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WA K A

B A AR R T FRAEM N T TN, T AN AR AT
= RILFHHEL

B 2 ¥ FourierB 3 KAty LPUL S ME: sAEZEMS > 0, F KA LW TRIGARP, MLFRT
£5T

TF = [FH{(ms(€))F(©O)](x).  ms(€) = (1 - [¢)°

A LP(RY) Lty A RHF. = Bochner-Riesz# 2.

B3R5 5 FF(x) € LP(RY), F(€) ARAERGaussty £y kiFA & S L#Y
BHATAHEL? = FREHFA,

B Kakeyal?)#: Besicovitch /£ fi# & Kakeya “7e 41" Bl AL d AL, 38 T B4 R0l &
#9Besicovitch A4 (RIF 44 &7 0 B2 K& ES). = Kakeyath 2.
rREREAEERTARKFFIM(PDE. Fourier£A=. & FH AL, LA E®), 5
W ZF oAl k. Mk R A XA B R R R —AMES B R R $05 AF ARUR A R AL

EN
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Conjecture 0.1 (B AFRHE - X FRZ —)

Ku(t, x)A B W #3075 A Cauchy ¥ A
Ou(t,x) =0, O=082—A,
e ‘ (0.1)
U(O,X) = f(X)7 Ut(O,X) =0
B fE, M3 F AR B9 > 0,8
[ull oz 21xmey S N+ V=BV Fl| pgay. =2 (02)
([1,2]xR9)

Conjecture 0.2 (&3R LM B A H-48 X 1 42

o R Lk AT AR AT L 4 B3R IR AR AR (B ABURA).
o FourierfRoH 5 44 B2 L M AF AR (HE M A ).

o ER IR M AR AT AL i & LA Radon T #55 X (4L A ).
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Conjecture 0.3 (Bochner-Riesz## #-v9 X f# 8.2 =)
#d > 2,1 < p < o0o,% L Bochner-Riesz-F ¥ 4= F

SOF(x) = (L+ A)3F(x), STF(E) 2 (1 — [¢lP)LF(e).

Bochner-Riesz#5 #2: ||SOf||, < ||fllp REMAREZEH4R

o> 5Pé max(O,d|% - %| - l), or (4,p)=(0,2).

(0.3)

Conjecture 0.4 (48X 1% #21-2 & #& X Bochner-Riesz# #2)

i%d > 2,2 < p < oo, R>0, X Bochner-Riesz-F34= T

Sefe) 2 (1- |5 F.
#. X Bochner-Riesz#% #2: || sup |s;§,f\||p S Ifllp #9 7 & 4 452(0.3).
R>0

sFFE#1 < p < 2,# KBochner-Riesz# 48 % #& !

# X Bochner-Riesz 85 %! 4% it (Tao IMJ 47(1998)): &1 < p < 2,1

||Zi%\s;§f\|| Slfle = 6>0m6> 22— 4.

p,00 ~

(0.4)
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Conjecture 0.5 (48X 1% #8.2-#4% (# X ) Bochner-Riesz## #2)
#d>2,1<p<oo, 6>0, &L

$9F(6,60) 2 n() (€0 — BEP)SF(E €a), (€.6) €RT xR,
X En(€)RRA R L9 LAEHK. (4 K)Bochner-Riesz#f 4

I5°Fllp S IIflls (% I\;l;%lggflﬂpéllfllw 2<p< o)

) T B F A RS > 8p (6, p) = (0, 2).

Conjecture 0.6 (Bochner-Riesz/# #2- 3t ¢ 48 X 4 #¥**)

o 5B ABIAM L8 % #EBochner-Riesz 4 1.

o &P(x,D) € WL(M)RL2(M) Lt ER AT, Hizmn 53t
#9Bochner-Rieszf# 8.
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Conjecture 0.7 (FR#IPEAF -9 RFFEZ =)

K SRR B AEE Gausst F 49 % H A8 i @ (RY P 49 B 4 4o ik @ AR A Iedn &), 4
Ff(x) € S(RY), Mh sk 4

H?HLQ(S) S ||fHLp(]Rd <~ P > d 17 Pl 2 %q (05)

RHENA X (Mattilady $ R # K45 )

H?”LP(S)SH’C”LP(Rd) = 1sp< (0.6)

d+1 :

Conjecture 0.8 (FR&] 4% #8-48 X 4% 1)

o BORIBIAM AT 64 B AR A A
o KRR AN L AT AR LKA LP I H A A

e Hardy-Littlewood 4% 4] M 4% 42 (3£ 7] it4¢).
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Conjecture 0.9 (Kakeyaf# #8-v9 X #5282 v9)
RIF @ 04L & 7 @ $45 X E KM B EAf A Kakeyadk. Kakeyas 2 #7 A Kakeyalk
#MinkowskiZ # &k Haudroff £ 4 # d.

Conjecture 0.10 (48 X% £2-Kakeya#i X & $ 45 2)
RFRBLA R LAATHE, 0 <6 < LENFRE EiyKakeyath K 4t

7 (w) = sup i/ f(x)dx, T RFAFAT w # 1 x § Htube. (0.7)
T/jw | TIJT
MK (p, o) & 4o FHLK 4 3t
* d_1 o
15" ()l e (doy S 67 I15- (0.8)

Kakeya#t X & 3/ #: A 491 < p < d5Va > 0, HHK(p, o).

##: K(p,a) =Kakeyak 8945 > p. p = dif & Kakeyafs 2.
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Conjecture 0.11 (48 X %% &-Nikodym## #2)

AREMEE C R?HNikodymE, 4o Rt FEx € RY, BB AT x HELHEE N LA
— %45 % 8. Nikodym#%48: RY % 7 A Nikodym % E #9 Minkowski 4z £

# d(Haudroff4: 3¢ /4 d).

Conjecture 0.12 (#8 % % #-Nikodym#& X & # f% #2)
REABLAELGAREHK, 0< 6 < 1. % XRY E#Nikodym# K & %

£2*(x) 2 sup i/ F(y)dy, T AFH QA x #1x 6 Htube.  (0.9)
xeT |T| JT
AN (p, )& T4 TR K L 345 7+

* ok d_1-—a
5™ Ol oy S 67 [I£llp- (0.10)

Nikodym#M X HEFF#: A1 < p < dEVa > 0, HAN(p, ).
8 N(p, o) F% & NikodymE a9 4 A2 H p.
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Conjecture 0.13 (Keletid™ 7k 14 #2)
FARRY b — 3% & 495 BA AR 69 1E K A & E 4 N dimA = dimB.

Q@ d=2XE8yKFERTEME,FH %N LN,

@ YV KIFER ERE dimpB = d(Packing# £ 3t & #9 Kakeyafh #2).
Conjecture 0.14 (48 X %% #-Montgomery%# #)
KT < N?, ap € CithR|ag| < 1, % EDirichlet & # #9 K F= 7] A2

D(t) = Z ak™, t€R, (DirichletX4=).

Montgomery#% #8 *F T4E& 69 TR EE C [0, T,

/ ID(8)Pdt < NS (N + L£1(E)), £} & Lebesquel &. (0.11)
5

@ Bourgain (1993)iE ¥ Montgomery# # & % % Kakeya## 2

@ Wolff (2003)iE #lMontgomery i 48 & %k & 1 X Kakeya## #2.
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(48X %% 8-A2 ¥y & S_E 4 3 B (decoupling) 75 42)
HSARIF R #y CORFARE T, LA ER N ZKEAH KX, Ssk TSR, Ps 2 LA MR
THE,HR

S5 CPs 2 Ur, 7 &AmHdn V6 x - V6 x 6 Ktk

{83k suppf C Ss, M

I£llp S 6~ FH B (X 162)] L ve > 2D,
TEPs
el Se 07| ( 32 1612)" \p, (AL H3) V2 < p < 2D,
TEPs

X2f e LP(RY), fr = (f| )V & féyFourier & # /&7 & 89 IR 4.

(0.12)

e Bourgain-Demeter (2015)7E 7 55 & &9 5~ % 1% (decoupling) 47 22:

_d-1,de1 1/2

+ 2(d+1

= N O [ R
TEPs

5P LA L2 6, 3032 < p < XD b T ot g 4t
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Conjecture 0.16 (Szemerédi® 2 5 4a X 15 #)
Roth % (1953) %A C ZJLA £ Lo % % %, 5

lim sup ZATLZRND o (0.13)

W A% Ik %3-% £ F31{a,a + rl,V:-T-o2r},}¥‘1Pa €Z,r>0.
o AA % ik (Roth, 3k RiEH/F£)
o 84 % %% k( Szemerédi, Abel# /3 ).
o & Jj ¥ # 75 & (Furstenberg, Wolf¥ 43 ).
o &}t ik (Gowers, FEREXIFL).

B Z %+ k-5 £ 5 7| 3F 5 6 45 B AR ) Szemerédi R 32 % 7 32 69 5 4 # R ) Furstenberg,
Katznelson, GowersiE ], § # Bourgainy K 7 ik !

B Green-Taoif Bl /£ F 40 % F 6948 2 o A !

B Bourgain i£¥ 7RI LA ELebesgue® & £ E .4 ATk % JER LU R TR 5. B4
W ALK S ANFTRA.....
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ACRIZLH “368” -%4: D(A) = {|x—y|: x,y € A} C [0,00).

Conjecture 0.17 (Falconer#y “3E&-% 47 1H#)
Zd > 2, A C RY2—ABorel4 4, £ Hausdorff4 # dim(A) > d/2,1

LY(D(A)) > 0 3 Int(D(A)) # 0.

B AT A1 5 ik e T
o 4oRdim(A) > 2L mInt(D(A)) # 0

o R L < dim(A) < L Mdim(D(A)) > dim(A) — 952

Conjecture 0.18 (Falconert935 “36%-%£ 4" 1H#)

i%d > 2, A C R9%2—A Borel & &, Hausdorff4: #cdim(A) > d /2,1

dim(D(A)) = 1.
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Conjecture 0.19 (4338 % 5 42
i) £ NAS BT RE S 09 A R B A RS NS,

Conjecture 0.20 (& & dc s i 1)

Conjecture 0.21 (Conjecture on unique continuation property)

Conjecture 0.22 (Riemann #542)

Conjecture 0.23 (Lindelof-#% 2835 Z!-Riemann/ A2)

¢(3 + ti) = O(t°), ;t — oo.

Conjecture 0.24 (Gauss circle % #2)
S>(n) = wn+ O(n%+5), ( S2(n)=mn+ O(n%) )

Conjecture 0.25 (& & B R~ F X ¥ X 694~ 45 3t)
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Local smoothing

maximal Bochner-Riesz
spherical Bochner-Riesz

spherical restriction

parabolic restriction < parabolic Bochner-Riesz
maximal Kakeya <i> maximal Nikodym
Kakeua set
Nikodym set

Figure: Known relations of 4-famous conjectures
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Local Smoothing Conjecture

Local Smoothing Conjecture

#] F] Euler»~ X & Duhamel /232, % 4 30 75 #2 Cauchy [¥] &

\:\u(t,x)zg(t,x), DZat?*A:
(1.1)
U(O,X) = (P(X), Uf(O,X) = ¢(X)
4 e 3o 5T 93 45 2 0T F et B (x) #0484 7t
* u(t) 2 V() # e it
IV u(®) | 2may < IVFFO) 2(ay, VEER, k> 0. (1.2)

L2030 2 B R 463, kB Tu(t) = V=R F(x) 4T W & B AR
BT, PR E L R E(p > 2).

* FEEFHREAELEK: FTFd >3, K RREE [, REAIH! Rf, BOH
FROKZ BTGB F Z k3, BB T R

I+ V=A) " Kl St 7, VE#O. (1.3)
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Local Smoothing Conjecture

FE L LT A h R AFH 49,55 45 (L Shatah-Struwe#d + 3):

(B [\l P flla, VE£0, d >3 R4
) (1.4)
eV BF e S %7 V] f||30  VE#0, d>2 RBH
it 5 BB, 3 B Peral- B 1P — LPixit:
it/ _ d 11
e A | < eV HETR ), e 20, (1.5)

1(p) 2 (d=1)(5 — 3), ¥2<p< oo

* BFRR ARBIF(x): #HLsuppf = {x: |x| =1+ O(d)}. &H%iE,
Lt~ 14 O(6)H,
le®™V=2f(x)| > 1, x € Bs(0).

EABIRH, Pefa'-?"—’“"-“’%frﬁsharpé@ R A% % ERMAA. 4t A
K2 BB ARy Kb A9 e TR 3E A E U E) A 4

April 12, 2018 WA A7 b 69 ¥ KA AR AR X 6Y



Local Smoothing Conjecture

* AL Lk, FHRARK R BB TR RAR, BEREAA A N LLTEH,
RFERS KL EH) 2R R ARR R R REF (R ERK
BEE). AT &8 &K E R AR, TR R I 8 R 3

2 1
(1 ”e:tmf”Zdt)q

fE 3 R ARE X T B 2 i %) 694631 3% £ 0+ 7 454 4 AR A “local smoothing estimate”.

% StrichartzF 32 5 — £ #kit 2454, 2 Ginibre-Velo5 3 F 4% /1, Keel-Taok
S5 IL3% & Strichartz & 7 691E 80, A # % & T Strichartz® 4% 3t :

€Y= 2 Il jaqeonr mey) S 11l s (1.6)

X

=<

(r) — % =s, ()2 d(% — %), (scaling £ #+), )
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Local Smoothing Conjecture

Ve A 42k, &AVA Strichartz4& 1 89 R 451 X

1B liy qaociey Sl 3> @ =3, (1.8)

K Knapp & REGkT “RAR" BB, @l Knappl 5 & 418" BRI R & 2. Bk
H, FF0 <61, REFA(x)HL
suppf = {(x1,x") € R x RI7L: x| < 62, |X| < 5}
A, G <10, Adke™VTAf ETAG A EA
{(a,x") e R x RIT: xg — 8] <62, X | < 5}
ERRARKG Bt 2 AN, etV AT F A KA AR, FRERNX, R EF
it Fr AZ 69 A 47 T7 iR
* Strichartzfs it £AF R MEEAH HARF LT HEREBEE. LT EMNBRRROEE. £4F

SHEK AR 69T AR S w SRR AR E N AR A9 IR A T A R A YR AR AR )
B Knapp At kX HsharpBey 1L — LF B4t
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Local Smoothing Conjecture

% SoggelF #BiZE BAE T L IZ A

[TV ZAF| SN 20 - (1.9)
LT (1,2 xrd) LI71 ()
T ER BT AR C o i, R0 2R AR, &

o, TR — Bk . B

Heit\/—Af“ od
LA (1,2 xRd)

SN+ V=2)f 29, Ve>0.  (110)
LXd—l(Rd)

XL 2 & Sogge ) mIFAFHIFE. AT

u(t) = cos(V=At)p + By (b EHE )
AR5 9 By 38 JC TR A 48 5T A AL

<
”u(t)”L‘;X([LZ]XRd) ~ ||50HL§(R") + HwH’-g_l(Rd)’ (1.11)

Vo>o=d(;-3) -3 P>

AR5 R @M K EHH A LP 4T, Bochner-Rieszff 48 % 048 X |
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Local Smoothing Conjecture

% local smoothing conjecturet 3t B 3, Bpfd = 289 W R dmit, £ ZHEIm T
() Mockenhaupt(1998)%d =2, > L4 T, iE¥(1.10).
(i) Bourgain. Vargas-Tao(1998-1999), #] FIWolff X F #& L &4 ik H] b 45,
¥ Mockenhaupt#y 45 F it e > i
(iii) =R RITEE, f“%‘Bourgam Demeter, The proof of the ¢2 decoupling
conjecture, Ann. Math.182(2015) 351-389, W X T B 3f L& 2 69 SR A7t & .

