .
1

Nd+2

∫
|y1|,··· ,|yd |68N

yd+1∈IN2∣∣∣ ∑
η1,··· ,ηd

aηe(y1η1 + · · ·+ ydηd + yd+1(η2
1 + · · ·+ η2

d ))
∣∣∣pdy1 · · · dyd+1,

ùpIN2´�Ý∼ N2|I |���«m,�â�È¼ê'uy1, · · · , yd�±Ï5,N´íÑ
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m> .
1

Nd+2(N|I |)d

∫
B
N2|I|

∣∣∣ ∑
η1,··· ,ηd

aηe(y1η1 + · · ·+ ydηd + yd+1(η2
1 + · · ·+ η2

d ))
∣∣∣p

dy1 · · · dyd+1, BN2|I |�» ∼ N2|I |¥.

5¿�(η1, · · · , ηd , η2
1 + · · ·+ η2

d )3Pd þ´∼ 1/N©l�,KéR ∼ N2|I |¦^½
n4.18Ò¼�kn�þStrichartz�O.

Remarks 6

• ξ2
1θ1 + · · ·+ ξ2

dθ
2�±^?¿�½�g.Q(ξ1, · · · , ξd )5O�.

• �θ1 = · · · = θd = 1�, éAX²;Tori��/.

• ½n4.23(ÜBourgain�²;½n(�91-GFA©Ù¥½n113!½n114)Ò�

‖e it∆φ‖Lp(Td×I ) . N
d
2
− d+2

p |I |
1
p ‖φ‖2, p > 2(d+2)

d
. (4.82)
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The sketch of decoupling inequality

� ���­­­¡¡¡SþþþDecoupling½½½nnn���yyy²²²üüüÑÑÑ(�¢�,ùÂ)

• Ú\�­¡Sþ©l5�õ�5��,y²T/ª�du“©l5½n”, ·^��

´2 6 p 6 2d
d−1

. ��Öl 2d
d−1
� 2(d+1)

d−1
�©l5,ÒI�Bourgain-Guth��{J

,õ�5©Û,¢�ºÝ8B,¿éz�ÚS�¦^õ�5©l5½n.

• Å�©)(wave packet decomposition)!rescalingEâ½�A��Ô��.

• Wolff�ºÝ8B�{�Bourgain-Guth�{(ÄuBCT�õ�5©ÛEâ).

• ½Âdecoupling-�9���decoupling-�Xe:
‖f ‖

Lp,R
−1

(Rd )
,
( ∑
τ :R−1/2−slab

‖fτ‖2
Lp(Rd )

)1/2
,

‖f ‖
Lp,R
−1

(BR ,wRR
dx)
,
( ∑
τ :R−1/2−slab

‖fτ‖2
Lp(BR ,wRR

dx)

)1/2
,

Ù¥�¼êwBR
L«8¥3BR¥S,3BR	¯�P~�¼ê.

• ^Dp,d (R)L«¦��5`2 ©l5Ø�ªµ
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‖f ‖Lp(Rd ) 6 C‖f ‖
Lp,R
−1

(Rd )
, ∀f÷v supp f̂ ⊂ NR−1 (Pd−1)

¤á��`~ê. ^Mp,d (R) L«¦�õ�5`2 ©l5Ø�ªµ

∥∥∥ d∏
j=1

|fj |
1
d

∥∥∥
Lp(BR )

6 C
d∏

j=1

‖fj‖
1
d

Lp,R
−1

(wBR
)
, ∀fj÷v supp f̂j ⊂ τj ⊂ NR−1 (Pd−1)

¤á��`~ê,ùpτ1, · · · , τd÷vωî�^�.

Lemma 4.24 (trivial decoupling)

‖f ‖Lp(BR ) . Rd(1/2−1/p)‖f ‖
Lp,R
−1

(wBR
)
, 2 6 p 6∞. (4.83)

¯¢þ, dBernstein�OÚÛÜ��5Ø�ª§�p > 2, supp f̂ ⊂ NR−1 (Pd−1),

‖f ‖Lp(BR ) . ‖f ‖L2(wBR
) . ‖f ‖L2,R−1

(wBR
)
.

dHölder Ø�ª ∥∥fτ∥∥L2(wBR
)
. Rd(1/2−1/p)

∥∥fτ∥∥Lp(wBR
)
.

�âdecoupling ��½ÂÒ��Ún4.24�y².
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Step1.©©©lll555���õõõ���555©©©lll555½½½nnn������ddd555

Theorem 4.25 (õõõ���555`2©©©lll555½½½nnn)

�τ1 · · · τd ⊂ NR−1 (Pd−1) ÷vω-î�5^�, Kép > 2, Ø�ª

∥∥∥ d∏
j=1

|fj |1/d
∥∥∥
Lp(BR )

/ ω−O(1)Rα(p)
d∏
j

‖fj‖
1/d

Lp,R
−1 (4.84)

¤á, Ù¥supp f̂j ⊂ τj , 1 6 j 6 d .

