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G Challenge for LQ Control



Problem |

Optimal Linear Quadratic Control



Optimal Linear Quadratic Control

B System:  x(t) = A()x(1)+BOut), x(t,)=x,
B Problem |: Find u(t) to minimize the following cost
3 (e, %o, 1) = [ [X(DQL)X(1) + U (DR(E)U(t)]dt + X'(T)Hx(T)

where Q(t) 20, R(t)=>0, H >0

O R(t)>0, the problem was well solved in 60°s;

R. E. Kalman, Bol. Soc., Mat. Mexicana, 5, 102-119, 1960.

O R(t) =0, called singular control, becomes more
difficult and remains major challenging



Challenge of Problem |

Example 1: Consider a special system and cost
x(t)=[1 1u(t), x(t,)=x,

J(t,, %, u) = j: (u’(t)B g}u(t))dt +X'(T)x(T)

Riccati equation:
0=P(t)-P?(t),P(T)=1=P(t) =—
Equilibrium of MP

1 0 1
0= {O O}u(t) + L} P(t)x(t)

t-T-1



Challenge of Problem |

Example 1 shows that Problem | can’t be solved by
classical control theory



Challenge of Problem |

B Problem I (Singular control) has received much

attentions since 60’°s

Y. Ho; J. Moore; D. J. Clements, B.D.O. Andersons; Jacobson; J.
C. Willems; X. Zhou, J. Yong, X. Zhang...

B Three methods have been proposed to the problem :

v Transformation approach in the sate space
v High order MP
v" Perturbation



Challenge of Problem |

Transformation approach in the state space (60°-)

» R. H. J. Kelley, A transformational approach to singular subarcs in optimal
trajectory and control problems, SIAM Journal on Control, 2(3), 1964.

» V. Gurman, The method of multiple maxima and optimization problems for
space maneuvers. Proc. Second Readings of K. E. Tsiolkovskii, (Kaluga,
1967), Moscow, 1968, pp. 39-51.

» Y. Ho. Linear stochastic singular control problems. Journal of Optimization
Theory and Application, 9(1): 24-31, 1972.

» J. Moore, The singular solutions to a singular quadratic minimization problem,
International Journal of Control, 1974

» Willems, J. C., Kitapci, and L. M. Silverman, Singular control: geometric
approach, SIAM Journal on Control, 1986.



Challenge of Problem |

Challenge

B This approach is only applied to LQ with R=0 and specified
initial value x,(0)=C,,(0)x,(0)

B |nthe case R>0, only sufficient solvability conditions is given

B There are a number of Open Questions for the singular
problem with the approach as commented in

D. J. Clements, B. D. O. Anderson, Singular Optimal Control: The Linear
Quadratic Problem, Springer-Verlag Berlin Heidelberg, New York, 1978

B This approach could not solve Example 1



Challenge of Problem |

High order maximum principle ( since 70’s)

» R. H R. Gabasov and F. M. Kirillova, High order necessary conditions for
optimality, SIAM J. Control, 10, 127-168, 1972.

» A. J. Krener, The high order maximal principle and its application to singular
extremals, SIAM J. Control Optim., 15, 256-293, 1977.

» D. Hoehener, Variational approach to second-order optimality conditions for
control problems with pure state constraints, SIAM Journal of Control and
Optimization, 50, pp. 1139-1173, 2012.

» H. Zhang and X. Zhang, Pointwise second-order necessary conditions for
stochastic optimal controls, Part I: The case of convex control constraint,
SIAM Journal of Control and Optimization, 53(4), 2267-2296, 2015.

oH d** oH

2k

#0 for some k, and then the control can
ou dt“* ou

To calculate the derivatives

be obtained.



Challenge of Problem |

Challenge

B The approach would become invalid if the higher derivatives
vanish [R. Gabasov et al., 1972];
This approach is only applicable to some cases.

B The initial values are usually specified given

B [t could not solve Example 1



Challenge of Problem |

Perturbation Approach( since 70’s)

» E. Robert and A. Jameson, The singular solutions to a singular quadratic
minimization problem, IEEE Trans. AC, 1975.