B local smoothing conjecture L5 4 47 & & +4 A 88, Wolff (1999)% 7 & LIRT
ke, AAERY LA A OM & Besicovitchf 49 & #f Br: AUH RS-0 B F @t %
b M E R GHL X §Mtubedk &

T, To, Ty, M~879 w, 2T 85R
J J

> log log(1/0)
log(1/4)

(U

Ao Etube LA AW E &

HC§
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Local Smoothing Conjecture

B 472 T — wj(Brmstit$£4-74). HoHike)Besicovicthf & (EH %) HRT
6 ttube ke { T} ERAN K 89, it “W 5" M ik Ands B3 Fho T

51d

F(x) = Ze g (x), €0 g (x) & il

FRLE, HEAET KRARS2 A Knappl & HHA k. AEAHLTR
s1—d
i is—2 Yow:
elt\/fAf(X) — Z el6 (x—twj) Jx'i'j+twj(x)’
j=1
W Fe e [1,2], eV BF(x) 85k AR LA E I T A T 5 B E T} A
AEER{TIERMIGFE, His

lle™ 7Af(X)||LP(]Rd)7 Vp>2

Mt =02t € [1,2] —=& &k A I mii ¥l 32 #local smothing conjecture(GX A
JER AR )R F A,

April 12, 2018 WA A7 b 69 ¥ KA AR AR X 6Y



Local Smoothing Conjecture

Conic Radon Restriction Conjecture

B 4% & ERadonZ #. %f(x, t)RRITI EAA % £ 6y D#, 4% LeyRadon®
BR(F)% L4 T

R(F)(w,s) = /d f(x,5+ (w,x))dx, we S seR.
R
B 4 ERadon® A R A, &id KM LSogge ™ B3 K iF M A AL
||elt\/

SOHLP ([1,2]xR9) S HSO”L" (Rd)> 6> 0p, p 22, (1.12)

#adjoint X, 4t & L Radon E 3% & IR 4] 4 42

||Rf||Lp’([—1,1]xsd—1) S HfHL:;’(WRd)v Vp2z %7 a> _%' (1.13)

B 4 bRadon% # B PRI A=A M. 24 < po < 00, (L.13)4 AT A
o> —d/pork iz, WA K kb Kl b Ak 48

18l sa-1ll, S lellogeay: ¥1 <P < ph- (114)
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Bochner-Riesz Conjecture

Bochner-Riesz Conjecture

% Fourier 4= & Fourieri# % #%. #Vf € LP(RY), 1 < p < oo, ¥ /&
(2m)~ 4 / F(€)e™ Edx —s F(x), R — o0 (2.1)
lgl<R
Ftt 2% LT ARSI A? 75 5 Bl & 72 4 38 A6 & SUT A8k A2 F 3F — BOlK sk A TF
Bl [P U (2.1) MM A b e 77
K LPESUTF#labat 1326 % "B & RTF" SY(RSO)#(p, p) A FtE, iXE
SRF(E) = x1e|<r(OF(E),  or SOF(€) = xjg1<1(€)F(€).
BsER: Yp=2m, SYRLZ LA RIETF; 4d = 10 RieszZ #69(p, p) A R
PERE T 5 M T bk B A,

W 3t Fd > 2698, Fourierk F SO = yr(€)M4 552 — Al @, SOAF R
HLPH R Fefferman(1971)iE8: RF AL TS RSO ALP LA R A& 44
Rp=2. EFta A E A6 E LA
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Bochner-Riesz Conjecture

B A& AEHE: L T BesicovitchfE 489435 38 A 5T A% I 45 48 69 h ke 4
B M EARBE @, REAN2 x N tubee &

Rz{Rj‘\Rj\:N2><N, R NR, =2, j;ék}

WALR = Ry + N2w;} A A AN M E L. £HAR; A% “wave packet” 1;(x)
A3 RF % £SO ~ 1(1/3-R; ttube), X 4%

F=> v, = ISF(X)p>1, p>2. (p<2387ik).
R.

J
* BT RANX —4%:14, 5] A3k @ Bochner-Riesz F3%, Bp:
SL (1—[DP/RY)Y, SHF(e) 2 (1 - |eP/R?)SF(©). (2.2)

BHAH: 6 > 08K AR RTFAAAR. B, EH ka2 R
X Bochner-Riesz-F 3 7

S3f(€) = sup |SSF)|, (P (2.1)8 A A Hcsk) (2.3)

R 5 A 4T 5Bochner-Riesz- T3 F #1247 .
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Bochner-Riesz Conjecture

* Herz WA 2 SO 6y 4ily B A 4o F i & 7 X

r(1+4) et2milxl
Ks(x) = ———J 27|x|) ~ ——=—, |x| > 1. 2.4
5( ) ﬂé‘x‘%_é %4_5( | |) |x|%+6 |x| ( )

454 Fefferman & T4, A

IS°Fllp S Ifllp,  (scaling &2k : ||SEFllp < IIFIlp)- (2.5)
PP ¥ STy p
a 1 1) 1 B
6>6p—max(0,d‘§—;‘—5), or (6,p) = (0,2). (2.6)

Bochner-Riesz 1 #8 £ 44: %4+(2.6) 2 Bochner-Riesz${ +S5% RIPH Rt A &5
#. Bochner-Riesz# 869 15 R A5 4R AT &k

IS°Fll 2 S IIFll 20, ¥ 6> 0. 27)
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Bochner-Riesz Conjecture

Theorem 2.1 (4 $2Bochner-Rieszf#t)

pe (1,20 (28D oo] B6>0, = [IS°Fllp < IIfllp. (2.8)

Remarks 1 ()24 5180 & 5%)

o 3> 0% Fpg 2L, 2L kAR w21 LR XA,

o EH21MEMHLTUALRNA

2d 2d d—1
ains <P<gim £ I> a7 (2.9)

o 35> L MEKKO(x) € L1 EERE|S |, < IIFlp-
o FIF(2.4), 712215013 & TIiEW R G A0 H T

(GAf)(x) = /Rd M lp(x — y)f(y)dy, (x) € C2(RI\{0}). (2.10)
AR

/
IGaflle S A=VP|Ifllp, 1< p< 2D (2.11)
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Bochner-Riesz Conjecture

B Hérmander® f&#t. —#x, AIBR(p, §) & FHormander & £t
—27iR|x— _l/+§
H /]Rd e 2 R| y‘a(x,y)f(y)dpr S R » ||f||p7 (212)

X Zbump®#Katy X £ Hx = y. HiECarleson-SjolinTr ik, —# 5 5%
32, Bochner-Riesz4# #83£.y2 4& £ 87

BR(p,8) #AA# 1< p< P b56>0Hks (2.13)
iX 4L & Bochner-Riesz /5 18 69 2 JL #F 5 %: 3%
B 53 A # % #2—Bochner-Riesz/4 #&. & 2|

= (1+A4); :/Ra(r)effmdt, a(t) ~ (14 |¢))~1e. (2.14)

#] A Holder 7% X, &M%

15°F(x)| < (/R(1+ ey~ ) (2.15)

%?xﬂlLd SR, H AR B ER R A 1 drescaled W X, L F

&+ Bochner-Rleszﬁ'
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Bochner-Riesz Conjecture

B 53X B 52— M KBochner-Riesz/§ 2. #| AHOlder "& X, B3 X HF1F
#(1.10) &%k A e &Ee > 0,8

I/

8 Fscale5P-L 5, SHE Mo > § + T A4

] 1
H(/ 1+|2\Z|t\) ‘eltmwr%)z

#Plancherel 5 Cauchy 7% X, st ~ 2/ &Vm € L2[1/2,2]89 2@ f T, H4TF &

it\/—A@’2ﬂ)%

S ||<\/j>E<P||L%- (2.16)

d2d1
L1 ()

2d Sllell 24 - (2.17)
) L

LT (rd

A&t
|2t| ity=&, [2dt\3
‘m(D/T)QO(X)’ S ( A+ 2> € ‘P’ ?) . (2.18)
| sup [s5tel|, Sliglle @7 € 2(11/2,2), > §+e. (2.19)
T~2)

(&) =1 — €)%, m’ (&) = (1 — €))% - eqttbump .
W 34 th # K Bochner-Riesz#% 2.
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Bochner-Riesz Conjecture

B Bochner-Riesz/ .% 5¢ 5+ % H 3, B :hefT 52 2

2(d+1 X 2(d+1 2d
A 2p< 2k > AL N p > 24

Carleson-Sjélin (1972) % d = 264, iEFIBR(p,0) (1 < p < 4/3). Mk Td = 23
K #9Bochner-Riesz/5 #2. 12 & 4e i RN FF 49! Sd = 38, po = 3/23pl = 33+
BE WA R EAe T

e Bochnerfip’ = ooft# T (2.5);
e Fefferman-Stein (1970)%tp’ > 6iE# 7 (2.5);

e Stein-Tomas (1975)%p’ > 4iE#1 T (2.5);

o Bourgain(1991~)%p’ > 4 — Z A4+ T #iE T (2.5);
o Wolff(1995)/&p’ > 4 — 2 A4 FHiET (2.5);

e Tao-Vargas(2000)&p’ > 26/7 44 F B4k T (2.5);

e Bourgian-Guth(2011)#9#f 7 i 7 # Bochner-Riesz /& 2 - - - - -
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Bochner-Riesz Conjecture

B #%#Bochner-Riesz#f B A LR . EMAZLALRAY, P(x,D) € WL, REZ
AHIT, (N} RFM RS, {3 B 80 H RS (R 1L). # B

S =S (- F)Ef, Ef =(f,e)e.
A<A
EMTFRY, $p#£2,0 < 6, SRR ELP(M) E—RAR! A, —RHEE—HF
H Cs MHEFHN > 0, R

ISRFCMaqny < Collfllizmys 6> 45+

FREPABRGAMREY, = {€: p(x,€) =1} C T M\{0}EAHIEE
4 Gauss iy &, M|

pe (1,2 U oo] 86> 0, = (IS Flloy S NIFllequy-

# #Bochner-Riesz#5 #: L@ it R i< § > 5.
TS R BRRA AT BAA AT EPDE. FARAAOMNE, £ LM
FAFREZMERN. REAAPBRZEFLZPALEZMNBERE BGFLS
®!
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triction estimates

Restriction Conjecture " wd induction on scales
Euurgam Guth argument

Restriction Conjecture

o ¥ fell(RY), M Fe G(RY). A, Fourier IREIEF i f|s 3HE
& SCRI HAEL.

[ ]
of

fe l2(RY), m f e L2(RY). A, Fourier BRI F f — f|s 3 S C RY
B mg(S) =0 ZAEL

o WAL f € LP(RY), 31 < p < 2mtiliid 9 Mf =1+ H € L1 @ L? % LFourier
T Fp > 20F,F(€) € S’ (RY)THHA 45 % 49 Fourier T #.

Bl xf T RAFRGaussth £ a9t @S (R e Rl k&, Tuazgiy%\rﬂmié‘y%%)
A f(x) € LP(RY), fls —REEHRZEL? KA, REAHLL < g < oo, ZFIAT AN
45 A do F IR FPEAE 5T

Flliags) S Nfllipqeay  VF € S@. (3.1)
IR 4 51 6 REAR IR 4K SR P A 569 487 X

Hg/d\UHLP/(Rd) < ”gHLQ’(S)a Vg € Lq/(s)- (3:2)

April 12, 2018 R AP RS R R P O P



Restriction Conjecture tion on scales
uth argument

R X 5PDEM B E M. Blde % SR 4@ R MA@ B, gdo > Al AT 8
WK B 7 A2 R Schrodinger 7 A2 69 /%, % q = 28, (3.2)x 2 A& & 389 Strichartz 4 7t.

AT LB 54 ALLERESHE), FKEB2NLEEM4 Rg =1,
IR AR YA

— d—1 .
|do| ~Ix|7 72, x| >1. = p/ > 2L (L&EHZ—).

% —7% @, RgAs-cap ka4 it 4k, M gdo(Knappd )R A& R B
A7 x 572 4htube b, M (3.2)89 5 — AL &K Hp > g RAIPERET(3.1)
%(32) RZthLBAMAR
,_2d ,_d+1
ki > .
p > d—1 P = d—lq

BB A AL 3 1 (3.1) K (3.2) M 20 A & S 4F 2. (3.3).

(3.3)
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Restriction Conjecture

uth argument

KA, BRs(p — q)BRE(q — p') H A RFIEAIEA(3.1) AL e K
(3.2). Z £ 4z & @aFRF A AL LT

o R\RMWYBZETHEGRFMFRATRAEA

2d d+1
Ri(d —p) = o> o>
or (3.4)
2d
Ré(co = p') = p’>ﬁ.

o Hm(AL@)% LI bR AR BB A AT R L

2d-1) ,_ d

R;(q'—>p/) — P/> d—_2 y P /d_2q7

or (3.5)
2(d -1
Ri(co = p') = p' > %

April 12, 2018
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|
F

Restriction Conjecture wave wd induction on scales
ain-Guth argument

Stein-Tomas® IR #4453t K TT* 7 ik, Stein-Tomas® Ik #1153t R(p, 2) FH-

2 - 2(d+1
IFllizs) S WFllipgay == IIf * doll o may S Ifllp(gays P < (d++3)-

o HEHRHER: KA Young R ¥ X5 |do| < [x|~@-D/2, TR
If = dolly S F* - 17@D2)0 SIFllo, P < 535

o RAGA T EMER AN L A FEET FTL

- — 2(d+1
I1F % (edo)lpr S 27K Fllp, p < 2L

o 3 4 i 3E 3% 5 AL 89 Stein-Tomas 3 R(p, 2).
o Stein- ZIG{EH KMER B MEMATIH T 5, IEN

32211« (vedo) | S Wl || D227 F « (wiedo)|, S 1l

k>0 k>0

W A E 3% & Al Stein-Tomas 7+ R( 2(::31 ,2).
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Restriction Conjecture tion on scales
uth argument

B REAMFRGFIERE- KA S5RDEGFER: KRATT*% %, Stein-Tomasit ¥l
%p’ > d+1 Vi A AR S it R0 =4 4 S 5 R K Stein-Tomas!]
A &&u
o R2HE A, IR HI M A% 48 € ff 3. WStein(1967), Fefferman-Stein(1970),
Zygmund(1974) 69305 R 89 5F 5.

o RIS MRAIEAA(p > 3) kM ! Stein-TomasiE#p’ > 415 T 69 Ikl b
#(1975). 19914 Bourgain £ s 3k Kok, Bk Tp' > 4 — L3 5 oo R4 45
.42 1 Wolff(1995). Tao-Vargas- Vega(1998-2000). # £|Tao(2003)#
#Bourgain-Wolff & J& 69 I & L2 #5371, 3iET p’ > 3%%&%[‘%%‘]'&%@-. RS
AF kit p’ 89T R RI(d > 3) KM A&, RR3IEH.

o Bourgain—Guth(2012)iﬁ"’f BCTS &Mk ke, KETATREBMNE
AR MR R 7 k. i T IRFIMEAT AL, Kakeya A SHRAR(p' > 33)00 4
B B e S T 64 A 3R Ak

o Guth##h T %A XE &9 £(—MRIIUTHE R ZIR)HKF T p/ > 3.25% R 49k
#4531 (2014,JMAS).
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Restriction Conjecture Juction on scales

ain-Guth ment

Remarks 2 (% & £ &9 [k 4] b 45 31 69 5F 5T ik A42)
L@, 4@ E6FF A2 £, StrichartziE P T p' > 24 a5 49 Rk A, A R
TfRp > 29D 5ty g R A% 4, kit e do T

o R3I% FE% HAE T (p! >4)1)§1Barcelao(1985)ﬁ¥/k'

o RFHS. MMM (p’ > 3, T Atsharp)ik Wollf(2000) % 3 !

o Wollf(2000)%iEp’ > 2452 x4 6o K412 15 7t

Remarks 3 (= £ 3418 ) @—Bochner-Riesz/# 8 5 IR #l A a9 X &)

e Carbery i ¥ #4412 Bochner-Riesz# 2 < ¥4 R 4] AL 15 42

o Taoif ¥ 3k & Bochner-Riesz4 8 —> 3k & [k #] & 4& 71,

e 4@ty Bochner-Riesz /2 1k 457k, '€ %t & & Mockenhaupt 4 -F 14, © 54 R
FIHF R KRR HTFE.