α(p) ,

 0, if 2 6 p 6 2(d+1)
d−1

;

d−1
4
− d+1

2p
, if

2(d+1)
d−1

< p
(4.85)

Proposition 2 (S�Eâ�L§)

b�d = 2 ½d > 3 �Dp,d−1(R) / 1,Kép > 2Ú∀ε > 0, �À�¿©�

�ω(ε) ∈ (0, 1]¦�

Dp,d (R) . ω−O(1)RεMp,d (R, ω). (4.86)
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|^õõõ���555`2©©©lll555½½½nnn4.25���ÚÚÚnnn2Ò�©l5½n. ¯¢þ,d��½n,=I�y²

à:�/µ

pc (d) := 2(d+1)
d−1

.

5¿�pc (d) 'ud´4~�,u´�±?18BS�. 5¿�

Dpc (2),2 / 1 =⇒ Dpc (3),2 / 1.

|^½n4.25Ú·K2Ò�

Dpc (3),3 /ω Mpc (3),3 /ω 1.

éup���/,�±?1Ó��8BS�5¢y.

Step2 lþ¡�?Ø, =Iy²õõõ���555`2©©©lll555½½½nnn���d = 2���©©©lll555½½½nnn! �

½1� K � R(¥mºÝ)±�BºÝ�=�. é÷v

f̂ ⊂ NR−1 (Pd−1) ⊂
⋃

τ :K−1region

τ

�f�±©),Òk

f =
∑

τ :K−1region

fτ .
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��B¦^Bourgain-Guth �{,k�u�î�5�õU,Ú\XeVg.

Definition 4.26 (éXõ�5���©l5�O�xù)

�0 < λ < 1, x ∈ BR , ¡x 'uf ´λ-broad,XJ

max
α: K−1region

|fα(x)| < λ|f (x)|. (4.87)

½Â

Brλf =

 f (x), x is a λ-broad point

0, others.
(4.88)

¤±,XJxØ´f�λ-broad, ¿5¿�`q ↪→ `∞, K

|f (x)| 6 λ−1
( ∑
α:K−1region

‖fα‖Lq(BR )

)1/q
.

Ïd,dn�Ø�ª

‖f ‖Lq(BR ) 6 ‖Brλf ‖Lq(BR ) + λ−1
( ∑
α:K−1region

‖fα‖Lq(BR )

)1/q
. (4.89)
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��ÏØÓºÝ�m�éX,I�e¡��Ôµee�� Ún:

Lemma 4.27 (Parabolic scaling)

XJR−1 � ρ 6 1, g ∈ S(Rd ) �suppĝ �¹3NR−1 (Pd−1)�ρ1/2-��, K

∥∥g∥∥
Lp(BR )

. Dp,d (ρR)
∥∥g∥∥

Lp,R
−1

(wBR
)
. (4.90)

Step3 d = 2©©©lll555½½½nnn���yyy²²²µ

Lemma 4.28

�3c > 0,é0 < λ < ce¡(Ø¤á:éx ∈ BR , �3�6ux �K−1-regions αx
1 , α

x
2 ,

¦�

• dist(αx
1 , α

x
2) & K−1.

• |Brλf (x)| . K2 min(fαx
1
, fαx

2
). ¤±,��À�¿©��λ,Òke¡:��O:

∣∣Brλf (x)
∣∣ . ∣∣fαx

1

∣∣ 1
2
∣∣fαx

2

∣∣ 1
2 . (4.91)

�
¦(4.91)ªØ�6ux , U�(4.89)¥�1���

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

|Brλf (x)| . K2
∑

τ1,τ2−K−1reg

dist(τ1,τ2)&K−1

|f xτ1
|1/2|f xτ2

|1/2.

dparabolic rescalingÚn,(4.89)Ò=z¤

‖f ‖Lp(BR ) 6 K2
∑

τ1,τ2−K−1reg

dist(τ1,τ2)&K−1

‖
2∏

j=1

|fτj |
1
2 ‖Lp(BR ) + Dp,2(R/K)‖f ‖

Lp,R
−1

(wBR
)
.

dudist(τ1, τ2) & K−19õ�5©l�O�b�,Òk∥∥∥ 2∏
j=1

|fτj |
1
2

∥∥∥
Lp(BR )

6Mp,2(R,K−1)
2∏

j=1

‖fτj ‖
1/2

Lp,R
−1

(wBR
)

¤±

‖f ‖Lp(BR ) . (K4Mp,2(R,K−1) + Dp,2(R/K))‖f ‖
Lp,R
−1

(wBR
)
. (4.92)

ù�Ò��
S�'X

Dp,2(R) 6 C
(
K4Mp,2(R,K−1) + Dp,2(R/K)

)
. (4.93)
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­EþãS�,·���

Dp,2(R) 6 K4
N∑
j=0

C j+1M
( R

K j
,K−1

)
+ CN+1Dp,2

( R

KN

)
. (4.94)

XJ·�À�N ∼ logK R§K , ω−1K

Dp,2 . ω−4Rε(ω)Mp,2(R, ω), ε(ω) := log1/ω C . (4.95)

Step 4 õõõ���555`2©©©lll555½½½nnn���yyy²²²µ `2 ©l5½n�õ�5��5½n;��'.