> BREEE, ZIRIein P a—E R miEHlE, N A#EEFFR, 5(1): 45-52, 1982
» J. Sun, X. Li, J. Yong, Open-loop and closed-loop solvabilities for stochastic

linear quadratic optimal control problems, SIAM Journal on Control and
Optimization, 54(5), 2274-2308,2016.

To add a positive perturbation such that the weighting matrix becomes positive
definite R+ 51 >0 and then the standard LQ approach is then applied

Solid progress has been made in the last reference



Challenge of Problem |

How to solve Problem | (R(t)>0) remains challenging due
to the irregularity



Problem |1

Stochastic LQ Control with Delay



Stochastic LQ Control with Delay

B System: xk+1:(A+a)k,5\)xk+(B+a)kl§)uk_d
B Problem I1: FInd u to minimize the following cost

N N
‘]N = E(Z XI:QXk +ZUI:—dQuk—d + XII\I+1PN+1XN+1)'
k=0 k=d

O d=0: the problem was well solved in 70’s by Bismut
SIAM J. Control, 419-444, 1976.

O A-0,B8=0: it was solved by Smith-predictor

Uy = KXy g0 Separation Principle



Challenge of Problem II

O d>0: the Problem becomes more complex, and
remains challenging

Example 2: Consider Problem Il with the parameters
A=11A=01B=02B=0.22d=20%=4
Q=1LR=1Xx,=Lu,=0,u,=0.

B Separation principle

u, = KX

k+d|k

where K is given as K =-1.02270

while X, is predictor. The cost is 38.6937



Challenge of Problem II

It Is easy to verify that the following controller

—_K* Y
U = K"Kk

where K* =-0.8807 leads to a smaller cost as 35.6268.

The controller using SP is not the optimal one

Separation principle is invalid to Problem I1i

B State augmentation

v' Leads to high dimension;
v Not applicable to continuous-time systems



Challenge of Problem II

The stochastic LQ control with delay faces fundamental
difficulty due to SP does not hold.



Why are They Challenging ?

Mathematical difficulty: Solving FBDES

B FBDEs: Forward and backward differential/difference
equations from MP;

B The LQ controllers are always designed based on the
analytically solution to FBDEsS;

B There is no general way to solve FBDEs except for standard
cases, Which is the limitations of the classical control theory.



FBDEs for Problem |

Maximum Principle --FBDEs

Equilibrium :  0=R(t)u(t) + B'(t) p(t)
Backward :  p(t) =[A ) pt) +Qt)x(t)], p(T)=Hx(T)
Forward :  X(t) = A(t)x(t) + B(t)u(t), X(to) = X

~\

B If R3) thesglusion to FBDES can be given in standard way as
p(t) = P(t)x(v),
It is not clear what MWeRdidn to the FBDEs, due to
tivheirEfie (htyadiafyed by the irregularity.

TheoEBREsem@n® 9Ae-sotye e, mateR’ (9 st (1)
key to Problem | (irregular LQ)




FBDEs for Problem Il

Maximum Principle --FBDEs

Equilibrium :  0=E[B/ 4 |FR_s,]+Ru,_,,
Backward : A= E[A:ﬂk‘ F ]+ QX% Ay =P Xy
Forward : X1 =(A+ 0 A) X +(B+0,B)u 4, %,

7

.

B [f d=0, the solution to FBDESs can be given in standard way as

" 1Ta#0, A1 =P X

where P, satisfy:’lk—1 * R,

It isThottRar WASRIS TR P lBtiBrishiB o) R Bxlceffit Bond)
difficultyEabisedt 'y Bhedlelay and multiplicative noise.