April 12, 2018 AT 69V K AR A K 69 3F LA



Local restriction estimates
bilin stimates

Restriction Conjecture wave [ t and induction on scales
Bourgain-Guth argument

Restriction =—> Bochner-Riesz Means, partly

* K AIEF K Littlewood-Paley®! 4%

(S7F)(x),

Mg

S(F)(x) = Z(K%*f é

J=

BS) X M| x| ~ 20 WL, FIREF T 25 A

-
Il
o

Hsjéf-“LP(Rd) ~ ||Sj§f||LP(x:|X|~2j) S 2_j€||f||P7 Je > 0.

% K A Stein-Tomas#! (2, p) k] M 4% 7t

H?”LZ(s) =< HfHLp(]Rd)7 1<p<po = 2(;:31)7 vf € S(Rd), (3.6)

K M Plancherel 2 32 5 A 47 7 ik, 51312 B3¥ Bochner-Riesz 17t:

—id _1
ISPl < 27D fllp = (IS0 Fllp < 27T R ),

‘" ) él]Hélder%%;&ﬁ\sjﬁfﬁ%%'f&/ﬁ
& 3.3k /#Bochner-Riesz 3 F 8 LP 45t (p < po) & 43R LPo £t
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Local restriction estimates
bilin stimates

Restriction Conjecture wave [ t and induction on scales
Bourgain-Guth argument

Bochner-Riesz Conjecture =—> Restriction Conjecture

* HMAEARE 49 Carleson-Sjolin 32 &, Bochner-Rieszf# #2 5 M PEAF A2 9T 143 22 e

TFHormander® 25 g A
| [ ™ ax)fdy| S Rl BR(p,)
—iR(Z7,y) —4ta (3.7)
| [ ™ F s mdy]| S RF e, Ripa).
* R(p, o) 6948 & 501647 2 BR(p, o) 848 o $ 49 b AL
Rlx — y| = Rlx| - R<ﬁ,y> +0(1) X ~1, Y SR72. (38)
H il Y a > 0, HBR(p, a) = R(p, 2a).
* AR e—Hrk R
[R(po,€) Ve >0] = [R(p,0) V1< p< pol, (3.9)

H 4. Bochner-Riesz/f #=—>& #| 1 4% (L Tao: Duke J. Math.).
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estimates

Restriction Conjecture W t and induction on scales
Guth argument

% RA it j&, Bourgain, Wolff. Bourgain-Guth. Bourgain-Demeter¥ A K J& #9¢P %
HW T &, NMUERA T KRBT P FRLEE, K, JUTRE
#. PDE. XB/UMT, HLBEFFIATELFERGTFLLY D EL. Pldo
Bourgain-Demeter-Guth®| R i & T 44t % % 89 Vinogradov/# #2.
1. Bourgain-Guth, Bounds on oscillatory integral operators based on multilinear
estimates, GAFA, 21(2011)
2. Bourgain-Demeter, The proof of the 02 decompling conjecture, Ann.Math,
182(2015)
3. Bourgain-Demeter-Guth, The proof of main conjecture in Vinogradov's mean
value theorem for the degrees higher than three. Ann.Math. 184(2016).
4. Guth L. A restriction estimate using polynormal partitioning, JAMS, (2015)
5.Bourgain, Moment inequalities for trigonometric polynomials with spectrum in

curved hypersurfaces. Israel J. Math. 193(2013).
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triction estimates

Restriction Conjecture " wd induction on scales

Euurgam Guth argument

Al BT A RART ESEA TR

B 34842 547 5 Carleson-Sjolin 7 .

B AR AN 5 BT .

BB R B RERM Gk

B Resm.

B A& EREFARK.

B BCT# % & H K 5Burgain-Guth7 .
B Burgain-Demeter#decoupling 7 i .

B Khinchin 7% X (FALF ).

B Guth 8% XELE A (RER)H>HK.

April 12, 2018 R AP RS R R P O P



Local iction estimates
bilinea S

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

Khinchine's inequality method (Rademacher functions)

Theorem 3.1 (MR#IMEAF AR5 T4 L FMKk)

12951l zo) < llellyor sy P> 0 P = e (3.10)
&de |l o gay S N8l oos) P> (3.11)
169 oy S el sy 2> 25 (12
e p' = dz—_dl, p = %q%"*%p/ = %,Mrﬁ(&lO)@(&lO).
o AR4BSoblevii AR 7 5 M X, R EVI(3.11) = (3.12).
o (311)=(3.12)% M TiE®: HvV2< pL oo, A
1l oay < NFlloe(s) == IFllagsy S IFllaggay @ > P (3.13)
#RFNTHBHNHMVIC p L2, A
H'ACHU(S) S ||fHLP(]Rd) = ||'ACHLq(s) S ||fHLq(Rd)’ l<g<p (3.14)
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Local restriction estimates
bilinear estimates

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

Theorem 3.2 (55 & f6+t=—> (3.14))

EF1<p<20< G < oot

o({x € S |F(x)] > A}) < CoAMfllprays A >0, f€SRY) (3.15)
=

o({x €S |F(x)| > A}) S A PIENFp gy A>0, feS(RY) (3.16)
11l ogsy S MFliaqreys 1< a<p, £e€LIURY). (3.17)

Theorem 3.3 (Khinchin "% X—2 332 A T A1)

B {w }RBRPlw; = 1] = Plwj = —1] = 1/269 HE R 2K E, N

W) p/2 W P 0 p/2
*1<§ \a,—|2) gE(’E w_,-aj‘ ) gC(E |a,-|2> , 1<p<oo. (3.18)
J=1 j=1 j=1

=31 Mm%épAwV“PWWVWM>MMA

April 12, 2018 PBA T 6 v KA AR A K 6 3F LA



Local restriction estimates
bilin stimates

Restriction Conjecture wave [ t and induction on scales
Bourgain-Guth argument

5489475 Carleson-Sjolin 7 ik

FEERHMATRMAGRGRLHET

T\f(z) = /n;{d_l ei>‘¢(z’y)a(z,y)f(y)dy, A>0, (3.19)

f¥ac CP(RY x RY), d(x,y) € C(suppa). %Ik %A 485t & 69 Lagrangian i
S0 X F

Co = {(z, (2, )., 7¢§,(z,y))} e T*RY x T*RI~1 (3.20)

Carleson-Sjolin & #

() AR e (goory : Co — T*(RO1)R A AMBY, 5 LI RACK A

rankdMr. ga-1y =2(d — 1). = (rank(

April 12, 2018 R AP RS R R P O P



Local restriction estimates
mates

Restriction Conjecture wave t and induction on scales
ain-Guth argument

(i) Vzo € supp,a, y — ®L(z0,y)% FLagrangian FfCe Bl 4 A T*RIGG 44 £
MY, H%

Sz £ nTZ’BRd(Ctb) = {‘D/Z(Zo,)’) : <Zo,¢lz(20,)/)7y, *‘D/y(zo,}/)) € Co}
AT (RY) = RIF & —ACORAARM®, dF 54T RkEN
Sz C T;;(]Rd) A AR Gaussth £ (3.22)

#(3.21) 5(3.22) # Carleson-Sjolin & 4+ .

B ka € CP(RY x RITY), AnfHP(x) € CHAC-SE M, N (3.19) % LY
RHBRSFHL

_d
ITaFlla@ay < O™ )Iflpga-1y, 9= 53P', (3.23)
EE
() 1<p<2 d23
(i) 1<p<d, d=2




Restriction Conjecture

Euurgam ('uth al;,um?nt

Theorem 3.4 (Stein-Tomas[& 4] € 32)

#d >2, SCRY RAFRZMbEa ARG @, do(x)~ @A
% B(x) € CX(RY), itdu £ Bdo. M

(L1 du(©) " S Wfllmgeey, ) € SR,

(3.24)
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Local restriction estimates
bilinear estimates

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

Local restriction estimates

AR TR P4 7 T 03 2k BRI b 4E 7. £ (x) € LP(RY)X AL o kA 1 4 7 3 2
Af(x) € LP(B(xo, R))* i 69 IR HI M4+, KRILZAP LG NARE: ¥ @R Kdo
#Fourier R #(do)V (x)EXAEXLT AA B HIE (B 5 x| — oo L Ry
).

B 3R A4 HVp, g REE o > 0, ARs(p — q; ) &7 AR A AT

IFIsllia(s:d0) < Cpra.5.a R*Ifllio(Brioy, VF(x) € D(Br(0)), (3.25)
Theorem 3.5 (Tao-99)

R doth RAKAR. o R BIRHEAHRs(p = pra) HTFEAp < 280 < o < 1K
2, WA 4o F HARFR P 5t

(3.26)
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Local restriction estimates
bilinear estimates

Restriction Conjecture ave packet and induction on scales
Bourgain-Guth argument

bilinear estimates

WA A7 o 6y @



Local restriction estimates
bilinear estimat

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

wave packets decomposition

A AT A9 v KA AR AR X 69 F G



Local restriction estimates
bilinear estimates

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

Induction on scales

WA A7 o 6y @



Local restriction estimates
bilinear estimat

Restriction Conjecture wave packet and induction on scales
Bourgain-Guth argument

Bourgain-Guth argument

A AT A9 v KA AR AR X 69 F G



onjecture
njecture
hmetical argument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Kakeya Conjecture

o 10174, H A F FKakeyaiR h4n T 5 A0: &4 -F @ oY %45 & Bk A48 & priasd
R NARALS VT XA F L Kakeya needle ).

o VAKBLHY T SarsE, TE @ARAT /4 BEACH 2 E-URGEET ST R
a9 mAR A /8.

e 19254 Besicovitch MR | B AN AL A (i) Ve >0, AF@ L-FA%E
{ineedle®| &0z &, Fday@MAR D Te. (i) ¥Ve >0, AEKALAL oot E
7 Etube {Tj 9% 4, #HAm(U;T;) <e. AT L#®%L, Besicovitchill i 4
i¢ Besicovitch& &, iE ¥t 45 -F @ Loy 45 R B L8 BTt e R @ AR T A
e

o —#x &k, Besicovitch® 245 R ¥ 411 & 7 ) # 42 B 49 £ & Besicovitch® f9#4
& & A B AR, ) 4 Besicovitch & 4 89 Minkowski 3k Hausdorff4 3 % % = 4 s
Fd? X E
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function argurmr

g a
Kakeya Conjecture decoupling and 3pphut|on to PDEs and numbrl theory

os—™
dimp(E) = inf{n Ec | Bi(x.8), V0<s< 1};
j=1

dimy(E) = inf {n |E C | JBi(x. 1), D7 S1,0<<s< 1}
7 j

% Wdimpy(E) < dimpy(E).
o Kakeya ###2: RY% /4] # Besicovitch 4 4 #9 Minkowski & Hausdorff4: # £ d.
e 19715F, Druryif ¥ 7 d = 21 ¢y Kakeya F#.
o 3 Td > 3891, Kakeya 118475 A &/ FF 49 B! Bourgain, Wolff, Katz, Laba
L9
dimpy(E) > max (42 4+ 10719, 4453) (1999 — 2000)

dimy(E) > max (42, 8455) (1995 — 1999)

e Tao it# Tdimy(E) > (2 — v2)(d —4) +3, (2000).

April 12, 2018 e AT 69 v KA A8 R AR K 69 3



Maxnnal function argument on Kakeya conjecture
on K

argument on Ka
Kakeya Conjecture decoupling and application to PDEs and numbrl theory

B Kakeya Ak H#H MacRY, we S 1 AARO<IK1, BRXF S Ha @ Hw
891 x 6% tubeTS(a)%=F

Ti(a) = {x R |(x—a) w| < L, Ix—a—((x —a) - w)| <3},
7 X Kakeya # X %

1
Ksf(w) £ sup 7/
acrd LU(TI(a) J73(2)

|fldx, Vf e LL (RY), (4.1)
b L£4(T5(a)) = agg—1)09 L g1y R FRITI b 42 sk ah th AR,

HEBRIE
s f(w)ll oo (sa-1) < Il o0 (meys
S

HIC(;f HLl §d—1) l_dHfHLl(n@d)v (4-2)

HKéf(w)HLoc(sdfl) < 51_d||fHL1(u«!;d)~

o AMTARLRE:%p < cofif, Kakeya K T A G R A XTI —HAROHE TR
H|Cs||p—1a? BERG RE, B
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
hmetical argument on K <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

115 (@)l jagsa—1) S IFllipay, f € LP(RY), 0<6 <1,

A ! FBescovitchf & 895-AR38 LA IR 4 F = x gy (x) M iXKakeyatt X S
F, BHKsF(w) =1, Yw € S91. Bk,

HKéf(W)HLq(sd—l) ~1, A ”fHLP(Rd) = ﬁd(Bé)l/p —0,6—0.
AAZELP — LITEHATHL R §8logl K.
o B—F P, ANR BT 4n
HICS f(w)HLp(sd—l) < C(d, p, E)”f“LP(Rd)’

Ve>0, 0<§ <1, and f € LP(RY),

(43)

Mzl I = xp(o,5)(x),iE EEIB(0,5) C T5(0), #LA
Ksf(w) = £4(B(0,8))/L£4(TS(0)) ~ 8, Yw e S971

d
~ 3P,

o=

Vo e S gam ||f|l, ~ £9(B(0,6))
BT Lp < dit, (4.3) LR Th A !
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Maxnnal function argument on Kakeya conjecture
on K

argument on Ka
Kakeya Conjecture decoupling and application to PDEs and numbrl theory

k@ b9 AT, AT A d9 Kakeya#h K B 208 48 7T AR K A

||’C6 f(w)HLd(Sd—l) < C(d: 5)§_E||f||Ld(]Rd):

(4.4)
Ve>0, 0<d§<1, and f e L9(RY),
% L@ AFIKEY B K, Bourgain(1991) #t4% i T 4= T Kakeya#t X & #4542
_d
K5 @) p(sa-1) S 8" 2 Ifllpy V1< p<d, (4.5)
BPAS BEFRMFEENe, A GO °B
(4.4)5(4.2) % = X461, #1FKakeyath Kk & $ 5 48 69 F 47 X
||’C5 f(w)HLQ(Sdfl) < C(d, p,5)5_(d/P—1+€)||f||Lp(Rd), (4 6)

Ve>0, 1<p<d, g=(d—1)p, 0<§< 1

W R4 Kakeyath K & 405 48, 12d > 3 T 69 Kakeyath K i 4% 42

#open!
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Maximal function argument on Kakeya conjecture
Geometry ument on Ka imal conjecture

Arithmet rgument on <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya # kit 89 B BRBH X #Ar{er, -+ ,em} C SITIRELRE WS- F
TE, W RHE
‘ejfekl =6, j#k

EiEFEe € ST LEAAEL KL miEiFe — e <5 Hr{er, - ,em} RMKS-DHTF
B ARTy, -, Tm RS-0 BTE{er, -, em 3 L 895-9 5 t9tube, 2 F

Te=T(a), 1<k<m mgs

BTy, -, Tm A K- Htubelt, m = §1-9,

Remarks 4

fBike, e € ST~ LR |e —e'| < 5,0
Ksf(e) < C(d)Ksf(e').