� �2 6 p 6 2d
d−1

�,lõ�5��5½n��íÑõ�5`2©l5½n. ¯¢

þ,dBCT’sõ�5��5½n,

∥∥∥ d∏
j=1

|fj |1/d
∥∥∥
L
p
avg(BR )

/ ω−O(1)
d∏

j=1

‖fj‖
1/d

L2
avg(wBR

)

¤±�I�y²

‖fj‖L2
avg(wBR

) . ‖fj‖Lp,R−1
avg (wBR

)
. (4.96)
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¯¢þ,lHölder Ø�ªÚÛÜ��5
‖fj‖L2

avg(wBR
) . ‖fj‖L2,R−1

avg (wBR
)
, (ÛÜ��5)

‖fj,τ‖L2
avg(wBR

) . ‖fj,τ‖Lpavg(wBR
), (Hölder Ø�ª)

Ò�±���Ñ��. dd��õõõ���555������555���OOOrrruuuõõõ���555©©©lll555���OOO!

Proposition 3 (S�Ún- õ�5��5�/)

�τ1, · · · , τn ⊂ NR−1 (Pd−1) ÷vω-î�^�,BR ´�»�R�¥§B �|�»�R1/2

�¥�¤�8Ü§�B �¤
BR �k�­CX. K

‖
d∏

j=1

‖fj‖
1/d

L2
avg(wB

R1/2
)
‖`pavg(B) / ω−O(1)R−d/2

d∏
j=1

‖fj‖
1/d

L2(Rd )
. (4.97)

þã�O==32 6 p 6 2d
d−1
þ¤á,�éup > 2d

d−1
��.ïáp > 2d

d−1
ÒI��

O(4.97)���CN.

éuõ�5©l5½n,I�ïáõõõ���555©©©lll555µµµeeeeee���SSS���ÚÚÚnnnµ
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Proposition 4 (S�Ún-õ�5©l5�/)

�τ1, · · · , τn ⊂ NR−1 (Pd−1) ÷vω-î�^�,BR ��»�R�¥,B �|�»�R1/2

�¥�¤�8Ü§�B �¤
BR �k�­CX.� 2d
d−1
6 s,K

‖
d∏

j=1

‖fj‖
1/d

L2
avg(wB

R1/2
)
‖`savg(B) / ω−O(1)R−d2/(d−1)s

d∏
j=1

‖fj‖
(1−β)/d

L2(Rd )

d∏
j=1

‖fj‖
β/d

Ls,R
−1

(Rd )
.

(4.98)

�r0 := R1/2NÙ¥N´¿©���ê.lr0 LÞ�R�L§¥, I��
¥m�ºÝr`:

r` = r2`

0 = R1/2N−` , 0 6 ` 6 N.

-BrN := {BR}. é0 6 ` 6 N − 1,-Br` ��»�r`¥�¤�8Ü,��¤
BR�k�

­CX. éuBr`+1 ∈ Br`+1 ,½Â

BBr`+1
:=

{
Br` ∈ Br` : Br` ∩ Br`+1 6= ∅

}
;

|^·K4, �±¼�e¡��O. l�ºÝr` LÞ��ºÝr`+1 �L§¥å�'��^.
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Lemma 4.29

é?¿�0 6 ` 6 N − 1§·�deª�O

∥∥∥ d∏
j=1

‖fj‖
1/d

L2
avg(wB`

)

∥∥∥
`savg (Br`

)

/ Ds,d (R/r`+1)β
∥∥∥ d∏

j=1

‖fj‖
1/d

L2
avg(wBr`+1

)

∥∥∥1−β

`savg (Br`+1
)

d∏
j=1

‖fj‖
β/d

L
s,R−1
avg (wBR

)
(4.99)

�õõõ���555©©©lll555½½½nnn���yyy²²² l²�©l5½ní�Dpc ,d (R, ω) 'uR�õõ�ªO

�,KMpc ,d (R, ω) ��õõ�ªO�.-

Mpc ,d (R, ω) ≈ω Rγ , γ > 0. (4.100)

e¡�Iy²γ = 0. �½ 2d
d−1
6 s 6 2(d+1)

d−1
, ¢Sþ=Iy²

Ms,d (R, ω) / 1, = γ = 0.

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

À�R > 1, |^²��õ�5©l5½nÒ�:∥∥∥ d∏
j=1

|fj |1/d
∥∥∥
Lsavg(BR )

6 r
d/2
0

∥∥∥ d∏
j=1

‖fj‖
1/d

L2
avg(wBr0

)

∥∥∥
`savg (Br0

)
.

­EA^Ún4,Ò�∥∥∥ d∏
j=1

|fj |1/d
∥∥∥
Lsavg(BR )

/ω AN(R)
( d∏

j=1

‖fj‖
1/d

L2
avg(wBR

)

)βN( d∏
j=1

‖fj‖
1/d

L
s,R−1
avg (wBR

)

)1−βN
,

(4.101)

Ù¥

β` := (1− β)`, AN(R) := r
d/2
0

[ N−1∏
j=1

Ds,d (R/r`+1)β`
]β
.

|^ÛÜ��5, Ò�

‖fj‖L2
avg(wBR

) . ‖fj‖L2,R−1
avg (wBR

)
6 ‖fj‖

L
s,R−1
avg

.

¤± ∥∥∥ d∏
j=1

|fj |1/d
∥∥∥
Lsavg(BR )

/ω AN(R)
d∏

j=1

‖fj‖
1/d

L
s,R−1
avg (wBR

)

ù�§·�Ò��
�Oµ
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Ms,d (R, ω) /ω AN(R).