FBDEs remains to be solved, which is the key to Problem ||

J




Qutline

a Key Technique and New Progress




New Progress of Problem |

B Key Technique: Solution to FBDEs

Without loss of generality, we assume :

R 0
R(t){ 0 O} BN =[B(0.B,0L  u()=[u,0.u, )

where R(t)>0 . Different from standard case, the solution to
the FBDEs of Problem I:

p(t) = P(t)x(t) + O(1),
O(t) = P (t)x(1),

Remarks :
v Notice that P(t)+ P,(t) satisfies the same Riccati equation like P(t).
v Obviously, it is different from the standard LQ



New Progress of Problem |

B Main Results: Necessary and sufficient solution

Problem | is solvable if and only if
B, (D[P (1) +P(1)]=0
u,(t) can be chosen to insure the following terminal constraint:
P(T)x(T)=0
X(T) is given as:
x(t) = (A(t) - B,(OR (DB (D[P (1) + P, ()]) (1) + B, ()u, (1)



New Progress of Problem |

B Main Results: Necessary and sufficient solution

7

Remarks :
v Explore the essential difference from standard LQ: one part of the
control entries U, (t) must insure the constraint of terminal state:
P(T)x(T)=0
v" It contains the standard LQ as special case: P,(T)=0,P,(t) =0

§ v Using the result, Example 1 is solved in the section of Example




New Progress of Problem |

B Publications:

» Huanshui Zhang, Juanjuan Xu, “Linear Quadratic Control When Riccati
Equation is Irregular”, Proceedings of ANZCC, Gold Coast Convention
Centre, Australia, pp. 112-115, 2017.

» Huanshui Zhang, Juanjuan Xu, “On Irregular Linear Quadratic Control:
Deterministic Case”, arXiv:1711.09213.

» Huanshui Zhang, Juanjuan Xu, “On Irregular Linear Quadratic Control:
Stochastic Case”, arXiv:1712.08866.



New Progress of Problem I

B Key Technique: Solution to the FBDEs

Solution to the FBDES of Problem I1:

d+1

;Z'k—l = I:)klxk +ZZ: I:)kI )’Zk‘k_d+i_2’ K :d,..., N +1.
I=

where P ' satisfies the Riccati-like equation
P'= AP A+c°A'P} A+ AP TA+Q,
P2=-M,Y,"M,,
P/ =AP7A,  i=3...d+Ll
41 411

while Y, =) B'P/,B+0’B'P,,B+R M, =) BP) A+c’BR A

The solution of FBDESs contains d=0 as special case: 4., = RaX:



New Progress of Problem I

B Key Technique: Solution to FBDEs

By defining z, =>""pi and x, =p} , we have the Riccati-ZXL equation
as -
Z,=ANZ A+ AX,  A+Q-L,

d-1 ' .
X, =Z, +;(Ai) LA,
where "

L, = MI’<7k_1Mk
Y, =BZ,B+0c°BX,,B+R M, =BZ_,A+c?BX, A

Remarks :

v" The Riccati-ZXL contains the standard Riccati equation as
special case.



New Progress of Problem I

B Main Results: Necessary and sufficient solution

Problem Il is unique solvable if and only if
Y, >0,
k=N,N-1---,0, U, ISgiven as
-1
Y‘kerI\/Iker k+d|k !
k+d‘k IS given as

R wdk E[Xq.a| Fial = A7 +ZA' “Bu, ;.

Remarks :

v' The obtained results contain the classical result of delay-free as
special case, including solvability condition and controller;

v' The necessary and sufficient stabilization condition is also given
based on the Riccati-ZXL equation



New Progress of Problem I

B Publications:

» Huanshui Zhang, Lin Li, Juanjuan Xu and Minyue Fu. Linear quadratic
regulation and stabilization of discrete-time systems with delay and multiplicative
noise. IEEE Transactions on Automatic Control, vol. 60, no. 10, pp. 2599-2613,

2015. (Regular Paper)
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ﬁ Applications




Applications of Technique for FBDEs

B Continuous-time case of problem Il



Continuous time of Problem Il

B System and Cost Function

System: dx(t) = [Ax(t) + Bu(t — h)]dt + [Ax(t) + Bu(t — h]d (t)
Cost 3, =% E [ [T x(®Qx(dt + [ u(t—hRu(t~hydt + x’(T)Qx(I')}

B FBDES

Equilibrium: 0=Ru(t)+E[B'p(t+h)+Bq(t+h) F],
Backward: dp(t) =—[A'p(t) + A'q(t) + Qx(t)]dt +q(t)d w(t),
Forward: dx(t) =[ Ax(t) + Bu(t —h)]dt + [Ax(t) + Bu(t —h)]d o(t),