FIUAT F R AP Kakeyath K By f& it 69 B X k% £ 2.
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture

Arithmetical argument on Kake) imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Proposition 1

Kl<p<oo,0<i<l, <M< A
_ P
H Z teX Ty ) <M, 9= 5, (4.7)
k=1
;t"ff’ T1, coo g T f"&5—’ﬁ%’7’%5—&“tube, gy o tm?%il%/i
sy <1 (4.8)
k=1
o E S, W
H}Céf(w)H[_q(sd—l) < C(d)M”fHLP(Rdy (4.9)
BEMEAS e X,
R (4.7)RTAARE 69 F 3, (4.8) K B F xR EN S A
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakey: | conjecture
Arithmetical argument on Kakeya mal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

Theorem 4.1

HAEFENO < § < 1 Af(x) € L2(R?), A

1 (@) 251y < Cy/108(1/0)IIFll2qzay, € L34 k. (4.10)

Theorem 4.2

ii1<p<oo,q:p—f1,0<6<1,1<M<oo,'J!'J

15 £ (@)l agsa—1) < €(ds p,E)YME™2[|F|o(gay, Ve > O (4.11)
PRI T K 3 TAEE -0 B 695-A tube Ty, -+, Tm, A

—e d—1 L
HZXTk oguey < C( G IME™(md? )1, e > 0. (4.12)
#, (4.12)5&L%£%%4+¢7
m
H ZXTk‘ ey < C(d @I85, >0 (4.13)
k=1
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Maximal function argument on Kakeya conjecture
Geometry argument on Ka maximal conjecture
r <imal Conjecture
Kakeya Conjecture decoupling and wp\lcatlon to PDEs and number theory

Corollary 4.3

1< p<oo,q= 0<86§<1,0< B < oo, Nl

p— 1’
HIC(;f(w)”Lq(sd—l) < C(d’ pvg)éiﬁigllf“LP(Rd)v Ve >0 (414)
B0 T B B MR AP AT #98- 5 B 89 6- B tube T, -+, T,
—B—¢
H kz_:IXT"HLQ(Rd) < C(d,q,€)d , Ve > 0. (4.15)

HA1, Kakeyath k & 3 4 (4.4) R 28 K & £ 4

[2xn

o < C(d,e)d™ ¢, >0, (4.16)

L@ (rd)

HEP T, TR TH A 6-5 & 695-Atube.

April 12, 2018 B Aa AT W 69 9 KR AL B S AR K 64 2% 4 A A



Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
hmetical argument on K <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya # k& # #9 LP 4%+ & % Besicvitch&& 4 MinkowskiZ: # 8 F R 4&3t: 1BiX
BEL<p<ocobB>0#HE

chﬁf(w)”Lp(sdfl) N 6_ﬁHfHLP(]Rd)7 Vo< <1 (4.17)

Bs % 7= Besicvitch & & 49 648 (ML & 75 1, &8 — AT 6-tube). Tf(x) = xg, (%),
MKsF(w) =1, we S971. F&, (417)&E%%

1= [|Ksf(@)]|fpse-1) S 6 7PLY(Bs), == dimyB > d — Bp, (4.18)
XEAEEAA C R MinkowskiZ 3 2 52 L

dimy A =inf{s>0: nm[)]fas—dﬁd(A(;) =0};

I (4.19)
dimyA =inf{s > 0: limsup 5579IL9(A5) = 0}.
5—0
RAN(A, 8) %7 F AW 124 58 kA | DAK, W
. o logN(AS) —— . logN(A,6)
A = liminf 280V 9) A= e MA9) 42
dimuA = s g 1/a) A= RSP Tog(1/6) (+.20)
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakey: imal conjecture

Arithmetical argument on Kakeya mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya#t X & # LP 4 i+ = Besicvitch & Hausdorff 4 # & #1:

Theorem 4.4 (Kakeyat® k1% #2—>Kakeya’# #2

it.B C RY2 4+ &Besicvitch®&. %1 < p < 00,8 > 0,d — Bp > 0. #

I1Csf (W)l p(sa—1y < C(d, P»5)57B||f||Lp(Rd)7 V0o<é<l, (4.21)
Mdimy(B) > d — Bp. 4713,

o HEANL < p < oo, H(4.3) 2, Mdimy(B) = d.

o Kakeya#h X & # 15 48 (4.4) &% & £ JL b9 Kakeyath 2.

Theorem 4.5

#d > 3, EF0 < 6 < 15f(x) € L2(RY). 1]
IKsf (@)l 2(sa-1y < C(d)5™CD 2| f[| 250y, (4.22)

H (2 - d)/2R THARAEIAR. A5 2EL5E%ER? (d > 2) FBesicvitch®
thausdorff4 A2 75 5 2.
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kak <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B PR % P B —>Kakeya#h X 1§ (= Kakeya’% #2):
B AR A X2 — A

1Pl ageey < € DIIF@)ase-rys £ € LUSTY), > 24 (4.23)

i@ if Khintchine % X, 7T VAIE J IR %) P4 2 —> Kakeya#& K 15 4.

Theorem 4.6 (&4 4% 8—>Kakeyat’ X 1 2

&2d/(d — 1) < g < 0o, p= q/(q — 2), W FR%IPE 431 (4.23) &k &

2(d—
1K F (@)l o(so—1y < €(d @3 T ~27D]1F]] o gy,
VO0<d<1, f(x) e LP(RY)

(4.24)

A, MK
o [RFIM A 48(4.23)=—Kakeyath X 4% 42 (4.5).
o [RiMEAE48(4.23) Bo%A

2d—(d—2)q

dimgy(B) > P % < q < oo.
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Maximal function argument on Kakeya conjecture
y argument on K 2 imal conjecture

hmetical argument on F e mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Nikodym# X & % 5 Nikodym #% X7 2

Definition 4.7 (Nikodym#% & 5 Nikodym#& X

RY o B A M & 49 Borel & NA4% % Nikodym & &, 42 E3IVx € RY, ¥ A £ A & LI
FLNNES—ANELEEB. SEZ0 < § < 1,2 XNikodymBR X & 3

1
Nif() £ sup s [ 1Flax, vF € L, @), T 2 (T2 (4.25)

Conjecture 4.1 (Nikodym # X 4% #2)

IN3 £ ()l ey < C(d,€)6 (| Fllagay, ¥ e >0, 0< 6 < 1. (4.26)

V.
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MaX|maI function argument on Kakeya conjecture
try argument on Kak | conjecture
rithmetical argument on ¥ e mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Theorem 4.8 (Nikodym#& X 4 #2—>Nikodym##

it N C RYZ 4L FBesicvitch®. %1 < p < 00,8 > 0,d — Bp > 0. #*

||N5f(x)||LP(Rd) < C(d, P?/B)‘S_B”f”Lp(Rdy Vo<do<l, (4.27)
M dimy(N) > d — Bp. 45513k
o MEAL < p< oo, H(4.27)R %, Mdimy(N) = d.

o Nikodym# X 4 #8.(4.26) & % & & $£ 69 Nikodym 44 #2..

Taol1999-FE 8] T 4= F F & 69 2 32

Theorem 4.9 (Nikodym# X f# 8 <—=>Kakeyath X 1% #2)

Kakeyatf Xk 4% #8(4.4)<=>Nikodym# X 4 #2(4.26).

Kakeyalf BAA R KR RA L LA TAM T &, £—RETFTAEH XBKIUAT 8 JLAT 7 &,
A=A THLBEFHIRT ..
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture

Arithmetical argument on Kakeya Maximal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeyats 2 &9 JUAT % ik JUAT 7 ik R T Cordoba. X449 JLATH 5 & M & R-FAT69 4
F(3tube) & % 48K — & (Kball). B4R, Bk A~ 1895 —tubes XA A8 2 —
ANG-3R; BAS K i~ 0895 —tubesfRE 48 A LA- sk H 2 op

o & M Cordobaty JLIT 77 ik T LAAE A& || Yo r e xTll2. SR AR A SHFEAF R,
JEAI3 X Kakeya® i 83t T p = 2,d > 3 sk, #.9 P A Bescovitch &
#Hausdorff & Minkowski 4z # A2 74 2 2. 45 B IL XM, &, Cordoba ik & 8- F i LA
A ANB 7w 69tubes AR 3.

o Bourgainf| A& JUATA F 5 (4 A AR A LT A — kg — A F @)%, LRk
T Bushes 7 i%; Wolffi#t f & & T Hairbushes 7 i%, iE B Bescovitch & 4
#9Hausdorff4e $ A2 75 /2 % .

o Cordoba 7 ik & & %1 1 X 3 (3% 7 & M £ % d9tubes © 2 A0 3L)! Bourgain X &
8 H AR 75 ik N R BAL A SR B A B TR £ 3t Szemerédi € SLAE B 49 Gowers 7y
&k, 4 T 4 1HE R, Bescovitch & #9Hausdorff & Minkowski 4 # 9 T 4% 4t !
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ximal function argument on Ka conjecture
Geometry argument on Kakeya maximal conjecture

Arithmetical argument on Kakeya Maximal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Bourgain®Bushes7 i&: 4 {TiE#dim(B) > %? HLAE Hu B, X Besicovitch & i#%
Rdim(B) = m, ARE-NEEGHRERAmM — 1. BARIGEZTxMd — 1EHEE
%, #ZBesicovitchE & H—Exo B @4 A(d — 1) — (m— 1) A XK. LidxtpT
HAEZGHFHRT —A"bush”. B TFAFALLRLAARL %, bushP AR EZ Hxoht 2
FRG, Aimde bz B A% (d— 1) — (m—1) + 1. 122, Zbush&L 4
f2Besicovitch&Z ¥ H 3t

(d=1)—(m-1)+1<m < m> 9,

Theorem 4.10 (FR#1 35 A Kakeya#h X f& i+ =—>Besicovitch & 4 & f& 1)

B C RY2 4+ &Besicvitch®. %1 > p < 00,8 > 0,d — Bp > 0. #*

o971 ({e € S91: Ks(xe)(e) > A}) < C(d, p, B)6PPA=PLI(E), -
V Lebesgue TMEE CRY, 0<§<1, A>0.

ndimy(B) > d — Bp.
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

o (4.28)%
15l ingsi-1y S 5211l

St 6 Pk 55 A Kakeya B K A&7+, & 324.10697E 9 £ 00T 2 24,5, X E
PE(4.28) Fp=(d+1)/2, 8= (d—1)/(d + 1)z, #AFdimy = (d + 1)/2.
o IUF iEKakeyath X & HOH #2(4.6):
HICéf("J)HLq(sdq) < C(d7p78)67(d/P71+5)Hf”LP(]Rd)v
Ve>0, 1<p<d, g=(d-1)p, 0<§< 1L

Bp=(d+1)/2 q=(d— 1)p/ W5 6 FRH 255 KB T

Theorem 4.11 (% FBushes7 i #Bourgain € #)

AL F 8 Lebesgue TMEE CRY, VO <6 <1 &A> 0,4

o9 ({e € S971: Ks(xe)(e) > A}) < C(d)at—9a—94=1L9(E)2. (4.29)

45, R L H Besicovitch& & B, A dimy(B) > (d + 1)/2.
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Maximal function argument on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B WolfféyHairbrushes 7 i:

Bourgaintybush 77 & B A &k tt, 7 R £ T 7 3EBesicovitch & ¥4 & 5 & ¥ pb 4k i%
EO T RBEERE. Blde: E24H S, Cordobaty 7 ik HER T2 LK 69 K 4.
Wollf[1995]4t— T Cordoba 5 bushes 7 i, 313 T m > d+2

Wollftg JUAT R & R & K 2T £ - BB To L RM T A bushZ (5L ¥ Exgtd—
AbushAaxt i), HAVHRH “Brush”. %= Fl—A bush#y % #, Cordoba#y 77 ik #
#& “brush” ¥ 89 H & & KR 3089,

% Fbrush#bush# 4244 %1, Zbrush#9 43 M (d — 1) — (m — 1) + 2. 2 &%
Zbrush .4 /£ Besicovitch Bz ¥, A it

(d=1)—(m-1)4+2<m < m> 92

LRIATER R T @AEA 5] L6 & 5l
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nal function arg nt on Kakeya conjecture
Geometry argument on Kakeya maximal conjecture
Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Lemma 4.12 (Wolffég# R 5] 32-1)

i’n;av 67’775 € (07 1) T= Tg(a)v TJ = ng(aj)%(s_tUbev J = 17 o 7N' 15;{7—1}7%
#95-5 % t9tubes, B &

TNT;#0, j=1,2,--- ,N; Hl|e—e|l>ap.
WA =1,--- N, #

#{: lee—g| <B, TeNT;#0, d(TiNT,, T;NT) >}

4.30
<C(d,a)B5 2. 30

Definition 4.13

5-5 & #tube £ &{ T;}V & (N, §)-Hairbrush, 4= & 4 £ — A 5-tube T2

TNT;#0, j=1,---,N.
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Maximal function argument on qusm conjectun—
Geometry argument on Kakeya ma:
Arithmetical argument on Kakeya

Kakeya Conjecture decoupling and application to PDEs and number theory

Lemma 4.14 (Wolfl A 5] 22-11)

#{T;}NZ(N,5)-Hairbrush. MstiEFe > 0% d/(d—1) < p< 2,

N
/Rd (Z XTz)pdx < C(d, p,e)d¢—(d=Dp—< 51 (4.31)
=1

Theorem 4.15 (% FHairbrushes7 i # Wolff= #2)

O < § <1 BX> 0,0 FHZHF(x) € LY(RY),A

2—d
ICsFllagso—1y < C(d, )05 <l agzay, ¥ &> 0. (4.32)

#7413 RY kBT A BesicovitchiE 4 B, 3 A

dimy(B) > d — 8d = (d +2)/2, g = <2
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function ar;:un conjecture
| conjecture

Arithmetical argument on Kakeya Maximal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya# B &y F K77 ik: JUT 7 kR TBurgain, /&% Katz-Tao®y A&, & 4= A
=T YAIE W] Bescovitch % #9 Hausdorff % Minkowski 4 44 £ 77 7 4=

dim(B) > cd+1—c, ¢> 3
AT Rt AR A, A8

dim,,(B), dimy(B) > Td + %

R, Bd > 128F 4L FWolfféd 4 2457+ (d + 2) /2
B KRG &EEE REAmYEtBescovitchk &, BSEET @ EK. A RALRL AL
BEBEREERTFEX = {xg = 0} L8 5(x,0) 5RFEX; = {xg = 1} £ & (y,0)8
H&. #m, T
G 2 {(x,y)Fi s kit 77 Xk Fpairsti £ 4} CRITI x RI7L
a1 RIS R o (x,y)=x—y.

