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          Problem I 

 Optimal Linear Quadratic Control 



 
Find u(t) to minimize the following cost 

where Q(t) 0, R(t)0, H 0 

0 0( ) ( ) ( ) ( ) ( ), ( )  x t A t x t B t u t x t x

0
0 0( , , ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( )    

T

t
J t x u x t Q t x t u t R t u t dt x T Hx T

 R(t)>0, the problem  was well solved in 60’s; 

          R. E. Kalman, Bol. Soc., Mat. Mexicana, 5, 102-119, 1960. 

 R(t) 0, called singular control,  becomes more 

difficult and remains major challenging  

 System:  

 Problem I:  

   Optimal Linear Quadratic Control 
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Example 1：Consider a special system and cost  
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  Riccati equation: 

 Equilibrium of MP 

   Challenge of Problem I  



Open loop Closed loop 

0

0

0

( ) ( )u t x t

T t

 
 
 

  

0

( ) ( )u t x t

t T

 
 
 
 

1 1 0
( ) ,

1 0 0

      
      

      
Range P t Range

Notice that the above equation is irregular, i.e.,    

unsolvable, and  thus the controller can not be solved 

from MP.   

   Challenge of Problem I  

 

 
Example 1 shows that Problem I can’t be solved by 

classical control theory 



 Problem I (Singular control)  has received much 

attentions since 60’s  

             Y. Ho; J. Moore; D. J. Clements, B.D.O. Andersons; Jacobson; J.    

              C.  Willems; X. Zhou, J. Yong , X. Zhang… 

 Three methods have been proposed to the problem :  

 Transformation approach in the sate space 

 High order MP 

 Perturbation  

   Challenge of Problem I  



 Transformation approach in the state space (60’-) 

 R. H. J. Kelley, A transformational approach to singular subarcs in optimal 

trajectory and control problems, SIAM Journal on Control, 2(3), 1964. 

 V. Gurman, The method of multiple maxima and optimization problems for 

space maneuvers. Proc. Second Readings of K. E. Tsiolkovskii, (Kaluga, 

1967), Moscow, 1968, pp. 39-51. 

 Y. Ho. Linear stochastic singular control problems. Journal of Optimization 

Theory and Application, 9(1): 24-31, 1972. 

 J. Moore, The singular solutions to a singular quadratic minimization problem, 

International Journal of Control, 1974 

 Willems, J. C., Kitapci, and L. M. Silverman, Singular control: geometric 

approach, SIAM Journal on Control, 1986.  

   Challenge of Problem I  



 

 This approach is only applied to  LQ with R=0 and specified 

initial value  

 In the case       ,   only sufficient solvability conditions is given  

 There are a number of Open Questions for the singular  

problem with the approach as commented in   

   D. J. Clements, B. D. O. Anderson, Singular Optimal Control: The Linear 

Quadratic Problem, Springer-Verlag Berlin Heidelberg, New York, 1978 

 This approach  could not solve Example 1  

2 21 1(0) (0) (0)x C x

0R

   Challenge of Problem I  

Challenge 



 High order maximum principle ( since 70’s) 

   Challenge of Problem I  

 R. H R. Gabasov and F. M. Kirillova, High order necessary conditions for 

optimality, SIAM J. Control, 10, 127-168, 1972. 

 A. J. Krener, The high order maximal principle and its application to singular 

extremals, SIAM J. Control Optim., 15, 256-293, 1977. 

 D. Hoehener, Variational approach to second-order optimality conditions for 

control problems with pure state constraints, SIAM Journal of Control and 

Optimization, 50, pp. 1139-1173, 2012. 

 H. Zhang and X. Zhang, Pointwise second-order necessary conditions for 

stochastic optimal controls, Part I: The case of convex control constraint, 

SIAM Journal of Control and Optimization, 53(4), 2267-2296, 2015. 

 
To calculate the derivatives                        for some k, and then the control can 

be obtained.      
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 The approach would become invalid  if the higher derivatives 

vanish [R. Gabasov et al., 1972];  

     This approach  is only applicable  to some cases.  