Contnuous time of Problem Il

B Solution to the FBDES

p(t) = P(t)x(t)—john(t,t+9)>2(t\t+9—h)d0,
where P(t) and ri(t,s) satisfy Riccati-like equation
—P(t)=P(t)A+AP(t)+Q+ AP(t)A-TI(t,t +h)

and I1(t,s) =e~CII(s, s)eA ™M s e[t,t+h]
Q(t)=R+B'P(t)B

K (t) = —Ql(t)[B’P(t) +BPOA-B I, s)}
I(t,t) = K () QK (1)

The solution of FBDEs contains d=0 as special case: p(t) =P(t)x(t)



Contnuous time of Problem Il

B Solution to the FBDES

By defining z)=r()- LHheA'(S‘t)H(s,s)eA(S‘t)ds and x@)=P() , the above
equation Is rewritten as Riccati-ZXL equation:

—Z@A)=AZ@®)+(O)A+ AX({H)A-L(1)+Q

X(t)=2Z(t)+ f:m e NV (s)etNds

where L(s) = K'(s)Q(s)K (s),

Q(s) = R+B'X(s)B,
K(s)=—-Q(s)[B'Z(s)+B'X(s)A]

The above Riccati-ZXL contains the standard Riccati equation
as special case



Contiuous time of Problem II

B Main Results

The Problem Il is uniquely solvable if and only if
Q(t) > 0.

The optimal controller is given as

u(t—h)=K(t)x(t

t—h)
where
R(t

t—h)=e*x(t—h)+ Itt_heA(t‘o)Bu(H—h)dH

> The infinite-horizon case has also been obtained with FBDESs



Contnuous time of Problem Il

B Publication:

» Huanshshui Zhang and Juanjuan Xu, Control for Ito stochastic systems
with input delay, IEEE Trans. Auto. Control, 62(1): 350-365, 2017
(regular paper)



Applications of Technique for FBDEs

B Multiple-delay case of problem li



Multiple-delay of Problem I
B System

X, . = Ax. +2(B‘ +@ B K0,
B Main Results

Under standard assumptions, the system is stabilizable if and
only if i
24P

The stabilizing controller is
u, =-Y"Mx, — ‘1I\/IZI_ (AX — Z AIBO



Multiple-delay of Problem I

B Publications

» Lin Li, Huanshshui Zhang, Stabilization of discrete-time systems with
multiplicative noise and multiple delays in the control variable, SIAM Journal
on Control and Optimization, 54(2): 894-917, 2016

» Xiao Liang, Juanjuan Xu, Huanshui Zhang, Solution to Stochastic LQ Control
Problem for It"o Systems with State Delay or Input Delay, System & Control
Letters, 2018, 113: 86-92



Applications of Technique for FBDEs

B Stabilization control for NCSs



Stabilization Control for NCSs

B System

X = AX +y Bu
+1 k k k—

k d

v' This system describes NCS with simutaneously packet dropout and
communcation delay

v The stabilization of the above NCS was listed as challenging question
[W. Zhang et al. Automatica, 44(12), 2008,G. Liu, IEEE Trans. Auto. Control, 57(6), 2010]

v' The difficulty of the problem is caused by the SP



Stabilization Control for NCSs

B Main Results

The NCS with simultaneously packet dropout and delay is
stabilizable if and only if the following Riccati-like equation has
uniqgue solution P>0:

P=APA+1-M'Y"IM
where

Y=(1- p)’B'PB+ p(l— p)B'(A)! PA'B+ p(l—- p)Y"._ B'(A) AB+I
M=(1— p)B'PA

This is a new Riccati equation




Stabilization Control for NCSs

B Publications

» Cheng Tan, Huanshshui Zhang, Necessary and sufficient conditions for
networked control systems with simultaneous transmission delay and
packet, IEEE Trans. Auto. Control, 62(8): 4011-4016, 2017

» Cheng Tan, Lin Li, Huanshui Zhang, Stabilization of networked
control systems with both networked-induced delay and packet dropout,
Automatica, 59, 194-199, 2015