é∀ε > 0, À�ω¿©�,|^r`�½ÂÒ�

Ms,d (R, ω) .ε,ω RεRd/2N+1
[ N∏
`=1

Ms,d (R1−1/2N−` )β`−1

]β
.

d(4.100)�þª�du

Rγ .ε,ω R2εRd/2N+1
[ N∏
`=1

Rγ(1−1/2N−`)β`−1

]β
.

5¿�s 6 2(d+1)
d−1

¿�Xβ 6 1/2, )ÒS��IäkXe���O:

β
N∑
`=1

(1− 1/2N−`)β`−1 = 1− βN − β
N∑
`=1

β`−1/2N−` 6 1− 2βN/2N .

¤±

R2βγN/2N .ε,ω Rε+d/2N+1
.

5¿�þªé∀ε > 0 ÚR � 1þ¤á,KγN 6 2βγN 6 d/2. é∀N ∈ N§o�í

Ñγ = 0. ùÒy²õ�5©l5½n.
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� Decoupling½½½nnn���AAA^̂̂(III)-¥¥¥¡¡¡���:::éééAAA������lllÑÑÑ������...ßßß���

Pd > 3, λ = N2 > 1, �ÄlÑ¥¡

Fd,N2 =
{
ξ = (ξ1, · · · , ξd ) ∈ Nd : |ξ1|2 + · · ·+ |ξd |2 = N2

}
. (4.102)

Bourgian[93-IRMN]3ïÄToriþLaplace�f�A�¼ê�Lp�O�,kXeß�(�I�

�Ô¡�/���):

Conjecture 4.8 (ToriþLaplace�f�A�¼êLp�O)

�d > 3, aξ ∈ C. Ké∀ε > 0, k

∥∥∥ ∑
ξ∈F

d,N2

aξe(ξ · x)
∥∥∥
Lp(Td )

.ε N
d−2

2
− d

p
+ε‖aξ‖`2(F

d,N2 ), p > 2d
d−2

. (4.103)

• Bourgain-Demeter[Illinois J. Math-13]�y
p > 2d
d−3

, d > 4�, (4.103) ¤á.

?
, 3[IRMN-2014]¥,|^êØ!'éAÛ!Fourier�{òþã(JU?�

p > 44
7
, d = 4; 9 p > 14

3
, d = 5.
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Theorem 4.30 (½n4.18=⇒Bourgianß�4.8�U?/ª)

�d > 4, Ké?¿�p > 2(d−1)
d−3

, �O(4.103)¤á.

• �½‖aξ‖2 = 1, ½ÂF (x) =
∑
ξ∈F

d,N2
aξe(ξ · x).

• |^Bourgain-Demeter�O[Illinois J. Math-13],��

∣∣{|F | > α}
∣∣ .ε α−2 d−1

d−3 N
2

d−3 , d > 4, α &ε N
d−1

4
+ε. (4.104)

|^L∞�O9��, ¯K8(�à:pd = 2(d−1)
d−3

éA��O.

• 5¿�‖F‖∞ 6 NCd , ���y∫
Rd
|F |pd dx =

∫
N

d−1
4

+ε
.εα6NCd

∣∣{|F | > α}dα

+ N
( d−1

4
+ε)(pd−

2(d+1)
d−3

)
∫
Rd
|F |

2(d+1)
d−3

d
dx . (4.105)

|^(4.104)�Oþª1��, |^½n4.18�Oþª1��.
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� Decoupling½½½nnn���AAA^̂̂(IV)-æææ^̂̂UUUþþþ���'''éééAAAÛÛÛ

©©©lll555½½½nnn4.16���yyy²²²Û¹¦^
tubes�cube�m�'é5, 'éAÛ��/Ðyõ�

5Kakeya y�3©l5nØ¥��^. g,,©l5½n3'éAÛ¥�¬äk­�A^.

333���êêêÚÚÚrrr���������Lp���xxx½½½nnn4.18¥, Λ ⊂ S´δ1/2©l58. ´Ä3vk©l5^��

cJe,éu¿©�R,¼��êÚr���Lp�O? ¯¢þ, éS = P2��/,���~r

�O(ØØØ���666©©©lllºººÝÝÝ)

Theorem 4.31 (�êÚr���Lp�x-II)

�Λ ⊂ S´?¿ØÓ:8, Kéu¿©��R = R(Λ, |Λ|)(=�6Λ�AÛ��ê), k( 1

BR

∫
BR

∣∣∑
ξ∈Λ

aξe(ξ · x)
∣∣4dx)1/4

.ε |Λ|ε‖aξ‖`2(Λ), ∀ε > 0. (4.106)

AO, |^±Ï5, (Ü'éAÛ¥�Ä�¯¢, Ò��Ô¡lÑ��½

n4.22¥(ii)3d = 2��/.
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æææ^̂̂UUUþþþ���'''éééAAAÛÛÛ���âââ������­­­���½½½nnn

• k-UUUþþþ ��êk > 2, Λ ⊂ Rd , ½Âk-UþXe:

E(Λ) ,
∣∣{(λ1, · · · , λ2k ) ∈ Λ2k : λ1 + · · ·+ λk = λk+1 + · · ·+ λ2k

}∣∣ (4.107)

Theorem 4.32 (Szemerédi-Trotter'é½n)

�L ⊂ R2´²¡þ?���8Ü, P ⊂ R2´²¡þ?�:8, KL�P�õä
kO(|L|+ |P|+ (|L||P|)2/3) 'é. eò��8L�¤��8ÜQ,K'é���õÑy�
�log.Ïf.