 The initial values are usually specified given 

 It could not solve Example 1  

Challenge 

   Challenge of Problem I  



 

 Perturbation Approach( since 70’s) 

 E. Robert and A. Jameson, The singular solutions to a singular quadratic 

minimization problem, IEEE Trans. AC, 1975. 

  陈翰馥, 二次指标下统一适用的控制律, 应用数学学报, 5(1): 45-52, 1982 

 J. Sun, X. Li, J. Yong, Open-loop and closed-loop solvabilities for stochastic 

linear quadratic optimal control problems, SIAM Journal on Control and 

Optimization, 54(5), 2274-2308,2016.  

 

To add a positive perturbation such that the weighting matrix becomes  positive 

definite                  and then  the standard LQ approach is then applied 

 

Solid progress has been made in the last reference    

   Challenge of Problem I  

0 R I



 

 The closed-loop controller is given under the assumption of  

regularity 

 The open-loop controller is given by  checking of the 

convergence of a minimizing sequence 

 It could not  solve the closed-loop controller in the case 

irregular.  

 It could not solve  Example 1 

Challenge 

   Challenge of Problem I  

 

 
How to solve Problem I (R(t)0) remains challenging due 

to the irregularity 



          Problem II 

 Stochastic LQ Control with Delay 



 

 System:  

 Problem II:  

   1      k k k k k dx A A x B B u

 Find u to minimize the following cost 
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   Stochastic LQ Control with Delay 

 d=0: the problem was well solved in 70’s by Bismut 

SIAM J. Control, 419–444, 1976.  

                   it was solved by Smith-predictor 0, 0 : A B

ˆ


k k d k
u Kx Separation Principle 



   Challenge of Problem II  

 

Example 2：Consider Problem II with the parameters 

21.1, 0.1, 0.2, 0.22, 2, 4,     A A B B d

0 1 21, 1, 1, 0, 0.     Q R x u u

 Separation principle  

ˆ
k k+d k

u = Kx

where K is given as    

while    ̂
k d k

x is predictor. The cost is 38.6937  

      

1.02270 K

 d>0: the Problem  becomes more complex, and 

remains challenging   



     

   It is easy to verify that the following controller 

# ˆ
k k k d k

u K x




# 0.8807kK  where   leads to a smaller cost as 35.6268. 

   Separation principle is invalid to Problem II 

   Challenge of Problem II  

  State augmentation  

 Leads to high dimension; 

 Not applicable to continuous-time systems   

   The controller using  SP is not the optimal one 



     

  Solving FBDEs with assumption  p=Px  

 The assumption is not right for time delay systems   

 The result is very conservative  

Chen, Z. Wu, and Z. Yu, “Delayed stochastic linear-quadratic 

control problem and related applications,” J. App. Math., 2012, 

Art. no. 835319.   

 
The stochastic LQ control with delay faces fundamental 

difficulty due to SP does not hold.   

   Challenge of Problem II  



 

Why are They Challenging ? 

Mathematical difficulty: Solving FBDEs 
 

 FBDEs: Forward and backward differential/difference 

equations from MP;  

 The LQ controllers are always designed based on the 

analytically solution to FBDEs; 

 There is no general way to solve FBDEs except for standard 

cases, which is the limitations of  the classical control theory.  
  



 

( ) ( ) (t),p t P t x

  If R>0, the solution to FBDEs can be given in standard way as   

where P(t) satisfy:  

†0 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )P t A t P t P t A t Q t P t B t R t B t P t     

0 ( ) ( ) ( ) ( )R t u t B t p t 

( ) [ ( ) ( ) ( ) ( )],p t A t p t Q t x t  

( ) ( ) ( ) ( ) ( ),x t A t x t B t u t 

Equilibrium ： 

Backward ： 

Forward ： 

(T) (T)p Hx

0 0( )x t x

   FBDEs for Problem I  

 Maximum Principle --FBDEs  

  If R 0 (irregular) 

It is not clear what is the solution to the FBDEs, due to 

the difficulty caused by the irregularity. 

