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Bost—Connes system

number field N semigroup action . C*-dynamical system
K YK N IK AK ok R

Arithmetics of K is reflected to the dynamics of (Ax, ok)
@ The partition function = (k.
Q@ G¥ ~ (Ak,0k).
@ For 5 <1, [KMSs(Ak,0k)| = 1.
Q For 5> 1, Gj}b ~ exKMSg(Ak, 0k) is free and transitive.

© There is a K-subalgebra Ay C A such that ¢(Ag) = K" for
(NS KMSg(AK, UK).

(Bost—Connes '95, Connes—Marcolli-Ramachandran’05, Ha—Paugam'05,

Laca—Larsen—Neshveyev'09, Yalkinoglu'13)
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Classification of (Ak, ok): motivation

Neukirch—Uchida theorem
If Gk & Gy, then K = L.

However, G;}b = Gfb does not imply K = L.

Question(Cornelissen—Marcolli '11)
(Ak,0k) = (AL, 01) = K= L?

o (Ak,ok) = (AL, 0L) = (k = (L

(If both K and L are Galois extensions, then (x = (; = K = L).

o (Takeishi'16) If Ax = Ay, then (x = (; and hk = hi.

Another question
AKgAL<:>CKgCL and hi =hll_?
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At first we expected...

number theory?

= T
number field semigroup action groupoid
—_—
K YK ) IK YK X IK

\L /Rﬁlt:theorerrl]

% . *_
C*-dynamics - C*-algebra —— K-theory

Ak, o A
(KK)v K\/

classification of classification of
group actions? nonsimple C*-algebras?

o Ax = C(Yxk) x Ix ~ TPx: dual action. o is its restriction to a
subgroup R C TPk,
@ Renault’s theorem: if C*(Gk) = C*(G.) induces C(G%) = C(G?),
then QK = g[_.
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What we actually did

K.—Takeishi '17

Cornelissen—de Smit—
Li—-Marcolli-Smit '17

~— T
number field semigroup action groupoid
K Yk N Ik Yk % Ig
C*-dynamics C*-algebra
- —— K-theor
(Ak,0k) Ak Y
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Main theorem

Theorem (K.-Takeishi '17)
The following are equivalent:
Q@ K = L as fields,
Q Yk Ik =YL I as semigroup actions,
Q Yk x Ik 2 Y, x I as groupoids,
Q (Ak,ok) = (AL,01) as R-C*-algebras,
Q@ Ak = A, as C*-algebras,
O Ak and A, are KK(X)-equivalent +a,
@ Ak and A; have the same "K-theoretic data”.

What we actually show is (7) = (2).
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Toeplitz algebra and generalizations

@ The Toeplitz algebra 7 = C*(s) C B(¢2N) is written as the
semigroup crossed product C(N*) x N.

NN N D’
C C C C/\-- C
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Toeplitz algebra and generalizations

@ The Toeplitz algebra 7 = C*(s) C B(¢2N) is written as the
semigroup crossed product C(N*) x N.

NN N D’
C C C C/\-- C

e For AnZ, let T(A,a) = (C(NT)®@ A) x N.

NN N D’
A A A A/\-\-- A

Then 0 - A®K — T(A,a) = AxZ — 0 is exact.
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Toeplitz algebra and generalizations

@ The Toeplitz algebra 7 = C*(s) C B(¢2N) is written as the
semigroup crossed product C(N*) x N.

NN N D’
C C C C/\--- C

@ For AnZ, let T(A,a)=(C(NT)® A) x N.

NN N D’
A A A A/\}'- A

Then 0 - A®K — T(A,a) = AxZ — 0 is exact.
o If we have A — B, there is a semigroup crossed product 7 (A, «, B)

NN N D’
B B B B/\--- A

such that 0 = B® K — T(A,a,B) - Ax Z — 0 is exact.
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Multi- Toeplitz dynamical system

If we have a compatible family of C*-algebras Ar ~ ZP\F for F ¢ P and
ZP\F'_x-homomorphisms Ar — Ag for F C F’, then we have a N”-action

on a continuous field of C*-algebras A = | | Af.

