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Introduction

Let X be a four manifold., and E — X be a bundle with a
connection:

A: C¥(E) = C¥(E® T*X) = C®(E) ®coo(x) C(T*X)

Non commutative framework:

& :  finitely generated projective A module,
A:  x— algebra,
Q': A bimodule.

Non commutative connection, or g-connection is a linear map:

V:& — & ot



Basic questions:

(1) Find ‘nice’ connections, and

(2) Find a systematic way to construct g-connections.

Hints:
(1) Yang-Mills theory, and

(2) Nahm transform.



Instanton

Let X be a Riemannian compact oriented smooth four manifold,
and E — X be an SU(2) vector bundle. E is determined by
Cz(E) € 7.

Choose a connection A.

Definition: The Yang-Mills functional:
YM(A) = / ||Fall? vol.
X

For fixed E, (X, g), this gives a linear map:

YM : { connections } — [0, 00)

Q: What are the critical values of this ?



Let (V, < >) be a 4-dimensional Euclidean plane. The exterior
algebra A*V admits an involution:

x: A2V A%V

with %2 = 1, where * is the Hodge *. So it admits an orthogonal

decomposition:
ANV =ATVa AV

with respect to +1 eigenspaces.



Topological lower bound
Since X is 4-dimensional, A2X = A2T*X splits as:
NX =ATX DA X
Let A be a connection and F4 be the curvature. Then:

Fa=Fi®F,.

YM(A) = /X(HFWH\F;\F)vol
—+112 — 112
> /X<—|FA|| FIIFIR) vol
= 812y (E).

Equality «— FX:O

ASD connection attains the critical value !



Nahm Transform

Suppose X is spin, and S* — X be the spinor bundle with the
Dirac operator:

D:1%(ST) = [3(S57).
For each (E, A), Dirac operator with the coefficient:
Dp: (ST ®E)— L*(S” ®E)

is associated.
For p € T, one can twist :

E, =E®L,
by the flat line bundle:

Lp:f(xp(C.



Consider:
Dh: [A(ST®E,) — L3(S™ ® Ep).

The Weitzenbock formula:

(DR) DA =ViVa+ T Fy.
Suppose (1) Va(u) =0 implies u =0 and (2) Sc > 0. Then:
ker D4 =0
if Ais ASD. This gives a vector bundle:

Ej:= H Coker D}y — T4

peT*
H:= ][] L*(S” ®E,) flat Hilbert bundle.
peT*



‘H is equipped with a flat connection V. Let:
PA CH — E

be the orthogonal projection. Then we obtain the induced
connection on E:
A:=PjoV.

Theorem: Let X = T# be the flat torus.
If Ais ASD, then A is also ASD.



Spectral triple

Let (A, H, D) be a spectral triple so that:

(1) there is a * representation 7w : A — L(H),

(2) [D,a] € L(H) for any a € A, and

(3) a(1 + D?)7! € K(H) is compact for all a € A.

Example: Let X be spin. Then
(*Av H, D) = (COO(X)a LZ(X; S)v D)

where D in the r.h.s. is the Dirac operator.
We call it as the spin spectral triple.
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Quantised calculus

Let (A, H, D) be a spectral triple, and assume ker D = 0. Put
F .= %, which is order 0 in the case of the spin spectral triple.

Definition: For a € A,
d(a) = i[F, a] € K(H),

Qp = span { a%da'...da? }.

d:Qf — QhFt

Lemma:(Connes) Let (A, H, D) be a spin spectral triple. Then for
x < 2, there is a bimodule map:

c:Qp— T AL X
which sends da — da, where the r.h.s. is the tensor product fields

of one forms.
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Q-connection

Let (A, H, D) be a spectral triple, and & be a finitely generated
projective module.

Definition: A linear map:
V& — & @4 Q5
is a g-connection, if it satisfies the Leibnitz rule:
V(e®a) = V(e)a+ e ® da.