( ) ( ) (t),p t P t x

The FBDEs remains to be solved, which is  the 

key to  Problem I  (irregular LQ) 



 

   FBDEs for Problem II  

 Maximum Principle --FBDEs  

 FBDEs remains to be solved, which is the key to Problem II   

Equilibrium ： 

Backward ： 

Forward ：    1 0,k k k k k dx A A x B B u x     

,][0 1 dkdkkk RuFBE   

1 1 +1 1[ ] , =k k k k k N N NE A F Qx P x    
 

  If d=0, the solution to FBDEs can be given in standard way as  

 

where Pk satisfy:  
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  If d≠0,  

It is not clear what is the relationship of              due to the 

difficulty caused by the delay and multiplicative noise. 

1k k kP x  

1,k kx 
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   New Progress of Problem I  

  Key Technique: Solution to FBDEs   

Without  loss of generality, we assume ： 

1 0
( )

0

( )
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R t
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  
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，
1 2( ) [ (t), (t)],B t B B

1 2( ) [u' (t),u' (t)]'u t 

where             . Different from standard case, the solution to 

the FBDEs of Problem I:  
1( ) 0R t 

( ) ( ) ( ) ( ),p t P t x t t 

1( ) ( ) ( ),t P t x t 

Where P1(t)  satisfies another Riccati-like equation  as                       
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Remarks： 

 Notice that                    satisfies the same Riccati equation like P(t).                           
1( ) ( )P t P t

 Obviously, it is different from the  standard LQ                            



   New Progress of Problem I  

  Main Results: Necessary and sufficient solution 

Problem I  is solvable if and only if                            

2 1( )[ ( ) ( )] 0  B t P t P t

       can be chosen to insure the following terminal constraint:  2( )u t

1( ) ( ) 0P T x T

        is given as:                          ( )x T
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   New Progress of Problem I  

  Main Results: Necessary and sufficient solution 

The controller is as:                             

1

2
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u t
u t

u t
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        is given as:                          1( )u t
1

1 1 1 1( ) ( ) ( ) ( ) ( ) ( )( )u t R t B t P t P t x t
   

              is as in the above, which can be designed by controllability         2 ( )u t

Remarks： 

 Explore the essential difference from standard LQ: one part of the 

control entries           must insure the constraint of terminal state: 

 It contains the standard LQ as special case:  

2( )u t

1( ) ( ) 0P T x T

1 1( ) 0, ( ) 0P T P t 

 Using the result, Example 1 is solved in the section of Example  



   New Progress of Problem I  

  Publications: 

 

 Huanshui Zhang, Juanjuan Xu, “Linear Quadratic Control When Riccati 

Equation is Irregular”, Proceedings of ANZCC, Gold Coast Convention 

Centre, Australia, pp. 112-115, 2017. 

 Huanshui Zhang, Juanjuan Xu, “On Irregular Linear Quadratic Control: 

Deterministic Case”, arXiv:1711.09213. 

 Huanshui Zhang, Juanjuan Xu, “On Irregular Linear Quadratic Control: 

Stochastic Case”, arXiv:1712.08866. 



 

 

 

   New Progress of Problem II  

  Key Technique: Solution to the FBDEs   

Solution to the FBDEs of Problem II:  
1
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 The solution of FBDEs contains d=0 as special case:  
1

1k k kP x  



 

   New Progress of Problem II  

  Key Technique: Solution to FBDEs   

By defining                and           , we have the Riccati-ZXL equation 

as  

1

1

d i
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Z P
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Remarks： 

 The Riccati-ZXL contains the standard Riccati equation as 

special case. 