Conjecture 4.9 (üüü   ååålllßßß���)

²¡þN:¤U(½ü �ã��ê.ε N1+ε.

Remarks 7

©l5nØ�ä���êÚ-rLp²þ�x½n4.313'éAÛ�X�ß��ïÄ¥äk

­��^.
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� Decoupling½½½nnn���AAA^̂̂(V)-Annular888þþþ���æææ^̂̂UUUþþþ

Annular8þ�æ^Uþ�O�~­�,/Ï§Ò�Ñr���êÚLp�x½n4.18�í2

/ª, ù3)ÛêØk­�A^.

Theorem 4.33 (�êÚr���Lp�x-III)

�S ∈ Rdä�½�g.�C2;�­¡.éz��τ ∈ Pδ, ΛτL«τ¥�:8,Λ = ∪τΛτ .K

é÷vR & δ−1�¥BR , 9∀ε > 0,kXe�O:

∥∥∥∑
ξ∈Λ

aξe(ξ · x)
∥∥∥
L

2(d+1)
d−1 (BR )

.ε δ−ε
(∑

τ

∥∥∥ ∑
ξ∈Λτ

‖aξe(x · ξ)
∥∥∥2

L
2(d+1)
d−1 (wBR

)

)1/2
. (4.108)

• eR ∼ δ−1, éÙFourierC��^Λþ�DiracÿÝ�\�Ú%C�¼êA^©l5

½n4.16; eR & δ−1, |^MinkowshiØ�ªÒ�.

• �R > 1, AR = {ξ ∈ R2 : R 6 |ξ| 6 R + R−
1
3 }. PA′R = AR ∩ Z2, K

E3(A′R) .ε |A′R |
1
3

+ε. (4.109)
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� Decoupling½½½nnn���AAA^̂̂(VI)-¿¿¿���ããã���§§§½½½ØØØ���ªªª)))������êêê���OOO

©©©lll555½½½nnn�±�Ñ½U?¿�ã�§½Ø�ª)��ê�O. �Äk.«�¿�ã�§ nk1 + nk2 + nk3 = nk4 + nk5 + nk6 , k > 2,

n1 + n2 + n3 = n4 + n5 + n6, 1 6 nj 6 N.
(4.110)

�ê)��ê. N´wÑ,¿�ã�§(4.110)äk6N3�²�). ¯K: �Ñ(4.110)�²�

)�êUk (N)�ìC1�, Waring¯K´T¯K�Ì�ÄÏ!

• Segre-cubic¯̄̄KKK: �k = 3, Vaughan-Wooley[1995]y²

U3(N) ∼ N2(log N)5.

• �k > 4, Greaves[1997]y²Uk (N) ∼ N
17
6

+ε.

• ©l5½n�,Ã{¼�þã°(�O,,
�±¤õ/?n�A�6Ä¯K.
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Theorem 4.34 (Bourgain-Demeter-¿�ã�§)��ê�O(I), 2015)

�½k > 2 9C,K¿�ãØ��§ |n
k
1 + nk2 + nk3 − nk4 − nk5 − nk6 | 6 CNk−2,

n1 + n2 + n3 = n4 + n5 + n6,
(4.111)

÷vnj ∼ N�)äkO(N3+ε)�.

• Step 1: é­�{(ξ, ξk ) : |ξ| ∼ 1}!­�þ�©l:8

Λ ,
{( n

N
,
( n

N

)k)
: n ∼ N

}
9δ = N−2, A^�êÚr���Lp½n4.18(p = d(d + 1) = 6),Ò�

1

N4

∫
|x|6N2

∫
|y|6N2

∣∣∣ ∑
n∼N

e
(
x
n

N
+ y

( n

N

)k)∣∣∣6dxdy .ε N3+ε (4.112)
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• Step 2 |^rescaling�±Ï5,��

Nk−3
∫
|x|6N

∫
|y|6N2−k

∣∣∣ ∑
n∼N

e(xn + ynk )
∣∣∣6dxdy

=Nk−2
∫
|x|61

∫
|y|6N2−k

∣∣∣ ∑
n∼N

e(xn + ynk )
∣∣∣6dxdy .ε N3+ε (4.113)

• -Schwartz φ : R 7→ R+ä�FourierC�,÷vφ̂(ξ) > 1, |ξ| 6 1. u

´,φN(y) = φ(Nk−2y)éAX¥|y | 6 N2−kþ�1wcut-off, =:

Nk−2
∫
|x|61

∫
R

∣∣∣ ∑
n∼N

e(xn + ynk )
∣∣∣6φ(Nk−2y)dxdy

=
∑
nj∼N

n1+n2+n3=n4+n5+n6

φ̂
(
N2−k (nk1 + nk2 + nk3 − nk4 − nk5 − nk6 )

)
. (4.114)
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Remarks 8 (¿�ã�§�©l5�{�êØ�{�'�)

• ��þ,©l5�{�y²:

Nk−2
∫
|x|61

∫
|y−c|6N2−k

∣∣∣ ∑
n∼N

e(xn + ynk )
∣∣∣6dxdy .ε N3+ε, ∀ c ∈ R. (4.115)

�k > 3�,^XêØ��{éJ�O�l(minor arcs)þ��z.�k = 2�, �>

¬Ñy/XcN3 log N�Ïf,`²Ã{�ÑNε.`lþ��O��Bourgain�²;

©Ù[GFA,1993].