Mr_q1(G)Ad — 1469 %4
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nal function argument on Kak onjecture
try argument on Kakeya maximal njecture
Arlthmetlcal argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

% —7@,dim(E) = m, M2 % Hslices {x € E : xg = t}m — 189, 12,2 X &slices®, &
TEAS{(1-t)x+ty: (x,y) € G}. Bk, WmRitn, (G)EATHH4

s (G y) = x+ry; Tt (X,y) >y

ARABANMLI RS HHFEr(r £ —1), 7 (G)Zm — 1484,

o R KM Kakeya k£ “BUE" H 4189 "KL A" (large range) 5 R € & F 49
S (small range) Z 18] = A 3 b R e mo B EA M — 1 £, GR %
AA2(m — 1) 485, B

2m-1)>d-1, = m> <

o LEMEK IR TKahane 1969. &AM, H £|1999F BourgaintiX s 44 5 Gowers %
FSzemeredi® 3 (M £ A E&F)MYIE R AL S, Kakeya Rl 4+ At k. RELE
ENITIE, T4 R AR AT B W1 (G) R T893k -F FLas 4l 4531, 1)
Jo: 3 F A MR G,BourgainiE #l 4 T 4% %1 46 3t

#m_1(G) < min (m0(G)), m1(G)), 7o (G))* ™7, o =1/13.
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function ar;:un conjecture
| conjecture

Arithmetical argument on Kakeya Maximal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o KatzFiGH LRI 20 = 1/6. AL R 5 A5 & 49 MinkowshiZ 4% 89 F k3 A
m>H(d-1)+1, o=1; m>Z(d-1)+1, o=4.
BT kA R AL AR T e T gl X

(a—b)=(a—b)—(a = b)+(a' — b),

atb=c+d <= a—-d=c—b
o Y RAiEWlo = 1, LHIEM T Kakeyatd 8. il i B3k o) 7 X, 4o
#7_1(G) < min (TI'()(G)),7T1(G)),7T2(G)),7TOO(G))270-, o=1/4,

EAPIE e B % 69483 (~ exp exp(C log(1/€)?) 897 ik, AR T3 1F0 = 0.32486.

o JUM 7 ikt Tk 4eKakeya B A 2, HERBRM FTH4E A . FRFHFMUR
#iBesicovitch4& 4-#9Slices, i 3F £ # 69 Besicovitch &, B )T g 24k~ 14.;
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nal function argument on Kak onjecture
try argument on Kakeya maximal njecture
Arlthmetlcal argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya#® X 15 # 5 KakeyaF 49 % & ¥ 4 & % 49 Besicovitch & & T4 Al
#)i& Kakeya R K & 3 LP LR B A7) %ﬁmﬂﬂi}b, %l)\&uﬂ%%:

o ETRSI-F 5 & ttubesty 4 (~ 6179). HERMHO <AL L VT €T, HF
HY(T)C T WEERN WR|Y(T) = AT

o Kakeyath K & # /& LPIL 09 5+ S0 T

j U Y(T)j 2 APs9P. (4.33)
TEeT

o 1Ri%(4.33)4\ =1&=Z, Y(T)=T. 1(4.33) &% £BesicovitchE & EZV £
H Minkowski 4 % 4 p

o iX(4.33)3\ = 1A, N(4.33) &% & (12X FM F)Besicovitchk &2/ &
A Hausdorff4E 4 A p.

o Kakeyath K & #fF # & % & HausdorfffF 22, Hausdorff## 28 & "k & MinkowshifF #2.
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nal function argument on Kak onjecture
try argument on Kakeya maximal njecture
Arlthmetlcal argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B Kakeya ﬁk&%’(%ﬁ%fbi\ Kakeyafh #8869 & #L A X - — iR ey m A, 1RXT
RRIPAFASA A H. REHS x 189tubety A A8 4, | Al Kakeya B K & $ A% 48 69 3¢
1B KT A sk

‘IEXT)‘pgts%*l,vpg _d (4.34)

18 S a9 46t & W4 R (4.34) 3 £ A po ik 2, W T A Besicovitch % &
#yHausdorff & MinkowskiZ 44 £ &

dimy(B) > d = Bpp = d — (1= 57)py = po-

B Wolff#y 7 ik 47
o KB T4 AT Wollfhy 75 ik AL T 3% /i Kakeyath X B2k 3t o 69 4651, A 22 K B 4K
BEFBNBEKFEAL, L —2 )AL FA- 5 L" (bristles) & brush 7T A& -F-47 T stem
To, FAR NG E. =R F S Y(T)THAULREARAE—3%,3X F 5 T brushéy R <
6 F A i1 b Bt (3 £ AT L4 k).
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nal function argument on Kak onjecture
try argument on Kakeya maximal njecture

Arlthmetlcal argument on Kakeya Maximal Conjecture
decoupling and application to PDEs and number theory

Kakeya Conjecture

i 13 Wolffad i/ 35 )2 25 =T VA SLIR 5 = AN IR 2. 3% 13 242 BN AL BIRE S Y (T)iHk 2

[Y(T)NB(x,r)| S r°AIT|, %A 0>0, VB(x,r).

B.Y (T)— 2 4 Bk R A fitubet— 3, Y(T)F B 56FH5 1. WRAE
S MRELY(T)RHRIGT, A FHAE—r x StubeBARMIEL x 6 LEAR.
XA, T AL Arescaledi K. % H KR T Wolffay RE )2 4 o

ZRBARA, SEIRE AL AUE T AR MR, 4o B #3503 29 JUF 7T LA IR 0
SE BB — A, PTiReY AT T UAHIR AR R A S A&
X EEN

[(Zxr)( 3 xr)

TET T'eT

<8260, g HZXTH <arTh, (435)

~

/)2
'/ TeT

RET, TR FAktubesiH T HET 897 @tk A~ 1. AIATVV 69H KT UHEH
—HFM
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Arithmetical gument on Kakeya Maxnmal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

* Kakeyai£f9~5fiﬁrﬁ7éﬁik??@’i‘“‘*ﬁ#ﬁ% INAF R R0 Tk, e R B3I A
FHEAE 1, Bochner-Riesz#% 48 [R&]MAF 483 7T b Kakeya 5 8. 488, %

&Kakeyaﬁ:ﬁ' BB 7T VAR A3 4E-F JL8Y B 3f L3 M 457, Bochner-Riesz4& 7. M4
MAEIT 5.

K CATRREI A T (R X RAE 46 T ) i H Kakeyatb it 8915 A, B ARZA
Hfdo# LPEAL. A 4G K AR A 32 Knapp R, B g B ARAE MAw 7 815~ capJ:
M gdo B A iwH 7 #8951 x 6 285tube T2 k. F2&, Tl fdo it i7"k &
iz

fdo =~ Zc—.—e"“"xx-r(x). (4.36)

F AT 09 R AE 7 7 ok (B B UM ), 3R 5 A T )3 45 00 -F 7 By S 5T, Bp
[t | (S ot o

R, iR BRI SF, B BRKRGG—AARAF
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nal function argument on Kak onjecture
try argument on Kakeya maximal njecture
Arlthmetlcal argument on Kakeya Maximal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

* TR AT AL A de T AEIR H A K
1
[(ClerPrrc)],,

#9431, X FE T A8 i Kakeya it R 52 20

kR, E R R B A ARG A R RR R, £ BB R SR K
@." (wave packets, & Knapp#l-F)ayfe, % A4 T F 5%:
(1) A 4 el PR b4 RO T o o A5t R 6L 8 R A
(1) #I A Kakeyats i1 (413 4t & o dE 4L tube AT st 12 69 45 1) oA 31 3 e Fy 3¢
X% B AT A AR AT AR IR AR A AT A A5 it
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AN

function argurmr

r g mal Conjecture
Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

# 1 (decoupling) #9 B ALBEA 5 A& A &

B {£#%Banachz BX ¥ A RE{f}ic) ZATEFXNERHE

I>26], <> i6ix
jel

jel
L BA ARG B AMNM R AR kit iR AT, Hlde: X R Hilbert = 1, {f;};c/ ML
iE R, #AEPythagorean® 32,4

|6, < (Susiz)*
jel el

AIZTF, sFBanach® 8] X @ 5 XA 3 (= A &% KX 5 Cauchy-Schwarz):

| >6], <S5l (ZARFK)
Jjel jel
I)% (Z M||§<> %. (Cauchy — Schwarz) (4.38)
Jjel

W L, Hilberts ] &9 E 5t = &£ T “F 7 4k B T 6974 X a9 4F A
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function argurmr

Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B 5 HEMNES: —RBLK, M{f}jc)EX T KIS %t (decoupling) £ 45:

Dol Se #NT(DIFI% %, Ve > 0. (4.39)
Jjel X

Jjel
B TFHRAE| - |xELTFLEFFRE T 3%
o [2(H—#kHilbert= )W e E X = &,
o Yp <2, LPEEARAAS BN FRE F{IAARTMGLE N
1 1
1326, = () > (21612)*, p<2.
j€el jel jel
o Zp=ocolt, &TF{f}Th LA &4a5F LA R 4 5L KRA B L4, Bt
R - [loo EXL TR “H B

o BHEARM: [PAAHBREGLEEAADC (2,00) HikHEE < p< oo,
ST 60 A B
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function argurmr

Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B [P(2 < p < oo)¥ £%decoupling £ 6941 F 598 7 X
o Hkp =4 MIE{HIARERE, Whfi (1<) <k < N)ELERTRELE
Ay, 0

1> s I3 )

Jj=1 J:1 1<),k<N 1<, k<N

N N
= ( 6 H L <R = N
j=1 j=1

1<), k<N

B IRFLAP A B

o A, BR{HIN REETM, WAAA (1< <j<k < NAMELFER. FHF
TARZLOF BN, b FF.

o HVp e (2,00), FiE{wifi}, wj = 1R Z AT 5, MKhinchin % X

(|l ~ (), 5 ()™

j=1
BT T LPESLT O 5 8"

=

April 12, 2018 e AT 69 v KA A8 R AR K 69 3



onjecture

Arithmetical argument on Kak <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B Af9 4 ¥ 5 % b (decoupling) 89 & & . & B H5KR

o B P 75 ik R T Wolff % Tk 3 7 A2 % 69 .E W 1 & Bourgain % F Schrodinger 7 A2 %
#yStrichartzf& i 8957 7T
2 < p < ooty ¥ H454%, Bourgain. Demeterft “IMR#| I 9AER TR LT LP
BN R, KR BER TS B G AR EIFGTERAN MR T B
HEm” . 4R K A, Bourgain-DemeteriE 8] T # 32 5 L3 3£ L Schrodinger 77 42 %
#9Strichartzf& 1.
Decoupling 3| AZ B 49 & A 2P & £ 48 473%, 4=: Bourgain, Demeter, Guth “ﬁ'%
X R EZG H R, — AR T MEATHGE 49 VinogradoviE AL
#n,4#£Diophatine 5] #2, exponential sums 5] 4%, R|emann—Zetax£1§fle;]M%?/A\-H‘l‘ﬂ
AABAT R
S BT RGBT T PRI A A RS, A E L LR A
AEHilbert s 18] 5k )" E 31 69 AME.
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i 13\ function ar’gumen Lonjectun—

Anthm?tlcal al;,ument on l
Kakeya Conjecture decoupling and application to PDEs and number theory

Decoupling version of restriction conjecture

B >EHERERAEFAETTRL. AREFTE AN @ AP RAAREG LR,
FPI—IRRY %y hudy @,

= {(¢e) eRTIXR: G =g 1| <1
Ne-1(PP 1) 2 {(¢,60) € R xR ey — €2 < R I < 1
N1 (P1) C Py 2 Ur &7 Ngoa(PO~1) AREALE;
T RTFRAEH RV x . x R7TY2 x R7! tube.

Conjecture 4.2 (Fk#] b4 #)

B PI—L 2R & % 4 et @ AR S A4 TR R AR AR
H?|Pd*1”Lq(Pd*1,do) Sl <= p< F&, a< g1p'; (4.40)
FR I PE A% 48(4.40) 69 F M348 X

d
1(&d0) VIl ot (zey S llgller (pa-1 40y == P> 5. > §554 (4.41)

2 R (4.41) sz, MHSlder R¥ X, &MA

\vi n_pP
Apm 12, 2018 WA AT b 69 ¥ KA AL B LA K 09 2% B AR



conjecture
| conjecture

Arithmetical al;,ument on F a mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

AT HFRAL X S YEAFX So REY, M(4.82) TAL M is e kA

v <
[|(gdo)"|] P p0.cry ¥ HgHL%(pH,do)' (4.43)

R Z,hm R (4.42) B <2, %) Fle-removing /& W, 3£4F 2] FR &) M 45 2869 M X

Conjecture 4.3 (FR & P45 48 69 5 45 X- B3 i A1)

kg H 2 LAPI—1 oy B3 0

do)Y s 4.44
ll(gdo) IIL%(BR IIgIILd T (Pt do) (4.44)

¥ Heisenberg " # 7€ 14 R 32 4o (4.44) 5 1 T 4o T X

Conjecture 4.4 (MR %P4 42, B3RRa A& IN)

f SR 2 ||F , FeSMRY),suppf C Ng_1(P91
1] L (g N l ||Ld2i’1(NR_1(pd—1)) (R?), supp R—1( )
(4.45)

i IR (4.45) T AV 4R T @k @ b @ 55 69
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function argurmr

r g mal Conjecture
Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

Conjecture 4.5 (FRHIHEAF A, &3R5 XN

< RLF
”fHL%(BR) ~ R Hf||LOO(NR71(Pd—1))1

(4.46)
feSMY), suppf C Np_1(PI™Y).
FR L (4.45)40(4.46)F M. MRBIMAF )3 LA IEPAE 1845, i, 5B fhe T
frod fr, £ Foo=fxo

71’\&7;4?’119’t||f||Lm _y(pi-1)) S 1, (4.46) T AEAA

I>F] W, SR (4.47)
A TIEH(4.47), £ L CFHTH K LZRGHFA

‘)ZfT e 2R (448)

W R TR I S (4.47) F2(4.48) W9 3 R A AR L 4. B = A R HF T 7-F ALt
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r:onjecture
| cc
| ('onJPctun—

Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

T sy < I s w49
S Z 0 89 3R 3 (8 ), T AR A 18 (4.49) A 0L S8 3R 3 A 02 SE B
1
‘ Tl 24 (gey IS H(ZT:\I‘TF)Z 24y (4.50)

Conjecture 4.6 (square function estimate)

supp f C Np—1(P971). (4.51)

|+

d )

a0 SIS o

Fxk,
decoupling conjecture (square function estimate)

wave packet decomposition & Kakeya estimates

restriction conjecture
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conjecture
| conjecture

g mal Conjecture
Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

B A A Knappd# & Khinchin 1% X (FAL 7 &), FR#) M — Kakeya#t k7 42

Conjecture 4.7 (Kakaya #& X 47 2864 & #UR &)

HO C SI-1 ARTZ Mk HF QMR EL, 1

d—1

[PIELH i, (Z | Tl )T (4.52)
weN

{Tolwca® FmH R 2 - x R™2 x RTVKFARLT, 876 Hw.