   New Progress of Problem II  

  Main Results: Necessary and sufficient solution 

 

Problem II  is unique solvable if and only if                            

          is given as              ku

0,k

1 ˆ ,k k d k d k d k
u M x



  
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          is given as                          ˆ
k d k

x
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Remarks： 

 The obtained results contain the classical result of delay-free as 

special case,  including solvability condition and controller;  

 The necessary and sufficient stabilization condition is also given 

based on the Riccati-ZXL equation  

, 1, ,0, k N N



   New Progress of Problem II  

  Publications: 

 Huanshui Zhang, Lin Li, Juanjuan Xu and Minyue Fu. Linear quadratic 

regulation and stabilization of discrete-time systems with delay and multiplicative 

noise. IEEE Transactions on Automatic Control, vol. 60, no. 10, pp. 2599-2613, 

2015. (Regular Paper) 
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Applications of  Technique for FBDEs 

 Continuous-time case of problem II 

 Multiple-delay case of problem II  

 Stochastic LQ for mean-filed system 

 Stabilization control for  NCSs  

 LQ control of Leader-follower   

 LQ control with remote and local controllers 

 Consensus control with performance  

 Distributed control with imposed constraints 

 … 



   Continuous time of Problem II  

 
System:  

Cost 

( ) [ ( ) ( )] [ ( ) ( ] ( )dx t Ax t Bu t h dt Ax t Bu t h d t     

0 0
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dp t A p t A q t Qx t dt q t d t

dx t Ax t Bu t h dt Ax t Bu t h d t

Equilibrium: 

Backward: 

Forward: 

  System and Cost Function 

  FBDEs 



   Contnuous time of Problem II  

 

  Solution to the FBDEs 

0
ˆ( ) ( ) ( ) ( , ) ( ) ,

h
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where         and            satisfy Riccati-like equation  

( ) ( ) ( ) ( ) ( , )P t P t A A P t Q A P t A t t h       

( ) ( )

1

( , ) ( , ) , [ , ]

( ) ( )

( ) ( ) ( ) ( ) ( , )

( , ) ( ) ( ) ( )

A s t A s t

t h

t

t s e s s e s t t h

t R B P t B

K t t B P t B P t A B t s

t t K t t K t

  


  

  

    

  

      

  



( )P t ( , )t s

and 

 The solution of FBDEs contains d=0 as special case:  ( ) ( ) ( )p t P t x t



   Contnuous time of Problem II  

 

  Solution to the FBDEs 

By defining                                        and            , the above 

equation is rewritten as Riccati-ZXL equation: 
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t h

A s t A s t

t
Z t P t e s s e ds


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1
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L s K s s K s

s R B X s B

K s s B Z s B X s A
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The above Riccati-ZXL contains the standard Riccati equation 

as special case  



   Contiuous time of Problem II  

  Main Results 

The Problem II  is uniquely solvable if and only if                            

  ˆ( ) ( )u t h K t x t t h  

( )ˆ ( ) ( ) ( )
t

Ah A t

t h
x t t h e x t h e Bu h d




    

  

The optimal controller is given as                          

  where                          

( ) 0.t 

 The infinite-horizon case has also been obtained with FBDEs 



   Contnuous time of Problem II  

  Publication: 

 Huanshshui Zhang and Juanjuan Xu, Control for Ito stochastic systems 

with input delay, IEEE Trans. Auto. Control, 62(1): 350-365, 2017 

(regular paper) 



Applications of  Technique for FBDEs 

 Continuous-time case of problem II 

 Multiple-delay case of problem II  

 Stochastic LQ for mean-filed system 

 Stabilization control for  NCSs  

 LQ control of Leader-follower   

 LQ control with remote and local controllers 

 Consensus control with performance  

 Distributed control with imposed constraints 

 … 



   Multiple-delay of Problem II 

 

  System 

1
0

( ) , 0,
d

i
k k i k i k i

i

x Ax B B u k 


    

 

  Main Results 

Under standard assumptions, the system is stabilizable if and 

only if  
1

1
0.