• A^�êÚr���Lp½n4.18�í2/ª-½n4.33, �òRobert-Sargos½n

lk = 4*Ð�k > 4. T¯KïÄ�ÄÏ
u�.�þ�Riemann-Zeta¼ê":

99WeylØ�ª�Heath-BrownCN�¯K�ïÄ.
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Theorem 4.35 (Bourgain-Demeter-¿�ã�§)��ê�O(II), 2015)

�½k > 490 6 λ 6 1, Kk

∫
|x|61

∫ λ

0

∣∣∣ ∑
n∼N

e(xn2 + ynk )
∣∣∣6dxdy .ε λN3+ε + N4−k+ε. (4.116)

AO, Ø�ª�§|  |n
k
1 + nk2 + nk3 − nk4 − nk5 − nk6 | 6 CNk−1,

n2
1 + n2

2 + n2
3 = n2

4 + n2
5 + n2

6,
(4.117)

÷vnj ∼ N�)äkO(N3+ε)�.

• Step 1 �λ = N1−k , Ò�)��ê�O. ¯¢þ, =Ié÷v|J| = N1−k�«

m,y²: ∫
|x|61

∫
J

∣∣∣ ∑
n∼N

e(xn2 + ynk )
∣∣∣6dxdy .ε λN4−k+ε. (4.118)
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• Step 2 é­�{(ξ2, ξk ) : |ξ| ∼ 1}þ�©l:8

Λ ,
{(( n

N

)2
,
( n

N

)k)
: n ∼ N

}
9δ = R−1 = N−1, BN = [MN, (M + 1)N]× NkJ,

M ∈ {−N, · · · , 0, · · · ,N − 1}

A^�êÚr���Lp½n4.33, ?
é|^±Ï5Ò�

∥∥∥∑
n∼N

e
(
x ′

n2

N2
+ y ′

( n

N

)k)∥∥∥
L6(|x′|6N2,y′∈Nk J)

.εNε
(∑

α

∥∥∥ ∑
n∈Iα

e
(
x ′

n2

N2
+ y ′

( n

N

)k)∥∥∥
L6(|x′|6N2,y′∈Nk J)

)1/2

ùpIα = [nα, nα + N
1
2 ]´©��ên ∼ N¤���Ý´N

1
2�«m. A^�IC�

Ò�:
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∥∥∥∑
n∼N

e
(
xn2 + ynk

)∥∥∥
L6(|x|61,y∈J)

.εNε
(∑

α

∥∥∥ ∑
n∈Iα

e
(
xn2 + ynk

)∥∥∥2

L6(|x|61,y∈J)

)1/2
. (4.119)

• Step 3é?¿�y ∈ J,

∣∣∣ ∑
n∈Iα

e
(
xn2 + ynk

)∣∣∣
=
∣∣∣ N1/2∑
m=1

cm,J,nαe
(
m2
(
x + k(k−1)

2
nk−2
α y

)
+ m

(
2xnα + knk−1

α y
))∣∣∣+ O(1).

Ù¥|cm,J,nα | = 1. ÏL�IC� x ′ = x + k(k−1)
2

nk−2
α y ,

y = (2k − k2)nk−1
α y .
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N´íÑ

∥∥∥ ∑
n∈Iα

e
(
xn2 + ynk

)∥∥∥
L6(|x|61,y∈J)

.n
− k−1

6
α

∥∥∥ N1/2∑
m=1

cm,J,nαe
(
m2x ′ + 2x ′nαm + my ′)

∥∥∥
L6(BC )

+ O(N
1−k

6 )

=n
− k−1

6
α

∥∥∥ N1/2+nα∑
m=1+nα

cm,J,nαe
(
m2x ′ + my ′)

∥∥∥
L6(BC )

+ O(N
1−k

6 ),

Ù¥BC´±C = O(1)��»�¥.|^3�Ô¡þ�lÑ��.½n4.22, þª�

�O(N
1
4

+ 1−k
6

+ε)��,l
(4.119)äk/XO(N
1
2

+ 1−k
6

+ε)����O.
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� Rdõõõ���ªªª­­­���γ(R)þþþ©©©lll555(decoupling)½½½nnn

�­�γ ⊂ RdéA�ëêz:γ : t 7−→ (t, t2, · · · , td ). éuRd¥?¿¥B(x0, r),�¼

êwBr : Rd 7→ R+ ÷vsuppŵBr ⊂ B(0, r−1)9

IBr (x) . wBr (x) 6
(
1 + |x−x0)|

r

)−10d
.

L«¥þA�¼ê�1wz.g,, Lp(wB) , Lp(·,wBdx)L«Lp(B)�1w��, γ(I )L

«γ(R) ��ä��©Ø���5, À�I = [0, 1]©

Theorem 4.36 (Bougain-Demeter-Guth 2015)

b�d > 1,ò[0, 1]©¤�Ý�1/N�N�«mIj�¿©éz��Ij , ½Â

fj (x) ,
∫
γ(Ij )

e(x · ξ)dµj (ξ), e(θ) , e2πiθ, µj =lγ(Ij )þ�ÿÝ.