Let:
0:=V2:& = &40

be the curvature. It is an A module map.
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Dixmier trace
Let B € K4 (#H) with eigenvalues:

)\12)\22--'>0

N
1B](1,00) = sup log(1+ N) 12 i

Definition: Dixmier trace:

Try - L) (), — [0, 00),

N
— oy i -1 .
Tr,(B) = w — lim log(1+ N) >

i=1



Connes trace formula

Theorem: Let X be n dimensional and P € W~"(X, E). Then:

P e L0)(H)

and: 1
Tr,(P) = - Res (P)

where the right hand side is the Wosdizcki residue.
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Connes-Yang-Mills functional

Let (A, H, D) be a spectral triple, and & be a finitely generated
projective A module.

g-connection V : & — & @4 Q:b, and

its curvature © :=V?: & — & Q4 Q%, is an A module.

Hence it induces an endomorphism:
©:ERUAH—>ERUH
Definition: pre-Connes-Yang-Mills functional is given by:

(V) = Tr,(02).
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Let & = C°°(X, E) with spin spectral triple. Then V induces a
classical connection:

VoVe=(1®c)oV: & — & @4 QHX).
Theorem: Let A be a classical connection. Then:

1 .
1672 " MA) = dnf (V).

The right hand side is the Connes-Yang-Mills functional
CYM(A).

Notice that formulation of the CYM requires space.
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Dixmier [-trace

Let £ be a Hilbert C}(I') module, and
trr: () = C
be the composition of von Neumann trace with the standard trace.
Generalised singular value function:
u(T) : [0,00) = [0, 50)
for T € K(&)4+ is given by:

p(T)e =inf{ s = 0:trr(x(s,00)(T)) <t }.

17 /9O



Let:

t
|| T|| := sup log(1+ t)_l/ us(T)ds,
>0 0

LEXNE):={ T eK(E):||T|| <o}

Definition: Dixmier I'-trace is given by:
t
T (A) =w— lim |og(1+t)—1/ 11s(A)ds,
t—oo 0

for A € LL>)(E).

1 /2



Higher Connes-Yang-Mills functional

Let E — X be an SU(2) bundle and X be spin with I' = 71 (X).

Let (A, H, D) be the spin spectral triple.
For v = X xr CX(T), let:

Eo=C¥X;E®y)

For a connection A. on E, let A, be the induced connection on
E ® ~. Consider their curvatures:

Ac =10 on E,
A.=0 on E®~.

Recall for a g-connection A, one can associate the classical
connection:

Ac=1®coA: & — & @4 QH(X).
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Definition:

The higher Connes-Yang-Mills functional is given by:

HCYM(A) := ; AS‘LA Tr' (©2).

Theorem(K-S-W):

Let X = T* be the standard torus. Then the equality holds:
CYM(Ac) = HCYM(A,).

In particular if Ac is ASD, then A, minimizes the higher CYM
functional.
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Higher Nahm transform

Let S — X be the spinor bundle and E — X be an SU(2) bundle
with a connection A.. Consider the Dirac operator with coefficient:

Da, : 2(X; St ®@v) = L2(X; Sz ®7).
Suppose ker Dy = 0. Then:

Ea, = coker Dp, C L*(X;Sg ®7)

is a finitely generated projective C;(I') module.
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Recall Kasparov's stabilization:
L(X;Sgey)e(Ho () = Ho ()
as Hilbert C(I') modules. Then there is a module projection:

Pa : H® CHT) — En.

Let CI' C C*°(I') € C}(I') be a smooth algebra. Choose and fix a
spectral triple:

(A= C>(T),H,D)

There is the trivial q-connection d on H ® C*(I'). Composition
with the projection produces a g-connection:

da, == Pa_od over Ea,
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Definition: The higher Nahm transform is an assignment:

(E,A) — (EA, C?A)

Let X = T*. Then da minimizes the Connes-Yang-Mills functional
over Pic (Z*), if A is ASD.

Corollary: Let X = T* be the flat torus. The higher Nahm
transform sends the minimizer of the higher Connes-Yang-Mills
functional to the minimizer of the Connes-Yang-Mills functional.
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