d

ii
P




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  System 

1k k k k d
x Ax Bu

 
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 This system describes NCS with simutaneously packet dropout and 

communcation delay 

 The stabilization of the above NCS was listed as challenging question   

      [W. Zhang et al. Automatica, 44(12), 2008,G. Liu, IEEE Trans. Auto. Control, 57(6), 2010] 

 The  difficulty  of the problem is caused by the  SP    



   Stabilization Control for NCSs  

 

  Main Results 

The NCS with simultaneously packet dropout and delay is 

stabilizable if and only if the following Riccati-like equation has 

unique solution P>0: 
1'P A PA I M M   

where                          
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This  is a new Riccati equation  
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   Stochastic LQ for M-F System 

 
System:  

Cost:  

 

  System and Cost Function 

  Solution to the FBDEs  
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   Stochastic LQ for M-F System 

 

  Main Results 

The LQ control of M-F system is uniquely solvable if 

and only if 

where 
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The optimal controller is  
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The controller of infinite-horizon case has also been obtained.   
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Example 1：Consider the following system 

   Examples of Problem I  

1.  The first Riccati equation: 2 1
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 3. The second Riccati equation : 
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 4. The closed-loop system is 
10 ( ) ( ) x t u t

1

0
( ) ( )

1

 
  
 

u t u t 5. To achieve                    , the open-loop controller is 1( ) ( ) 0P T x T

with                              and closed-loop controller is  0
1

0

( )
( ) -


x t

u t
T t 1

( )
( ) 


x t

u t
t T



 

Example 2：Consider the following system 

   Examples of Problem II  

   1 0,k k k k k dx A A x B B u x     

with parameters: 
21.1, 0.1, 0.2, 0.1, 2, 1,A A B B d      

0 1 2 11, 1, =4, 1, 1, 2, 0.NQ R N x u u P       

1.  The solution to Riccati-ZXL equation: 

1 1 1
2 3 4

 3.8125, 2.2500, 1  P P P 2 2 2
2 3 4

0.3002, 0.0769, 0    P P P

3 3 3
2 3 4

0.0930, 0, 0   P P P
2 3 4

1.5225, 1.2336, 1     

2 3 4
0.6761, 0.3080, 0.  M M M

 

2.  The optimal controller 

0 1 220 31
ˆ ˆ0.4441 0.2497 0  u x u x u

7.3176. NJ3. The optimal cost is 
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   Conclusions 

 The LQ control has not been well solved since 60’s; due to 

the limitations of classical LQ control theory  

 This talk  proposes the technique of solving FBDEs, which 

is the key to the unsolved control problems  

 

 The irregular LQ, i. e., the essence of singular control ( Problem I ),  is 

well solved: 

 Necessary and sufficient solvability condition; 

 Explore the essential difference from regular LQ, P1(T)x(T)=0  

 

 Solve the Stochastic LQ control with delay (Problem II): 

 Necessary and sufficient solvability conditions based on Riccati-ZXL;  

 Necessary and sufficient stabilization condition;   

 The obtained results contain standard stochastic LQ as special case.  
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 Solve the Stochastic LQ control with delay (Problem II): 

 Necessary and sufficient solvability conditions based on Riccati-ZXL;  

 Necessary and sufficient stabilization condition;   

 The obtained results contain standard stochastic LQ as special case.  

 The LQ control has not been well solved since 60’s; due to 

the limitations of classical LQ control theory  

 This talk  proposes the technique of solving FBDEs, which 

is the key to the unsolved control problems  



   Conclusions 

 

 The technique of solving FBDEs is sucesfully applied to solve other 

difficult problems: 

 Continuous-time case of problem II; 

 Multiple-delay case of problem II;  

 Stochastic LQ for mean-filed system; 

 Stabilization control for  NCSs;  

 LQ control of Leader-follower; 

 Consensus control…; 

 The LQ control has not been well solved since 60’s; due to 

the limitations of classical LQ control theory  

 This talk  proposes the technique of solving FBDEs, which 

is the key to the unsolved control problems  
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   Examples of Problem I  
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 3. The second Riccati equation : 
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 4. To achieve                    , the open-loop controller is 
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上述问题一般系统如下：  