Kfj3Ld(d+1)(wB)¿Âeäk©l5,=∥∥ N∑
j=1

fj
∥∥
Ld(d+1)(wB )

.ε Nε
( N∑

j=1

‖fj‖2
Ld(d+1)(wB )

)1/2
, ∀B = B(x0,N

d ). (4.120)
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Remarks 9

• ��5���Ñ
d = 1�/�“©l5½n”; V�5�{=U�Ñ2 6 p 6 2d�

/e�Lp“©l5½n”.

• ½n4.36�Ì�´�Ñ��ud�péA�Lp“©l5½n”. ¯¢þ, ½

n4.363d = 2��/áuBougain-Demeter�c�ó�.

• ½n4.36¥��Id(d + 1)(9�»Nd )�U´sharp�. ~X: �gj´lá

uIj�bump¼ê, IO�Fourier©ÛL²

fj (x) ,
∫
Ij

e(x · γ(ξ))gj (ξ)dξ ∼ 1/N, x ∈ T

Ù¥T´¥%3�:, ºÝ�N × N2 × · · · × Nd���N,Ïd

‖fj‖Ld(d+1)(wB ) ∼ N−1 × (Nd(d+1)/2)
1

d(d+1) = 1/
√
N.

,��¡,
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N∑
j=1

fj (x) ∼ 1, x ∈ B∼1(0) =⇒
∥∥∥ N∑

j=1

fj

∥∥∥
Ld(d+1)(wB )

& 1.

u´, T�ITÐ´“©l5½n”¤á����I. ¯¢þ, XJÀ

�p > d(d + 1),¥B��»²w��uNd , K©l5½nw,�}�

• T©l5½n��íÑ)ÛêØ¥Vinogradovß�.

Corollary 4.37 (Vinogradovß��©Û��)

b�s, d ,N > 1þ��ê,éu?¿�ε > 0, k

∫
[0,1]d

∣∣∣ N∑
j=1

e(jx1+j2x2+· · ·+jdx2
d )
∣∣∣2sdx1 · · · dxd .ε,s,d Ns+ε+N2s− d(d+1)

2
+ε. (4.121)
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� Vinogradovßßß���yyy²²²VVV���

• |^HölderØ�ª9�ê¦Ú�²��O, Vinogradovß���OÒ8(uy²

∫
[0,1]d

∣∣∣ N∑
j=1

e(jx1 + j2x2 + · · ·+ jdxd )
∣∣∣d(d+1)

dx1 · · · dxd .ε,d N
d(d+1)

2
+ε. (4.122)

• |^rescaleEâ, þª?�Ú8(�y²

∫
[0,N]×[0,N2]×···×[0,Nd ]

∣∣∣ N∑
j=1

e(x · γ(j/N))
∣∣∣d(d+1)

dx1 · · · dxd .ε,d Nd(d+1)+ε.

• �u�È¼ê÷X�:NZ×N2Z× · · · ×NdZ´±Ï�, Ïdþª?�Ú8(�y

²

∫
[0,Nd ]d

∣∣∣ N∑
j=1

e(x · γ(j/N))
∣∣∣d(d+1)

dx1 · · · dxd .ε,d N
d(d+1)

2
+d2+ε. (4.123)
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• 5¿�B , B(0,Nd )9

fj (x) , e(x · γ(j/N)) =⇒ ‖fj‖Ld(d+1)(wB ) 6 (Nd2
)

1
d(d+1) ,

|^©l5½n4.36,N´wÑ

(4.123)�> .
∥∥∥ N∑

j=1

fj

∥∥∥d(d+1)

Ld(d+1)(wB )
.ε Nε

( N∑
j=1

‖fj‖2
Ld(d+1)(wB )

) d(d+1)
2

.ε,d N
d(d+1)

2
+d2+ε. (4.124)

dd�ÑVinogradovß�©

� Vinogradovßßß������ïïïÄÄÄ{{{¤¤¤µµµ555

�d , s ∈ N, x ∈ Rd , P
fd (x ,N) ,

N∑
j=1

e(jx1 + j2x2 + · · ·+ jdxd ),

Js,d (N) ,
∫

[0,1]d
fd (x ,N)2sdx1 · · · dxd .

(4.125)
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�âPlancherelúª(��5),N´wÑJs,d (N)TÐ´Xe�ê�§

j i1 + · · ·+ j is = k i
1 + · · ·+ k i

s , 1 6 i 6 d (4.126)

��ê)(j1, · · · , js), (k1, · · · , ks) ∈ {1, 2, · · · ,N}��ê. VinogradovÌÌÌ���ßßß���Ò´

J(s, d) . Nε
(
Ns + N2s− 1

2
d(d+1)). (4.127)

• s = d(d + 1)/2éAX�.�I,2014c�c,==y²
d = 2, 3��/©

• Vinogradov(1935)y²�s > d2(2 log d + log log d + 5)�, (4.127)¤á, �

J(s, d) ∼ C(s, d)N2s− 1
2
d(d+1). (4.128)

• Wooley�(2012-2014)y²(4.127),XJe¡^���¤á:

(i) d = 3;

(ii) s 6 D(d) , 1
2
d(d + 1)− 1

3
d + O(d2/3);

(iii) s > d(d − 1).
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• WooleyuÐ
k�Ó{Eâ(A:´�6�â(�), 3�ê¦Ú!Waring¯

K!Riemann-Zeta¼êß��¯K�ïÄ¥äk­���^.