Ay = Apay —~Apy —

| | |

Aoy —= Aoy = Ay —

| | |

Ay = Ay —Apgy —
V v v

o
Apy —=Apy —Apy —
W) ) )

In particular we are interested in the case that |P| =
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Ideal structure and irreducible subquotients

Let A ~ N” be a multi-Toeplitz dynamical system and let 2 := A x N”.
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Ideal structure and irreducible subquotients
Let A ~ N” be a multi-Toeplitz dynamical system and let 2 := A x N”.

e A NP-invariant open subset U of (N*)” corresponds to an ideal
A(U).
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Ideal structure and irreducible subquotients

Let A ~ N” be a multi-Toeplitz dynamical system and let 2 := A x N”.
e A NP-invariant open subset U of (N*)” corresponds to an ideal
A(U).
o (NP-invariant open subsets of (N*)%) < (open subsets of 27),
where 2 is equipped with the topology {0, {0}, 2}.
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Ideal structure and irreducible subquotients

Let A ~ N be a multi-Toeplitz dynamical system and let 2 := A x N7,
e A NP-invariant open subset U of (N*)” corresponds to an ideal
A(U).
o (NP-invariant open subsets of (N*)%) < (open subsets of 27),
where 2 is equipped with the topology {0, {0}, 2}.

o An locally closed subset (i.e. a subset of the form Z = U\ V) of 27
corresponds to a subquotient A(Z).
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Ideal structure and irreducible subquotients

Let A ~ N be a multi-Toeplitz dynamical system and let 2 := A x N7,
e A NP-invariant open subset U of (N*)” corresponds to an ideal
A(U).
o (NP-invariant open subsets of (N*)%) < (open subsets of 27),
where 2 is equipped with the topology {0, {0}, 2}.
o An locally closed subset (i.e. a subset of the form Z = U\ V) of 27
corresponds to a subquotient 2(Z).

o When P is finite, {F} is locally closed and 2A({F}) = Ar x ZP\F @ K.
When P is infinite, {F} is locally closed iff F is finite.
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Ideal structure and irreducible subquotients

Let A ~ N be a multi-Toeplitz dynamical system and let 2 := A x N7,

o A N”-invariant open subset U of (N*)” corresponds to an ideal
A(U).

o (NP-invariant open subsets of (N*)%) < (open subsets of 27),
where 2 is equipped with the topology {0, {0}, 2}.

o An locally closed subset (i.e. a subset of the form Z = U\ V) of 27
corresponds to a subquotient 2(Z).

o When P is finite, {F} is locally closed and 2A({F}) = Ar x ZP\F @ K.
When P is infinite, {F} is locally closed iff F is finite.

@ By continuity, we have Ag = ”—rchcs Afr. Hence a multi-Toeplitz
dynamical system is reconstructed from the family {Ar}rccp.
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Ideal structure and irreducible subquotients

Let A ~ N be a multi-Toeplitz dynamical system and let 2 := A x N7,
o A N”-invariant open subset U of (N*)” corresponds to an ideal
A(U).
o (NP-invariant open subsets of (N*)%) < (open subsets of 27),
where 2 is equipped with the topology {0, {0}, 2}.

o An locally closed subset (i.e. a subset of the form Z = U\ V) of 27
corresponds to a subquotient A(Z).

o When P is finite, {F} is locally closed and 2A({F}) = Ar x ZP\F @ K.
When P is infinite, {F} is locally closed iff F is finite.

@ By continuity, we have Ag = ”—rchcs Afr. Hence a multi-Toeplitz
dynamical system is reconstructed from the family {Ar}rccp.

@ If we want to reconstruct A ~ N7 from 2, the remaining task is to
reconstruct Ar ~ ZP\F from A({F}) ~ A x ZP\F.
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Algebraic number theory

K: number field i.e. [K : Q] < o0

Ok: the ring of integers

Pk set of prime ideals of Ok

Ik = {ideals of Ok} = @p, p" (prime ideal factorization).
Jk = Pp”

Kp: local field (e.g. Qp), Oy: ring of integers (e.g. Zp)

e valuation: v,: K, — Z U {400}, v, 1(1) = O}, K = O} X Z.
o O :=T10; and A ; :==IT'(K;, O;). Thatis,

1—>(§;}—>A7<7f—>JK—>1

o Class field theory: The Artin reciprocity map ¢: Ak , — G;“(b induces
an isomorphism A;},f/W >~ G,
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The space Yk

° 0—>(’A);}—>A’;<’f—>JK—>1 restricts to
0— 05 = 0% = Ix—0

o Consider actions @E( ~ Ok and ¢: (’A)E< — Gf%b
o Set Yk := (Ok x G&P)/ Ok ~ Ik.
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The space Yk
e 0— (’A);} — A’;(’f — Jk — 1 restricts to
0— 05 = 0% = Ix—0
o Consider actions @E( ~ Ok and o: @i — Gf%b
o Set Yk := (Ok x G&P)/ Ok ~ Ik.
Consider the semigroup action C(Yxk) ™ Ix.
o [Tvp: Ok — (N*)PK induces the map val: Yy — (NT)Px