  Stochastic LQ with delay: Cont.- time  
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  Stochastic LQ with delay: Cont.- time  

 Infinite-Horizon Case:  

   Assumption: 1) 

                          2)    System                is exactly observable 

 

   Main Result: Under the Assumption, the system is a 

asymptotically mean-square stabilizable if and only if the 

following algebraic Riccati-ZXL equation has a unique 

solution so that Z>0. 
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  Stochastic LQ for M-F System:  

 Sytem: 

 

 

 Cost functinon: 

 

 

 FBSDEs： 

 

 

( ) ( )t t t t t t t t t tdx Ax AEx Bu BEu dt Cx CEx Du DEu dW       

0
{ [ ( ) ( ) ] ( )

T

T t t t t t t t t T T T T T TJ E x Qx Ex QEx u Ru Eu REu dt x P x Ex P Ex          

( )
00 0 0

n

t t t t t

IA A C C
dp p q Qx QEx

A A

  
      

          
       

t tq dW

( ) ( )t t t t t t t t t tdx Ax AEx Bu BEu dt Cx CEx Du DEu dW       















 















































 ttttttt Fq

D
p

BB

B
Eq

D
p

B
EEuRRu }

0
{

00
0

Backward: 

Forward: 

Equilibrium: 



66 

 Infinite-horizon case has also been studied  

 

        Assumption: 1) 

                               2)                             is exact observable. 

 

 Main Result: Under the Assumption, the system is mean-

square stabilizable if and only if the ARE has a unqiue 

positive definite solution, 
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where 
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 Huanshshui Zhang, Qingyuan Qi, Minyue Fu, Optimal stabilization control for 

discrete-time mean-field stochastic systems, IEEE Trans. Auto. Control, 

DOI:10.1109/tac.2018.2813006 (regular paper) 



    1.2 研究现状与挑战 

60年代 

Kushner (1965) 

随机控制极大值

原理 

Wonham （1968) 

70年代 

Bismut (1976) 解

决标准LQ随机控

制 (B1) 

80年代至今 

Peng一般原理； 

BSDE理论 

Zhou不定号LQ 
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   3.1 时滞LQ随机控制 
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上述问题一般系统如下：  



    3.2 极大值原理 

平衡条件 

伴随方程 

终端条件 

随机FBSDE与确定FBSDE的区别；状态与伴随状态的关系；数学
边值问题： 



    3.3 FBSDE的解 

系统方程（正向）与伴随方程（倒向）组成正倒向差分方
程（FBSDE），伴随状态与系统状态满足如下关系 

( Zhang, Li, Xu, Fu, IEEE TAC, 2015 )： 

 FBSDE的解 



    3.4 Riccati方程 

其中： 

 



    3.5 主要结果 

 
上述方程可以转化为如下Riccati-ZXL方程 

                                                                     

其中： 

 

令： 



    3.5 主要结果 

定理1.1：离散时滞LQ最优控制唯一可解的充要条件为 

 正定 

最优控制器 



3.6 问题描述（无限时间） 

性能指标 

 
 

问题：寻找控制器 

使得系统 渐进稳定, 

并使得上述性能指标最小。 



 3.7 主要结果 

假设1：   正定，              半正定。 

假设2：                精确可观测。                   

 

定理1.2：在上述假设下，系统可镇定的充要条
件是Riccati-ZXL方程存在唯一正定解             .   

控制器                                       镇定系统，
且使得性能指标最小 



其中： 

Riccati-ZXL方程： 

 





报告提纲 

一、随机控制的研究进展及挑战 

二、倒向方程与最优控制  

4 

四、结论  

三、随机控制研究新进展  
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最优二次控制归结为FBSDE求解 

提出FBSDE求解的一般方法 

结论 

解决了系列最优二次控制问题 

所提出的方法具有普遍推广价值和意义 