Bougain-Demeter-Guthy²Vinogradovß���{´“©l5”Eâ. ùü«Eâ

L¡þé´ØÓ,¢Sþ´���'�. ¯¢þ,“©l5”Eâ�±À�“k�Ó

{”Eâ�CÄ����(“©l5”�{�«maqu“k�Ó{”�{¥�Ó{a),

“©l5”Eâ�`³3uN´í2�“��âµe”.

� Weyl sums������������OOO-Decoupling½½½nnn���AAA^̂̂-VIII

5¿�fd (x ,N) ,
∑N

j=1 e(jx1 + j2x2 + · · ·+ jdxd ), ²;�Weyl½n�±Lã�

Theorem 4.38 (H. Weyl)

b�(a, q) = 19|xd − a
q
| 6 1

q2 ,K

fd (s,N) . N1+ε
(
q−1 + N−1 + qN−d

)21−d

. (4.129)

¢�, �®A^Ôn�O�êÆïÄ¤ April 12, 2018 NÚ©Û¥�o�ß�9Ù�'�Í¶ß�



Local Smoothing Conjecture
Bochner-Riesz Conjecture

Restriction Conjecture
Kakeya Conjecture

Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

��Bougain-Demeter-Guthy²�VinogradovÌ�ß����(J, ·�k

Theorem 4.39 (Bougain-Demeter-Guth½n)

b�d > 3, 2 6 k 6 d, �

(a, q) = 1,
∣∣∣xk − a

q

∣∣∣ 6 1

q2
.

K

fd (s,N) . N1+ε
(
q−1 + N−1 + qN−k

)σ(d)
, σ(d) =

1

d(d + 1)
. (4.130)

� Lindelöf bbb������ïïïÄÄÄ-Decoupling½½½nnn���AAA^̂̂-IX

µ(σ) = inf{β > 0 : |ζ(σ + it) = |O(|t|β)}. (4.131)

'uµ(1/2)��O, kXe{¤?Ð:
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µ(1/2) 6



1

2
(Lindelöf, 1908)

173

1067
(Kolesnik, 1973)

1

6
(Hardy-Littlewood)

35

216
(Kolesnik, 1982)

163

988
(Walfisz,1924)

139

858
(Kolesnik, 1985)

17

164
(Titchmarsh,1932)

13

56
(Bombieri,Lwanice, 1986)

229

1332
(Philips,1933)

17

108
(Huxley,Kolesnik1990)

19

116
(Titchmarsh,1942)

139

858
(Huxley, 2002)

15

92
(Min,1949)

32

205
, (Huxley, 2005)

13

84
, (Bourgain, 2014), 5: Min �¥IêÆ[Dnä

( {¤²�ë�Huxley: Area, lattice points & exponential sums, LMSM,1996)
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T¯K��´�±8(�ïÄ/X

∑
m∼M

e
(
TF
(m
M

))
, (4.132)

��ê¦Ú�O. ¯¢þ, ÏLCq�¼ê�§, ζ( 1
2

+ iT )���O, Ò8(��êÚ�O

∑
m∼M

e
(
T log

m

M

)
, M < T

1
2 .

Step 1 ò«m[M/2,M] ¿©¤ºÝ�N��«m, 3ù
«mþTF (m/M)�±�cubicõ

�ªO�, �A��êÚ�

∑
n6N

e
(
a1n + a2n

2 + µn3
)
, (4.133)

ùpa1, a2, µ�6uIÚµ´���þ.
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Step 2 /ÏuPoissonÚ(Stationary phase)�=zuXe/ª��êÚ:

∑
h6H

e
(
b1h + b2h

2 + +b3h
3/2 + b4h

1/2
)
, (4.134)

ùpb1, · · · , b4�6uI .

Step 3 �ICz(¤¢�“second spacing problem”)�, n)b1(I ), b2(I ), b(I3)9I4(I )�©

Ù©

Step 4 |^“�ç{”(large sieve)Ò�±8(�²þ�¯K:

Ak (H) =

∫∫∫∫
[0,1]4

∣∣∣ ∑
h∼H

e
(
x1h+x2h

2 +x3H
1
2 h3/2 +x4H

1
2 h1/2

)∣∣∣2kdx , (4.135)

ùéAXthe first spacing problem, k = 4, 5, 6. 
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Theorem (Bombieri-Lwanice, 1986) �ϕ′′′ > 0, K

y

[0,1]3

∣∣∣ ∑
h∼H

e
(
x1h + x2h

2 + x3Hϕ
(
h/H

))∣∣∣8dx . H4+ε.

Theorem (Huxley-Kolesnik, 1991) A5 . H5+ε.

Problem (Huxley, 1991) XÛ¼�A6Ð�þ.�O.

Theorem (Bourgain, 2015) ÄuR4þ­��“©l5”,(ÜHuxley'usecond spacing

problem�ó�, Ò�

A6 � H6+ε, (optimal)
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