Applications of Technique for FBDEs

B Stochastic LQ for mean-filed system



Stochastic LQ for M-F System

B System and Cost Function

System:  dx, = (Ax, + AEx, + Bu, + BEu,)dt + (Cx, + CEx, + Du, + DEu,)d @,

. T — _ _
Cost: J; = E{J, [X/Qx, + (Ex,)'QEX, + U/Ru, + (Eu,)' REU,Jdt + X; Pr X, + (Ex; ) PrEX,

B Solution to the FBDES

_| B RO x
Pr = P® PO | Ex,
where —P, =Q+P,A+ AP, +CPC-[MOT[yOT*M®,

while P.=P® +P® + P® satisfies

~P, =Q+PA+AP +(A+A)P +P (A+A)+CPC+CPRC+CPC
_|_[ Mt(l)]r [Ygl)]—l Mt(l) _ [Mt(Z)]r [YEZ)]_l Mt(g)



Stochastic LQ for M-F System

B Main Results

The LQ control of M-F system is uniquely solvable if
and Only If Ygl) >O,Y§2) >0

Where Ygl) = R+ D'PtD,
Y» =R+R+(D+D')P.(D+ D),
The optimal controller is

u, = K x, + K EX,

The controller of infinite-horizon case has also been obtained.



Stochastic LQ for M-F System

B Publications

» Huanshshui Zhang, Qingyuan Qi, Minyue Fu, Optimal stabilization control for
discrete-time mean-field stochastic systems, IEEE Trans. Auto. Control,
DOI:10.1109/tac.2018.2813006 (regular paper)

» Qingyuan Qi and Huanshui Zhang, Stabilization control for linear continuous-
time mean-field systems, conditionally accepted by IEEE Trans. Auto. Control,

2018.



Applications of Technique for FBDEs

LQ control of Leader-follower
LQ control with remote and local controllers
Consensus control with performance

Distributed control with imposed constraints



Other Applicaitons

B L Q control of Leadr-follower

» Juanjuan Xu, Huanshui Zhang, Tianyou Chai, Necessary and sufficient
condition for two-player Stackelberg strategy, IEEE Trans. Auto. Control,
60(5):1356-1361, 2015.

» Juanjuan Xu, Huanshui Zhang, Sufficient and necessary open-loop Stackelberg
strategy for two-player game with time delay, IEEE Trans. Cybernetics,
46(2):438-449, 2016.

B |_Q control with remote and local controllers

» Xiao Liang, Juanjuan Xu, Control for networked control systems with remote
and local controllers over unreliable communication channel, Conditionally
accepted by Automatica, 2018.



Other Applicaitons

B Consensus control with optimal performance

» Juanjuan Xu, Huanshui Zhang Lihua Xie, Consensusability of Multi-agent
Systems with Delay and Packet Dropout Under Predictor-like Protocols,
Conditionally accepted bylEEE Trans. Auto. Control, 2018.

» Juanjuan Xu, Huanshui Zhang, Consensus Control of Multi-agent Systems with
Optimal Performance, arXiv: 1803/09412.

B Distributed control with imposed constraints

» Qingyuan Qi, Huanshui Zhang, Peijun Ju, Distributed control and stabilization
for discrete-time large scale systems with Imposed constraints, arXiv:
1801.00647.



Qutline




Examples of Problem |

Example 1: Consider the following system
x(t)=[1 1u(t), x(t,)=x,

J(t,, %, u) = j: (u'(t)B g}u(t))dt +X'(T)x(T)

4. The closed-loop system IS 0= x(t) +u,(t)
0
5. To achieve B(T)x(T) =0 , the open-loop controller is u(t) :L}ul(t)

with u,(t) = -X(t%_to and closed-loop controller is u,(t) = X(t%_T



Examples of Problem II

Example 2: Consider the following system
X1 =( A+ @, A) X +(B+®,B)U,_4, X

with parameters:
A=11A=01B=02B=01d=20"=1,
Q=1,R=1,N=4,x,=1u =1u_=2P,, =0.