BZ, B A Kakeya & K H A THAAARILR E K D694, ik AR AT PR T 2
YR, B, Kakeyath K ff B8/ IR S AF 48, 122, do Ro BIH KB S do T 05 Z 346
it (4.51), M A Keyaya K AF AT ey RRAI AR, FE L (4.51) K FLE%

% Kakeya®t K 4,4 0 [11] .

decouplmg conjecture (square function estimate)

restriction conjecture

maximal Kakeya conjecture
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g on Kakeya conjecture
y argument on Ka al conjecture

| argument on Ka <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Bourgain-Demeter /?-decoupling theorem

B Square function estimate-7& P 5 % 1%

1/2
Iflle = 675 (22 \f\) |, v2<p<d (453)
TEPs
Rk K 5 F A RA A8 L0 B I 24 Rk (E M), A
13 &N T 89! Burgain-Demeterfit 5 5 % iﬁ':“ i\(ﬁ?isquare function estimate):

Theorem 4.16 (Bougain-Demeter 2015: A2# &S 45 LAY R AT K- )
HSARI P EM CPRiRAHE, LA ERMHZRELHX, 55%‘1‘5%6*[”31 R

SSCP(SéUT’ T%ﬁ?ﬁf'ﬁﬂ\/gX\/gX(;‘&f'ﬁ‘

8% suppf C Ss, Ml

_d—1,d+1__ 1/2 2(d+1
IFlp Se 6™ T %2 NRIE) T Ve AED. (a5
TEPs

3% EAET 5P LB p = 2461H 47

1/2
IFlls Se 6= (D2 IE12)™, v2<p< ED. (4.55)
TEPs
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onjecture

Arithmetical argument on Kak <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o &SI Iy @ ah BT K2R B AN, RS X(4.54)5(4.55)% 4 K fa
R A, 3E2T 54 & M4 48 (srong-version)!
o Y e A B Wolff- R 5 X

_d=1l,d_ 1/p d
Il Se 6~ T8 (1) ve > KD (aso)
TEPs

R BHERE X 54 THolder <4 K

(SIe12)* <66 (ann)% (4.57)

ER 0
o F LopenFFlA: Sharp® 4 & B AHF X (Bt MGHREHE)
1/2
Il < Cep)( D2 II3) 7, v2<p< (4.58)
TEPs

4d =2,p <40, (4.58) 2. — AL FH B A, KA 4

o XHAIGRZBTT LP4 B A LELH. 77 Bourgaink A Wolff R Y3 th
ABCTH# % B, BT p= 24 a91HH,; Demeters] Fl X B LT 5 & R4l
PR T p > A2 i
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Maximal function argument on Kakeya conjecture
try argument on K imal conjecture
Arithmetical argument on Kak <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

W 8 @S k4 & i (Decoupling) & 6 F 3 K11 i 5 ) 49 R AL t 0 (o4
@), UK T
-1 _ {(51,~.- ,&171,\/6%—&-.—&-5%71),1 < \/§§+.+§§71 < 2}.

AN (CI1) R RS, Ps(CI )& TH4mo =1 X 8 x V6 - x Vot “FriK" (R33F
2 “Plate” 1 x § x V/3) 894, HAN(CI V)M AMREF L.

Theorem 4.17 (4 @ *t iz 69 9 & 14 € 322015)
&suppf C N3(Cd—1), M 5#Ve > 0,

— 2d
IFllp S 6= 7 5 (X 1612)"7 v 24, (4.59)
o€Ps
< —e 2 12 2d
Il Se 67 (DIE12) 7, v2<p< 2 (4.60)
o

EZf € [P(RY), f, = (F| )V AftFourier X # o L a4,

o Mm@ Lo B WA IHERIEF B £ R R R Iodh A AL & T — AN AR A 5
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imal function argum conjecture
y argument on K a maximal conjecture
Arithmetical argument on K mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o MRAEEIANTF 4B M4t 5 Holder 1~ 5 X # 45 Wolff A 45 31
_d—2_ d-1_ 1/p
1l S 8~ T 5 (S 1e) 7 Vo> 2 @e)
TEPs
Wb T A L A AR ARG BRI AT (R R ER). HBRTHLPET SR
MK HE A REF. ¥ LBourgain. Wolff. Laba-Wolff4y T4f.
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&

onjecture
g njecture
Arithmetical argument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

& A BRI H P4 APDE® 89 AL S A

B Minkowski ¥ X, Hp > 20, & B AH Xb-F 7 B4 (4.53) (0 & HAEHE) G, K
B4k, Bourgain ¥R K 5 A 4 8 1 52 32 /% 2 3% % Vinogradov /i 42 %@4&7«7)77{:15]*5( AT,
F LA RAH . R B, FARE A B RS AR APDEY & A
%S € RIZGaussH R CPER N @, A C SREEHY2 »ETF4E.
Stein-Tomas[%& %] 1 &t

1ol ey < IFllizgs.aoys VP = 2 £ e 12(S) (4.62)

! I d_do1
(m/ |Za£e(§~x)|9dx)" So% 4 flagll2(py, 2 € C,
S (4.63)

e(a) £ X, p> A R 5i vo<s<L

B L, Stein-Tomas J2%] @ T % 18] RJE B ME > 8 RE# AR ~ 6~ 2 17 F 53R
HLP-T3

April 12, 2018 R AP RS R R P O P



onjecture

g njecture
Arithmetical argument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Decoupling& S 9 5 f (1)- % # IR &) 24 5F
AR5 B 2 R ER > 610, T AR B R B M LA RARH K LR B

Theorem 4.18 (& #% (R %1 I -4 R A= 3% Ik 7 09 LPZ] @1-1)

BAC SA—Y2 5 E%, R 2 571, Matve > 0&p > At

1 Y dtl_d—1_
— . dx)? <. 62 4 . 4.64
= /B 12 2ce(e ) x)? e 82 [P (4.64)

o ISHCARIR M LP BT (4.64) A5 BT L4166 B

1/2 .
17llp e 0% (32 IAI2)™ supp(F) € A, (4.65)
TEPs
HERE FEENG S — CR 2 5L R
— 1/p 1/2
(/ lgdabax) "’ < 8% (S g dolitag,,) (4.66)
Br TEPs

X2 g = gl, REHwg, % Lsuppwg, C B(0,R71)%&

g (x) S wag (x) < (1 + D=SBrlly =107, (4.67)
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Anthmstlcql rgument on K
Kakeya Conjecture decoupling and application to PDEs and number theory

s (€)RVAE € SH P86/ 2 cap, 1£(4.66)F I

g=>_aco(75(€) M) (%),

£eN

46— 0FLIF(4.64). @, M (4.64) 5 Holder R % XAt 7T 4 th
Flachioy S (g [, 1526 0P 4)” 52 5™ Nocll, (469

d —
F1<p< MY R 6L
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on Kakeya conjecture
al conjecture
rg <imal Conjecture
Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

Corollary 4.19 (& 454 % 1 XAy LPfEit)
HS ERIAA ER ZRAGHC2EAEE, £ =290 RSN
1
(/ Za e2mixz dx)" <. RE(Z\azl )2, p < 722‘1;1). (4.69)

Corollary 4.20 (4F4E k) # 9 LP )

K pe AT LG RIES K B —Age = Ede, N

I¢€llip(ray < E°lIEll ey, Vo < 2. (4.70)

Corollary 4.21 (A #ASchrodinger ® 2% 69 i = {5 7t)

#%d > 1, suppf C 29N B(0, R), 1

(2 )Xl agrasty < REIFllizray, Vo < 242 (4.71)
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onjecture

Arithmetical argument on Kak <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o 4d =23 p=4if, A4 TEHELGET:
l9ell ey < Clldell2(2), (Zygumund-Cook 3t),

(4.72)
el <o Ellbel gy, (A %),
A, 3t B b 49 B BASchrodinger B 2 AL AT 4641
||(eitAf)(X)\\L4(T1+1) < Clfll 2y,  (Bourgain ), (4.73)
12 1) sarsy Se RENFllogeny, (5 b2 i%).
o %d > 4, ZATE R A 4o (4.70) 69 448 £ 9 1E 3t !
o IR _EAGAFIE R LP-Fh A
||¢E||l_q(qrd) < CqH¢E||L2(’]1‘d)1 q< %7 (4.74)
-9 24
lloelliaerey < CoE loellpray, a> 575 (4.75)

e #| flHardy-Littlewood [dl %, Bourgainit ¥l % q > 25;1_21) B (4.75) R 2. F &4

A BAVE AT T BEGE Ty &, AR R ifA 5 ATe R |
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imal function argumen conjecture
try argument on Ka | conjecture

Arithmetical argument on Kakeya mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Decoupling % 2 &8 & i (11)-£ 3¢ 3 L7 3% £ &9 Strichartz 5 i+

Torus_ESchrodinger 77 42 i 49 Strichartz 4 1, T VA 12 45 9 % S 5 8 T A& St &2 49 & # ik
H AR E. 9T

PIN) 2 {e2 (a1 6ar) €24 g = + -+ 63,0 < Igli<a S N

Theorem 4.22 (& AR H]- 4y @ k6945 & 1)

#ag €C, e > 0, A% T HMEA AL (1) 2d>3

d_ d+2 d
H Z a2 LP(Td+1) Se Nz +6”35He2’ p= R ;3)7 (4.76)
£ePI(N)
| > acele-) pipansy 5= Wllaelle, 1<p < 20, (4.77)
£ePd(N)
(ii) #d=1,2,
d
| 32 acele )|y sy Se Nlache, o= 252 (4.78)
£ePd(N)
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onjecture

Arithmetical argument on Kak <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o ()WYIEWMEBY T Mk, % &M A57t(4.55) , 89, K M Stein-Tomas7r i T A3F
w18 S RAE (i), i%%f‘{‘@_ﬁ. ARV 6y A B

o Bourgain¥ #M(ii)Md > 3 A EFHG(RHNHK). FELE 232418 TMXE
vk E A 228 5, B MR A R — AR AR A

A2 Tori t #9Laplacef F 548 8 #9Schrodinger B2 21 <01, ,04 <2,
stp(x) € L2(T9),% & L& Tori NY_R/(6;Z) L tLaplace i F:

Dp(x1, o, xg) = > (01 +- +E0a)b(&, - L)

(€1, ,€6q)€29

x e(&101 + -+ + €axd), (4.79)

% A8 & #9Schrodinger B 2

e p(x1, - xa, t)
= > B, Ea)e(€ab1 + -+ Egxag + t(ER0L + -+ E504)).  (4.80)
(€1, ,Eq)€29
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| function a
ument

gl g
Kakeya Conjecture decouplmg and application to PDEs and number theory

Theorem 4.23 (&3 Tori_k #Strichartz/t)

& p(x) € L2(T9)i# Zsupp(P) C [-N, N9, Ve > 0, | C Ris2|l| > 1, A

3 d_didig 1 2(d+2
€2l pearsy Se N2~ 7 1|7 ][gll2, p> 2L (4.81)

The sketch of Proof *—N < &, &g < N, X

o1/ % -
ni = I4N ) an:¢(§)

HETEHRAMEDH

; 1
itA 1 |p
e dxy -+ - dxgdt <
/’er><I| ol 49~ a2 ﬁY1\v---=\yd\<8N

Yd+1 €152

P
’ > anelam + -+ yand + Yar1(m + - +n3))| dyr - dyaia,

My 5Md

B o R K o N2|I| 80— B I AR ABAARB L Ty1, -, yg 0 FIBIHE, 2 5 4k
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al conjecture
nal Conjecture

rgument on

Kakeya Conjecture decoupling and'application to PDEs and number theory

1 p
B S e [ | S bt yana 4y (R e+
S NN o, |2 ane(yim Yand + Ya+1(n1 )

dy1 - - - dygy1, Bz ¥4 ~ N?|1| 5.

EEE (o ma, P+ A2 EPY ER~ 1/ NGB 6 MR ~ N2|I|[4 R %

194 185k 3K 1 A # 3R L Strichartzf1t.

o £201 4+ EPTUALETERZRAQ(&, -, Eq) RHK.

o %6 =... =0, = 10, 3 5 & % # Toritd 7.
o %374.23% 4 Bourgainty 2w 2 (LII-GFALF ¥ £ 32113, & 114)# 47

3 -2 2(d+2
€™ @l pprarery S N2 17 [1gll2, p > 22 (4.82)

4
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onjecture
g njecture
Arithmetical argument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

The sketch of decoupling inequality

B A2 # &S _EDecoupling & 2 &4 B 9% (L3 K355 L)
o FINMBEBS LN HM S ERMMAIERNZHKXFNT OB LE", EALE
22 < p < 2 HiRatk 2 5 2 ) gy ﬁiﬁ%%Bourgain-Guthﬁ‘Jﬁ;‘:“:ﬁ
I+ % KT, AR IE ')Eff"l fri‘fﬂ'" HERAE A S B H eI,
o K &4 fi#(wave packet decomposition). rescaling# K S48 5 &9 4 s A
o Wolffy R )2 4 7 i 5 Bourgain-Guth 7 i (A FBCT 8 % K4 A74H R).
e & Xdecoupling-#% & i M #9decoupling-#2 4= F:

1/2
e 2 (2 16 Bge)

T:R—1/2—slab

1/2

L 2

1t g 2 (22 1 Empmggan)
7:R—1/2_slab

S Al Howg, AP A BrIK I, £ Br At Heik Rod a0 B 2.
o MO, (R)VATHFEIL 5 HHTH K
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Igl,“'ﬂE‘ﬂT on
Kakeya Conjecture decoupling and application to PDEs and number theory

1Fllip(aty < CUFll it gy VFH suppF C Nig-a (PO1)

R RAE . N, g(R) AR5 BM2 5 HETF K

d 1

i
j=1

PRI RR TR X Ry, Ty R B R

s £ . d—1
1 (Be) H|| J”LPR  (weg)’ VEi#HZ suppf; C 75 C Ng—1(P977)

Lemma 4.24 (trivial decoupling)

1Flle(mg) S RICZHPE| o1 2< p < oo (4.83)

(weg)’

F% b, dBernsteinfbit A B ELHERF X, %p > 2 suppf C Np_1(P41),
flleBr) S HfHB(wBR) < ||fHLz,R71(WBR)~
B Holder % X
1l 2y < R 2721 oo
A AEdecoupling 469 & LH1F 2] 5] 324.24 49 E 9.
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imal function argumen E conjecture
try argument on Ka | conjecture

Arithmetical argument on Kakeya mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Stepl. & # 55 KMo BB LG F N

Theorem 4.25 (% & P02 5 & bk % 32)
By o7y C N1 (PU=1) #hRw- A £ 04, Mtp > 2, REX

d
Hjljl'fj'l/d LP(BR) LpR™L

d
< wOMReP) H ||5'||1/d (4.84)

- :

J

PR, _}T—‘:Psupp cr,1<j<d.