@ Then C(Yk) v Ik is a multi-Toeplitz dynamical system with the
fibers C(Gf), where G := G?(b/qb(]_[pe,_- @9}
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The space Yk

° 0—>CA);*<—>A’;<J—>JK—>1 restricts to
0— 05 = 0% = Ix—0

o Consider actions @Ik ~ Ok and o: @i — G,a%b
o Set Y := (Ok x G}b)/@*K e
Consider the semigroup action C(Yxk) ™ Ix.
o [Tvp: Ok — (N*)PK induces the map val: Yy — (NT)Px
@ Then C(Yk) v Ik is a multi-Toeplitz dynamical system with the
fibers C(GL), where Gf := Gj}b/qb(]_[pe,_- @9}
Let Ak := C(Yk) % Ik.
e For finite F C Pk, we have a subquotient Ax({F}).
o Let Jj := @ qr ZP. Then Ak({F}) = C(Gf) x Jk @ K.
@ According to class fiend theory, G,f is a pro-Ng group for some finite
subset Vg C Pg.
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The "K-theoretic data”

In summary, the Bost—-Connes C*-algebra Ak is the semigroup crossed
product of a multi-Toeplitz dynamical system. Hence we get a subquotient

Bic := Ak({F}) ~ C(GK) x Ji

for each finite subset F C Pk.
Let Ff, = FU {p}. Then

0 — B — Ak({F,Fy}) — Bk — 0.

Definition

The K-theoretic data of A is {K.(BE)} and {0: K.(BE) — K.11(BR)}.

Proposition

If o: Ak = Ay, then there is x: Pk = Py such that ¢ induces
BF ~ BX(F)
K=P°L -

v
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Reconstruction of profinite completions

Theorem (K.—Takeishi'17)

Let T be a free abelian group and let ¢: I — G be its pro-N completion.
Then, ¢ is reconstructed from the inclusion K, (CT) — K.(C(G) x ).

Corollary

Let Ty and 'y be free abelian groups and let p;: T; — G; are pro-N'
completions. If we have f: 1 =T, and

K, (C*T1) K,(C*T)

| l

K. (C(G) % ) — = K,(C(G) x T)

then there is an isomorphism F: Gy — Gy such that F o p; = pp o f.
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Example 1: C(Z,) x Z

Let ' =7, G =Zp and ¢(1) = 1. Then, C(G) = lim C(G,), where
Gh=17Z/p"ZL.

The map G,+1 — G, induces

p: Ko(C(Gp) % T) = Ko(C(Gnyr) % T)
1: K1(C(Gp) % T) = K1(C(Gpyr) % T)

Therefore, Ko(C(Zp) x Z) 2 Z[p~!] and K1(C(Z,) x Z) = Z.
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Example 2: C(Z,) x Z?

Let T =72 G =7, and ¢(1,0) =L and p(0,1) =1+ p+p? +....

Then, C(G) = lim C(Gp), where G, =7Z/p"Z.

Ko(C(Gn) x N 2 Z&Z,
K1 (C(Gy) % 1) 2 Z & Z.

The map Gp+1 — G, induces
diag(p,1): Ko(C(G,) % T) — Ko(C(Gpy1) x TN
(5 ) 1(CG ) Ko 1
Therefore,

Ko(C(Zp) x 2%) 2 Z[p Y & Z,

K1(C(Z,) x 7?) = <>Z+U< J= 1” )ZCZ[p_I]z.

Here, ker(lT — G,) = K1(C*Z?) N p"K1(C(Zp) x Z2).
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Sketch of the proof

@ The group K,(C*I) is isomorphic to A*T.

@ For a finitely generated subgroup N =Zv; ® --- @ Zvy, let
Brni=Bu A A By,

@ Then,

5(,3r|) = max{n € Zo ’ n_1,3r| € K*(C(G) X F)}

coincides with |G /().

@ By using the data (n), we can reconstruct the subgroup
ker(T — G,) C T as an inclusion of subgroups of K.(C(G) xT).

@ General pro-A\ group G is isomorphic to Gp, X - - X Gp,, where G, is
a pro-p; group and N = {p1,...,pk}

o If we have isomorphisms K, (Bf) = K*(BZ(F)) compatible with 0,
then is must be compatible with x: K. (C*Jk) = K.(C*Jy).
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