2. The optimal controller

o =—04441%,, 1y =-02497%, U, =0

3. The optimal cost is J}, =7.3176.



Qutline




Conclusions

1 The LQ control has not been well solved since 60’s; due to
the limitations of classical LQ control theory

d This talk proposes the technique of solving FBDEs, which
is the key to the unsolved control problems

B The irregular LQ, i. e., the essence of singular control ( Problem | ), is
well solved:

v Necessary and sufficient solvability condition;
v Explore the essential difference from regular LQ, P1(T)x(T)=0

B Solve the Stochastic LQ control with delay (Problem Il):

v Necessary and sufficient solvability conditions based on Riccati-ZXL;
v Necessary and sufficient stabilization condition;
v The obtained results contain standard stochastic LQ as special case.



Conclusions

1 The LQ control has not been well solved since 60’s; due to
the limitations of classical LQ control theory

d This talk proposes the technique of solving FBDEs, which
is the key to the unsolved control problems

B Solve the Stochastic LQ control with delay (Problem Il):

v Necessary and sufficient solvability conditions based on Riccati-ZXL;
v" Necessary and sufficient stabilization condition;
v" The obtained results contain standard stochastic LQ as special case.



Conclusions

1 The LQ control has not been well solved since 60’s; due to
the limitations of classical LQ control theory

d This talk proposes the technique of solving FBDEs, which
is the key to the unsolved control problems

B The technique of solving FBDEs is sucesfully applied to solve other
difficult problems:

Continuous-time case of problem II;
v" Multiple-delay case of problem I1;

v" Stochastic LQ for mean-filed system;
v' Stabilization control for NCSs;
v
v

AN

LQ control of Leader-follower;
Consensus control...;
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Examples of Problem |

Example 2: Consider the following system
>°<(t)=[ﬂu<t>, X(to) = X,

3 (ty, Xo, U) = X' (T)X(T)

4. To achieve p/(T)x(T) =0, the open-loop controller is

1 1]x,
o=t By

and closed-loop controller is

0, (1) = -[1 1]x(t/T



63

Stochastic LQ with delay: Cont.- time

LiREE—R RGN T :

; Xy1 = Z(APLWA) kh+Z(B +WB)

Xyt X, h=max; h; u_y,---,u_, d =max; d,.




Stochastic LQ with delay: Cont.- time

> Infinite—Horizon Case:

Assumption: 1) R>0, Q=C'C>0
2) System (A, A,C) is exactly observable

Main Result: Under the Assumption, the system is a
asymptotically mean-square stabilizable if and only if the
following algebraic Riccati-ZXL equation has a unique

solution so that Z>0. o
0=AZ+ZA+A'XA-L+Q

X =7 +j0“eA'9LeA9d9
L=KQK,Q=R+B'XB
K=-Q7"[B'Z+B'XA].

where

64




Stochastic LQ for M-F System:

» Sytem:
dx, = (Ax, + AEX, + Bu, + BEu,)dt + (Cx, + CEXx, + Du, + DEu, )dW,

» Cost functinon:
Jr = E{IOT [XQx, + (Ex,)QEX, +Uu/Ru, + (Eu,)'REu,1dt + X; P X +(Ex; )P Ex;

» FBSDEs:

4 / h

Backward: [ - -
A A C C
dpt——{o A+Z} P, {O 0} { i|(QXt+QEXt)

+\ dw.
Forward: A

dx = (Ax, + AEX + Bu, + BEu,)dt + (Cx, +CEXx, + Du, + DEu, )dW,
Equilibrium: , , , ,

_ B D B D
0=Ru +REu+Eq| I p+| a+E{ o qt}Ft>

V~

65




> Infinite-horizon case has also been studied

Assumption: 1) R=0,R+R>0,and,Q>0,Q+Q >0.
2) (A A,C,C,Q"%) Isexactobservable.

» Main Result: Under the Assumption, the system is mean-
square stabilizable if and only if the ARE has a unqgiue
positive definite solution,

0=Q+PA+AP+CPC-[MOT[YTMO,
0=Q+PA+AP+(A+A)P+P(A+A)+CPC+CPC+CPC
+[|\/| ‘”]’[Y(l)]? M @ —[I\/l (2)]'[Y(2)]? M (2)

where - | |
Y(l)[Y(I)]? MDD =MD i=12

7

DOI:10.1109/tac.2018.2813006 (regular paper)

» Huanshshui Zhang, Qingyuan Qi, Minyue Fu, Optimal stabilization control for
discrete-time mean-field stochastic systems, IEEE Trans. Auto. Control,