0, if 2<pg AL,

A d—1 '
Of(p) - d—1 _ ﬁ f 2(d+1) < (485)
4 2p d—1

I
(<%
9
o
A

Proposition 2 (£R#E K 5 i$42)

fBikd =2 Rd >3 LD, g 1(R) S 1M p > 2FVe > 0, THRAL )
#w(e) € (0, 1]4£4
D,.4(R) S w CWRM, 4(R,w). (4.86)
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Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

A %Ry B R IEA2555] 222Gy HELE, FEE BEETE ARE ZIEH
jr%ﬁ‘ff]‘ﬁ/

pe(d) == %
EREp(d) X TdRBHY, TRTARATIHER. ZEEF

Dp)2 81 = Dpex L
F) R % 324.25F= 4 R 23 1F
Dpe(3)3 o Mp.(3),3 S L-
St F 2y e 69 1S, T A BEAT B A 69 )3 i KR SR L.
Step2 A E@#yitit, REIEN S EBAH BT ELEd = 205 & M2 H
1< K < R(F 8] RE) VAT AR RE 6945 4. 3 ith &
FCNga(PP e | -

7:K~lregion
W T AN RE LA

f= Z fr.

7:K~lregion
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Kakeya Conjecture decoupling and application to PDEs and number theory

%0 < A <1, x € Bg, #ix X Ff &\-broad,# %

max  |fo(x)] < A|f(x)]. (4.87)
a: K~ lregion
e
f(x), xis a A-broad point
Bryf = (4.88)
0, others.

BT VA, de Fx R A f B9 A-broad, HiE & BT — £>°, 0]

/
If()l < )‘_1( > ||fa||L<v(BR)>1 "

a:K—1lregion

B, 8= ARF K

_ 1/q
1 lliose) < 1B Flliany + A7 (0 Y Ifalliasn) (4.89)

ca:K~1region
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imal function argumen conjecture
try argument on Ka | conjecture

Arithmetical argument on Kakeya mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

AHBAR R L 6T R & 2T @ a9 AR R T 890 45 5| 32

Lemma 4.27 (Parabolic scaling)

WwER < p< 1, g€ S(RY) Hsuppg B4 EN_1(PI1)epl/2- 4135, 1l

||g||Lp(BR) S Dp»d(pR)HgHLp,Rfl(WBR)' (4.90)

Step3 d =24 H MR EMIEN:

Lemma 4.28

HEC> 0,40 < A\ < cFRZimIitx € Br, AEMRMTx 89K Lregions of, a3,
117

o dist(af,03) > KL

o [Biaf(x)| S KZmin(foy, fux). FToAREZBIRAES DN A T @ &S

1 1
|Braf ()| < [fax |2 fag |2 (4.91)

B T 4(4.91) K RAHM Fx, 75 (4.89)% 89 % — %
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Kakeya Conjecture decoupling and'application to PDEs and number theory

Braf(x)] < K? > AR TAYE

Tl,TQ—Kill’eg
dist(Tl,Tz)ZK71

® parabolic rescaling3|3Z,(4.89) 3t # 1L &,

2
1
Illo(gr) < K? > I T 1612 e ey + ©P72(R/K)”f”Lp,R*1(WB X
Tl,Tszflreg J=1 R
dist(r1,72) 2K !

8 Fdist(ry, 72) > K1 % &bk 5 B 463+ 691 A

2

1

H [11%12
i1

< Mp2(R, K™ I)anf,nm

17 (Bg) iR (eg)
FIT VA
Ifller(8r) < (K*Mpa(R, K1) + Do (R/K))IIfIILpR L wgp)’ (4.92)
BXAFFIFE TR KR
Dp2(R) < C(K*Mp2(R, K1) + Dp2(R/K)). (4.93)
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function argurmr

Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

T8 FR#HK, KT E

N

- R R
4 j+1 EANY N+1 )
D,2(R) < K Zoc Sm(Kj,K J+c¢ gp,z(KN). (4.94)
iz
Ja B BAVEBN ~ log, R, K £ w1
Dp2 S w_4RE(“’)9ﬁp,2(R,w), e(w) = Iogl/w C. (4.95)

Step 4 SHMOCHHERZLGIEN: (2 HHMEEEE SRR EEEEFML
¢ B2<p< AL RS EIRA R ALY SABCHFHRE FR
4 BCT's % &bk A 2 2

d
1/d < l/d
H H 6] LB (BR) © H I f” &(WBg)
P VAR & ZE W
<
Il JHLng (wgg) ~ ||f||Lapv§ l(WBR) (4.96)
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Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

F 9k AHolder 7% XA B3 E M

: < ||f: _ By 38 IE 3
16013 ) S Wl s, o (BHREI)
167112, ) S Whirlliguggys  (HOlder F %)

WAL T HFE, B TS RERAMAETRT XML HHEET!

Proposition 3 (%R 5132~ % XM RAHIHFH)

Wy, e C Ngo1(P971) i Rw- B & B REBHRWEK, B —mE/BHRL?
WM ARG RS, LB MARTBy —AREFREL. N

1/d 1/d
||H||f||/ v ) a() 2 oW R~ d/2H||f||L£ Ry (4.97)

EBIHURE2 < p < FG bk B Fp> 2Lk tsp > 2LAEEG
ﬁmgn@*AQ%
TSR BRI E RS RS BRERT 9% RGIE:
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Arithmetical al;,ument on F a mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Proposition 4 (%X 5] 32-% &t 5 & F )

BT, Tn C Ng—1(PI7Y) i Rw-#lk & th,Br ¥ 2 HREH,B — ¥ BEARY?
MR RS, LB MATBr —AREHREL S 2L s,

d
1/d — —d? )s (1 d d
||H||f||/ ol S 01) g=/(d=1) qn il ety HHJHQ’S/R
i

(4.98)

By = RY2V P NR A KK Mry iR BIRGIALE | § B —se b (749 R
n=r =RV, ogeg<n

LBy, = {Br}. MO LK N —1,5%,, H¥EBArd MR ES LHR T Briy 4 iR
EHhE HTFB,,, € By KX

?ZB%H = {B,e € %, : B, N B,y #* @};

ARG A4, ST ARAF T @ a9 fEat. A WRBI KR Krpyy 89342 P A B X BEAE AL
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imal function argum conjecture
y argument on K a maximal conjecture
Arithmetical argument on K mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

L0 < LK N — 1, HM1dTF X4t

HHH s
i WB}

25, (Bry)
i 1/d -8 d B/d
S Dsa(R/red)?|| TTIEN £l (4.99)
R i H,E[l T2 g (ws,,, I lles (@,M)H g 1587 (wp)
B SEBSERTEGIEN AFYBREEHLD, 4(Rw) #TRESSAXE
KM, 4(R,w) LES SR KK 4
My d(R,w) =uw R7, v = 0. (4.100)

F@RRFIEYY =0. B 2% <s < 2D g b R iEs

msﬂd(R,w) él, Bp v =0.
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decouplmg and appllcatlon to DEs and number theory

Kakeya Conjecture

HIR > 1, AIR-FILEY % &b 5% 2 2 3E AT

Hf{l@-|l/"\Lgvg(BR d/QHHnJu“"

avg (WBy, )
5 A 51324, 34T

d Bn 1-8
| | 11/ H l/d H 1/d N
Hj:l 5" ‘ (BRr) = AN(R)( 151 Ll WBR)> (j:l HEHLS R )> '

j=1 avg (WBR

avg('%ro)

Q

(4.101)
#

N—-1
B
Bei= (1= BY, An(R) = rg"*[ T] Dsa(R/resa)™]
j=1
AU R E M, R4

< )
18123, n5) S W6l 21, ) <8z
Zig
d 1/d
1/d‘
HH| 17y oy B AT

ag  (wag)

e A7 b 69w KA



function argurmr

Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

ms,d(R,UJ) éw AN(R)

Ve > 0, Ew AL, F B rp b € L AT
N

M, (R, w) < RERd/2N“[H J(RI1/2M 1B 1]B.
=1
(4.100) 40 £ X EH F
i 8
RY <., R2e gd/2N ! [H R’Y(1—1/2N7£)5e—1] .
=1
% Els < 2D gk kB < 1/2, 465 AR ARIRRAA 4o T BT
N N
BY (1—1/29B 1 =1y — B> Be-1/2" 7 <1-28N/2".
=1 =1

BT VA
N N+1
R25’YN/2 ,Ss,w R6+d/2 .

EEE L XHVe > 0 R > LARZMyN < 289N < d/2. YN €N, &TH#
thy =0 XAIERN S XS BHHLIEL
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function argurmr

mal Conjecture

Kakeya Conjecture découplmg and vappllcatlon to PDEs and number theory
B Decoupling & 2 &9 & A (111)- 3R @ A& &3t 52 64 69 3 $R 4 2 5 A
itd >3, A=N?>1, FEHEHKE

Fare = {6= (€, &) N [ 4o+ ol = N2} (4.102)

Bourgian[93-IRMN] £ #F % Tori L Laplace £ F 69 45 12 F 4 49 LP A& 31 0F, A e T A R (d 47 5
Pt &y 1 AR IR B

Conjecture 4.8 (Tori_tLaplacef T 6944 4E & LP 45 31)

#d >3, 2, €C. WAVe >0, &

H > ace(¢-x)

¢EF, 2

d—2_ d
2

g 2d
st ||a§||¢z (Fy p2)’ P2 750 (4.103)

N
Lp(Td) e

e Bourgain-Demeter[lllinois J. Math-13]33E T p > 3, d > 4%, (4.103) .z
#t i, f£[IRMN-2014]% A 4t XFIUAT, Fourlerﬁiz*:4?rli’£2§%?ii&7"?
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Igl,“'ﬂE‘ﬂT on
Kakeya Conjecture decoupling and application to PDEs and number theory

Theorem 4.30 (& #24.18—>Bourgian# #24.849 2 &t 4 X)

Kd > 4, Mt Sap > 2D it (4.103) & 2.

o B

laglla =1, XF(x) = Zfe}_d,/\ﬂ age(& - x).
e #| A Bourgain-Demeterf #t[lllinois J. Math-13],*T L

d—1 2

[{IF| > a}| <c a 2T3NT3, d>4, a2 NT*=. (4.104)

FURLOS A 3t BASAR, AL )3 4 A 3 pg = 29N ad i iy it

o EHH|Flloo < N, LKL

dedxz/, F| > alda
/Rd\ | it [UF1> )

d—

+ N 41+s>(pd—22"f3”>/ P g (4.105)
RrRd

A (4.104) 53+ L X —a, £ F % 24184+ L X F =3,
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conjecture
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mal Conjecture

Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

B Decoupling € & 5 A (IV)-3£ £ L & 5 X BT
48R 41689 E P854 A T tubes 5 cube 1A] 89 X B&M, KIKIUATRZI MR I % &
M Kakeya LEESHHEZLETHER. AR S BEREEEXKIUT P LA EZEA.

LA REGOLPH B LELI8F, A C SRV 2 BENRE. RELELA I B L4

ART A TFAS KR FBARHARRFHGLPHEH? FR L, S = P2RFY F 2 IEH 5%
it (R AR % 3 KR )
Theorem 4.31 (45 A=7%3k 3% 09 LP %) 2,-11)

WA C SREERR AL, M TFES KGR = R(A, |A) (URBAG LT 5 A %), &
1 1/4
(7/ |Za§e(§.x))4dx) "<, INEll2¢ [l 2y, Ve > 0. (4.106)
Br JBg =

HA), AR B A, A ABFIUMT R RE SR G HRE F AR 2
30 4.22% (ii)ted = 2691 7.
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g imal conjecture
Arithmetical argument on K <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

BLRELEXARNUMHKELEELZH

o k-fe¥® HEHk>2 ANCRY, &Lk EdT

A2 dk) €N DA+ M= Mk + -+ Ak} (4.107)

Theorem 4.32 (Szemerédi-Trotter X % & 32

BLCR2EFH EE—HEESL, PCRPRFH EE—5E, NLEPES A
HO(L| + [Pl + (LI[P)2/3) £, 24 555 LHAR G E L QM £ IEH 7 5 b —
ANogZ A .

ol

e

)
\

Conjecture 4.9 (¥4z 36 % 1 #)

iy £ N &R R A BN HS e NI,

Remarks 7
B L Bk A8 AR LP 39 %) B 7 3L 4. 314 X BT — R PV I 1864 5F 7 o §
XN

¥
|
e
|
b
L
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Arithmetical'alg;ument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Decoupling® 2 &5 & Al (V)-Annularf L& £ i85
Annularf 693 2 A HIET T2 EoeH L HRIFE G ALP 2] & 7 32418094 )
WX, EMBITHEHEZL A

Theorem 4.33

%S ERIAER kA C2RAR M & NE A1 € Ps, A, R TTFEEN= U
i RR 2 §TLe9 KB, AVe > 0,4 F 15t :

1/2
2e ) 2. (4.108)

I e s 5057 () 5 et

v

o R ~ 6L, st HFourier® ¥ T A L& Diracil] B 4 Aok Fid 15 69 & 32 F 5 3
E34.16; FR 2 61, # I Minkowshi T % XFL4F.

o #R>1 Ag={€cR?®: R<|f|<R+R 3} LA, = Ag N Z2, N

E3(AR) Se [ARl37e. (4.109)
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function argurmr

Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

B Decoupling® 2 & 5 Al (VI)-& & B 72 R F X ey N A6+
BRI AL G REA B EF A THINF MO N ST, FEARFRBRESE B T4

k k k k k K
ni+ny;+n3y=nz;+ns+ng, k=2,

M - (4.110)
n+m+ny=ng+ns+ng, 1< n <N

HRMONK. EHA B, EFRH5AE(4.110) A AON3AF /UM, FIA: 4 (4.110)3E-F L
AN Ui (N) B9 #3847 %, Waring ¥4 2 % 9 4 64 £ 25 B

o Segre-cubicFl&: %k = 3, Vaughan-Wooley[1995]E ¥]
Us(N) ~ N?(log N)®.

o itk > 4, Greaves[1997]if ¥l Uy (N) ~ N's +<.

o o HE R ILE KT IERA LARAEF AT, R @ T AR AL AR 6 5 7] AL
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Kakeya Conjecture decoupling and application to PDEs and number theory

Theorem 4.34 (Bourgain-Demeter-% % B 75 42 fif 49 A4 4591 (1), 20

B#k>2ACNEHRBRE 742

K K K K K K k—2
[nf + ny 4+ n3 —ny — ng — ng| < CN*~7,

(4.111)

Ny + n2 + n3 = n4 + ns + ne,

#n; ~ NEREEA O(N3FHe)A.
o Step 1: HW&E{(€,¢9): |¢|~ 1}, ME LN B EE
af(h (m\Y. o
ra{(m (7)) o~}
B = N2, B A6 # A%k 549 LP % 324.18(p = d(d + 1) = 6),5L4%F

i/ / Z e(xﬁ +y(£)k> ‘ﬁdxdy <o N3t (4.112)

N* Jixjene Jyyjene oV N N

April 12, 2018 A AT 69 9 KR AL B S AR K 64 3% 4 A 4



Kakeya Conjecture decoupling and application to PDE:

onjecture

Conjecture
d number theory

e Step 2 #|Mrescaling5 A #t, T L
6
Nk73/ / ‘ Z e(xn+ynk)‘ dxdy
IxI<N Jlyl<ne=k 1T

6
:Nk72/ / ‘ Z e(xn +ynk)’ dxdy <. N3te
[xI<1 \Y|<N27k n~N

e 4Schwartz ¢ : R — Rt & EFourierE #,#24(¢) > 1,/¢) < 1. F

A
£.dn(y) = S(NKF—2y)3t 5 % 3K |y| < N2~k L&5 kifcut-off, Bp:

6
Nk_z/\\<1/111§’ E e(xn + yn*)|" p(N*~2y)dxdy
XIS n~N

— Z ¢A>(N27k(n’1‘ + n’2( + né — nf{ — né - né))

ni~N
ny+no+n3=ng+ng-+ng

(4.113)

(4.114)
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imal function argumen conjecture
try argument on Ka | conjecture
Arithmetical argument on Kakeya mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Remarks 8 (&%

o KJfE BT KT IE:
6
Nk—z/ / ‘Ze(xn+ynk) dxdy < N3+57 YV ceR. (4.115)
Ix|<1J|y—c|<N2—K | "=,

k > 38, A 430t 09 7 R AR A % K (minor arcs) LA TR Sk = 204, A
2 h AL e N3 log N9 B T 39 T ik 4 96 NE AL IR L 69 4551 T L Bourgain 49 4 4
L F[GFA,1993].

o B MAGE ARG A LP R 14180 4 ) 5 X- 2 324.33, T ¥ Robert-Sargos & 22
Kk = A BBk > 4. % FAH R 6950 B R T e R & Lt Riemann-Zetad R &
B B Weyl A~ 4 X #9Heath-Brown % /&4 [7] 2 89 5F 7.
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| function argument on K a conjecture

g imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Theorem 4.35 (Bourgain-Demeter-% % B 77 42 i 49 A~ 4431 (1), 20

Bk >4%0 <A<, A
2 6
/ / ‘ Z e(xn® + yn¥)| dxdy <o AN3FE 4 NA—KEE (4.116)
[x|<1 /0 n~N

48R, A& Xy

|nk + n& + nk — nk — nf — nk| < CNKTL
2y 2y 2 2., 2, 2 (4.117)
m +ny +n3 = n; + n5 + ng,

WA ~ NEREEA O(N3TE)AN

o Step 1 M= N'=K stigmesdsit. FEE RESFHL|J = NI-FHE
18], JiE BA:

6
/ / ) Z e(xn® + yn*)| dxdy <o AN*—KFe, (4.118)
x|S0 N
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Igl“‘ﬂﬁ‘ﬂt on
Kakeya Conjecture decoupling and application to PDEs and number theory

o Step 2 WM& {(€2,¢K):|¢| ~ 1T Loy H &L
(R () ey
BS=R1=N"1 By=[MN,(M+1)N] x NJ,
Me{-N,---,0,--- ,N—1}

KR A5 S A iR IR 09 LP & 7433, Bt x4 A B B R AF
2
H r;\/e(x/% +y/(%>k> HL6(|X'|<N2,y’eNM)
s (S E e+ )

)1/2
LO(|x'|<N2,y" eNKJ)

EEy = [N, o + N3RS B EEcn ~ NFFHKEAND 69 K. 3 0424 %
7
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Ar hmstlcql gume Conjecture
Kakeya Conjecture decoupling and application to Es and number theory

2 K
I35+ e

SENE(ZH > e(xn +ynk)HL6 MSMEJ))W- (4.119)

@ n€ly

e Step 3 x{E&E My € J,

‘ Z e(xn2 +ynk)‘

n€ly
NL/2

:’ Z cm,Jy,,ae<m (er (k D) f;zy) + m(2xna + kn(k;ly))’ + O(1).
m=1

Hb o ny | = 1. T A ARTE B

/ k(k—=1) k—2
X =x+ (2 )na Y,

= (2k = K)ngty




('on]ﬁctun—

Kakeya Conjecture decouplmg and appllcatlon to DEs and number theory

i
xn? +yn ‘
H r%:a ) L5(|x|<1,y€d)
k1 N2 Ik

<ng Z Cm,ding €(M?x" +2x" nam + my’) )Lﬁ(B )+O(NT)

m=1 ¢
_ k=1 N2 0o 5 1—k
=ng © Z Cm,J,ng €(M°x" + my') 15(8) +O(N77 ),

m=1+4nqy

o BORIC = O(1) o sk A1 AL A dodn L i HARHI AR 324,22, £ XT
HO(NTTTE 4 ) bl M (4.119) LA 7 40 O(N B+ 15"+ ) b il 1 3t

e A7 b 69w KA



Maximal function argument on Kakeya conjecture
try argument on K imal conjecture
Arithmetical argument on Kak <imal Conjecture

Kakeya Conjecture decoupling and application to PDEs and number theory

B RY% 7 X %&~(R)L% % (decoupling) % 32
EH &Ky C RIS B Sy 0 t— (512, ,t9). - FRIFEERB(xo, r) A H
#wg, : RY — R i Zsuppwg, C B(0,r )&

Ig, (x) < wa, (x) < (14 x=xolly =109,

E TR AR R R RIFIL. B R, LP(wg) 2 LP(-, wadx) R LP(B)# B A, (1) %
Ty (R) d9BBIRA. Tk —MH, R =[0,1].

Theorem 4.36 (Bougain-Demeter-Guth 2015)

Rikd > 1,50, 19 R KEAT/NENA KB [ 2 5. sE—Al, %X

G002 [ elx€)dy(©), e(6) 22,y = (s LaomA
:

j

0 £ 22 L9000 (g ) SUTF B A 5 % b, Bp

N
|| Z ||Ld(d+1)(WB Se NS(Z “fj'llid(d+1)(wB))l/2, VB = B(xo, Nd). (4.120)
j=1 Jj=1
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ximal function argument on Kakeya conjecture
e try argument on Kak | conjecture
Arithmetical argument on Kakey mal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Remarks 9
o EXMABELE T =1FH “DHELE; AN T HXELE2 < p<2dFE
T &9 LP o 30 2 327

o RIAICHEERALHZRTFdpt BAILP S HERE. FHEE Z
324.36£d = 249157 & T Bougain-Demeter#% 77 49 T4F.

o X I74.36F A9A5HRd(d + 1) (A FENY) Tt Zsharphy. lde: Rg RN E
T lj#9bump b &, 477k 8 Fourier 547 % 91

fi(x) £ / e(x-v(€))g(6)dé ~1/N, x €T

Ij

EPTRPSERE, REAN x N2 x --- x NI&gK 74k, Bt

1
16l a1y ~ NTHx (N2 T = 1)V,
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| function argument on K a conjecture

g
Kakeya Conjecture decouplmg and application to PDEs and number theory

N

N
'21 Gy ooy € Bl = H 21 GHHW+U(WB) R~
= j=

TR, ZAATEAT R S B R AR KR, FELE, RS
Bp > d(d+ 1), #KBRFZFA LGN TNG, Mo HEZEIREK!

o %y H Mk A 44 AT F VinogradoviF A2

Corollary 4.37 (Vinogradov/# #2695 47 ik A& )

Biks,d, N > 139K %5 3 F1E&EMe >0, A

+1)

/[ ]d(ze(pqﬂ sob )T - dxg Seosg NFELNZ NG 4 (4101
0,1
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g
Kakeya Conjecture decouplmg and application to PDEs and number theory

B Vinogradov’# #iE B4 &

o A AHOlder 4 X & 35 4 K A= 49-F FUE 1, Vinogradovih 48 49 4% 3t 3k 13 45 FHE 9

N d(d+1)
/ ‘ > elpa+itxt- - +j%d) dxy - dxg Sed N (4.122)
[0,1]¢ =1
o F|Mrescaledd K, EX#t— 12k Hirw
N
/ \Ze <2/ codxg Sog NAE@HD e,
[0,N]x[0,N2]x --- x [0,Nd] | “=

Jj=1

o LTMAABEEEMENZ X N?Z x --- x NIZR A, B L X#k—F a3z AiE
i)

N

d(d+1 d(d 1)
S e G/ Pt deg g NEETHRE L (a123)
j=1
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decouplmg and application to PDEs and number theory

Kakeya Conjecture

o %% B2 B(0,N)A

fi(x) £ e(x-7U/N)) = [1fill ates1)(g) < < (N,
AR B € 324.36,8 5 & H
N d(d+1)
(d+1) R
(4123) £ < H Z HLd as1)( Se NE(Z II; ||Ld(d+1) ))
j=1
<. g NOTH e, (4.124)
¥ ¥ h Vinogradov/ 42,
B Vinogradovif B &9 51 % £ itix
#%d,s €N, x € RY, it.
N
fa(x, N) £ " e(xa + %2 + -+ + jxq),
j=1 (4.125)

Js.a(N) é/ fy(x, N)?Sdxq - - - dxg.
[0,1)¢
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Arithmetical argument on Kak <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

HABPlancherel 2 X (E M), 58 5 & Sy g(N)KIF 2 4 T K42
A+ 4jii=k+ 4k, 1<i<d (4.126)
BB, Js), (ki -, ks) € {1,2,--- , N}#9/4 3k, Vinogradov £ &4 #8532
J(s,d) < N (N5 4 N2~ 3@ D)) (4.127)

o s=d(d+1)/2% 5 &l RA547,2014F Z A7 AAGEH T d = 2,389 1 7.

e Vinogradov(1935)it#l %s > d?(2log d + loglog d + 5)it, (4.127) %, A
J(s,d) ~ C(s, d)N?>~2d(d+D), (4.128)

o Wooley% (2012-2014)iE#1(4.127), %= % F @ A 2 — ik 5:
() d=3;
(i) s < D(d) 2

< d(d +1) — 3d + 0(d?/?);
(i) s>d(d—1

1
2
).
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Arithmetical argument on K <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

o Wooley £ & T A 3B & HA (4 SRR AR M), A3 KA. Waringl?]
A, Riemann-Zeta & ¥ 885 P a9 47 52 F LA & 26915 .
Bougain-Demeter-GuthiE #VinogradoviF #6977 ik & “H H " H K. XAAHK
k@ ERARR,FIRERFWAXG. FRLE “9HEHAT LAY “HHE
THARGITEARERA( D BR FTEAORE AT AZE L FEFHRER),
“DEEHARGREET RS B ELRIER".

B Weyl sums#y 4z 4] 4531 -Decoupling & 3 &5 & F-VIII

EEEf(x, N) 2 szzl e(jxi + j2x0 + -+ j9xq), BRI Weyl & T UL A

Theorem 4.38 (H. Weyl)

Rik(a,q) = L&|xg — 2| < qiz,m

ol—d

fa(s, N) S N (g L+ N 4 gu=9)% . (4.129)
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Kakeya Conjecture decoupling and application to PDEs and number theory

4& 4 Bougain-Demeter-GuthiE ¥l 49 Vinogradov £ 2 A e A 4542 %, KA

Theorem 4.39 (Bougain-Demeter-G

Bikd >3,2< k<d B

1
(avq) - 17 ‘Xk - 7‘ S ?
)
1
fa(s, N) < N (g N1 4 g9 o(d) = ——. 4.130
d(57 )N (q + +q ) } 0( ) d(d-‘rl) ( )
B Lindelof 183X 89 5F Z-Decoupling & & & 5 A -1X
(o) = inf{B>0: (o +it) = |O(|t)}. (4.131)

£Fu(1/2) 8043, AT L ik
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Kakeya Conjecture decoupling and appllcatlon to PDEs and number theory

1 173
= indelof, 1908 —_— olesnik, 1973
Lindelof. Kolesnik, 197
2 1067
1
—  (Hardy-Littlewood) 35 (Kolesnik, 1982)
6 216
163 139
— alfisz, 1 — olesnik,
Walfisz,1924 Kolesnik, 1985
988 858
17 1
— itchmarsh,1932 — ombieri, Lwanice, 1986
62 Titch h 52 Bomb L
#(1/2) <N Hog 17
——— (Philips,1933) ——  (Huxley, Kolesnik1990)
1332 108
19 139
— itchmarsh,1942 — uxley, 2002
Titch h,194 Huxl
116 858
15 32
— Min,1949 —_, Huxley, 2005
o (Min,1049) 205 (Huxley, 2005)
13 . .
8 (Bourgain, 2014),  &: Min 45 ¥ B4 % R IA ##

(£ 4%4% % RHuxley: Area, lattice points & exponential sums, LMSM,1996)
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Kakeya Conjecture decoupling and'application to PDEs and number theory

% )RR AR A FT VANA 5 Ay B A A

3 e(TF(%)), (4.132)

m~M

64 B K Ao f 7t B b, BN B AAE, (L 4+ iT) 0806 3t, 3093 25 A S et T

3 e(TIog%), M< Tz,

m~M

Step 1 5 EI[M/2, M] #15 &R K H N& K i, f3% £ K 1 £ TF(m/M) T iikcubic %
KA, AR 6945 e

Z e(aln + apn? + ,un3>, (4.133)
n<N

KX Ray, ap, piRE F [ Fop 2 —/N 2.
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Arithmetical argument on Kakeya <imal Conjecture
Kakeya Conjecture decoupling and application to PDEs and number theory

Step 2 4 8)F Poisson#=(Stationary phase) ™ 44t F 4n F 5 X 69 45 £ e

3 e(b1h+b2h2 1 4b3h3/? +b4h1/2), (4.134)
h<H

X Eby, -, bafRARTI.

Step 3 % /EAL(FTiH Y “second spacing problem” )it, 3 &by (1), ba(1), b(13) B ls(1) 595
.

Step 4 A A “K 5 &" (large sieve) st T KA )2 £ - 341819 AL

A= ]

Xt 2 % the first spacing problem, k = 4,5, 6.

2k
5 e<x1h+X2h2+X3H%h3/2+X4H%h1/2>‘ dx, (4.135)
h~H
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Kakeya Conjecture decoupling and application to PDE: d number theory

Theorem (Bombieri-Lwanice, 1986) i&¢”’ > 0, 1]

11132 e(xuh+xh? + xaHe(h/H)) ’8dx < Hbe

[0,1]3 h~H

Theorem (Huxley-Kolesnik, 1991) As < H5+e,
Problem (Huxley, 1991) 4247 3k {3 Ag 4T 9 LR 53+,

Theorem (Bourgain, 2015) % FR* L& a9 "4 #1x" 45 &Huxley % Fsecond spacing
problem#y T4k, 4%
Ag < H®T¢ ) (optimal)
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