\

V.
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1.2 RIS Pk

[ eofER )

Kushner  (1965)
Bl A 4% Hl £ K {E

JRIE
Wonham (1968)

Bismut (1976) fi2
R AELQREHLIZ
#l (B1)

(R ) (soEkzEs

Peng—RR[RIE;
BSDEIEi
ZhouARESLQ




3.1 B L QREH 2l
EREE— RGN

l,

<er+1 _ Z(Aj —|—Wk'K1 )Xk—hi +-IZZZ(Bi —I—Wk gi )uk—di

=1

X _pyrea Xg, N=max; h; u_g,---,u, d =max; d;.

68



3.2 IRAR{EREE

0 = E[B:c)\klfk—d—l] + Ruyg_q, k=d,...,N,|¥f T
Ak—1 = E[A;ah‘kr’tk—l] + ka& k = 0,..., Na £ 3 =
AN = Pniixznya, Rimsktt

FENLFBSDE 5 2 FBSDERI X 5ll; RS SHEIREHI KR B
JOAEL 5] R -




W BN S S . S S S S B S S S S S S B S S S S S .y,

3.3 FBSDERYfi#

R HiE (EE) S5#4BEFE (Em) ARERRERS
2 (FBSDE) , ##fMRSERGERETHEENMTXR

( Zhang, Li, Xu, Fu, IEEE TAC, 2015):

d+1
A1 = Plwg + Y Pl@k—atiz k=d,...,N +1.
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3.4 Riccatiz =

SR
- / 1 ! 1 2 A/’/D1 A Nnd p2 d \
P! = A'P! A+ c*’A'P; A+ (A)'P A+ Q,
Pf? —_— _M;T;]-Mkj
P = AP 1A, i=3,...,d+1.
\_ /
d+1 _
Y. = » B'Pl,B+0’B'P} B+R,
i=1
d+1 _
M, = Y B'P!,,A+0o*B'P} A,

J1=1
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3.5 FEHER

4. Z, =Y P, X, = P,

=1

FiRAREREA R TRIccati-ZXLFFE

4 _ _
Zk = Aka_|_1A + CTgA’Xk_FlA + Q — Lk,
d—1
Xy = Zi+ ) (A)'LppA
\_ 1=0

HA: L. = MY, M,

Y. = B'Z,..B+0*B'X,..B+ R,

Mk — Bka_FlA—{-CTzB’Xk_HA
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3.6 [A)REHEIA (FBRAETE])

J=E{) «Qu.+ ) w,_,Ruy_a}, <Z R =y
£ P 1 BETE AR

N )
Iﬂi@t FRBEHIEE wr-a = KZkp—a, k > d,
EHRRE xi = Awrr + BuKéwi—a BTIHIAE,
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3.7 FELER

Bigl: R ]

2IERE o

ERE,Q=C'C =

BRi%2: (A, A C) FSHETETIM,

/E'

(um

£1. 2

LR RET,

%%T%EM%%%

*ERiccati- ZXLﬁ*zﬁ?" ME—IFEfMR Z > 0.

BHIBE ue = — Y "Miran, k2> 0EHERYS,
\ BiEFMeeiEERR

J




Y )
Riccati-ZXL75#:| Z = A'ZA+ 0?A'XA+Q — L,

d—1
X = Z+) (A)LA"

\ 1=0 /
< L = MY 'M,
Y = B'ZB + 0°’B’XB + R,

M = B'ZA+0°B'XA.
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__ | Huanshui Zhang, Lin Li, Juanjuan Xu and Minyue Fu, Linear
guadratic regulation and stabilization of discrete-time systems with
delay and multiplicative noise, IEEE Transactions on Automatic
Control, 2015, 60(10): 2599-2613. (Regular Paper)

LU Huanshui Zhang and Juanjuan Xu, Control for Ito Stochastic Systems
with Input Delay, IEEE Transactions on Automatic Control, 62(1): 350-
365, 2017. (Regular Paper)

| Huanshui Zhang and Qingyuan Qi, Optimal Control for Mean-field
System: Discrete-time Case, 55th IEEE Conference on Decision and
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