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@ J. Littlewood proposed to study the boundedness of solutions for

2
o +9(0) = p(), m
where g(x) satisfies xg(x) > 0, and p is continuous and periodic in t.
@ Example:
d?x _
G + X =sint.

@ According to the growth of g as x — oo, the equation (1) is divided
into three cases.

@ Superlinear: g(x)/x — +oo.
@ Sublinear: g(x)/x — 0.
@ Semilinear: 0 < x < g(x)/x < K < +o0.
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Superlinear case

@ Moser(1973) proposed to study the same problem for
d?x

o7 T +Bx3 = p(t),

where a, 8 are positive constants and p is continuous and periodic in
t

@ The firts result obtained by G. Morris(1976), who proved the
boundedness of solutions as well as the existence of quasi-periodic
solutions fora@ = 0,8 = 2.

@ R. Direckerhoff and E. Zehnder(1987) prove the same result for the
following equation

if pj are smooth.
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@ M. Levi(1991) studied the following equation

d?x
— + F(t,x) =0,

where Fis C%in t.

@ Later, the smooth assumption on p; are improved to C? by X.
Yuan(1998,2017).
@ B. Liu (1989, 1992) proved the boundedness of solutions for equation
d?x 3
o + a(t)x + Bx° = p(t)

for continuous « and p.
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Sublinear case

@ The first result obtained by T. Kupper and J. You(1991), who proved
the boundedness of solutions for the equation

a?x
— + X" "x =p(t
w7z T p(t)
where 0 < a < 1, p is smooth.
@ B, Liu(2001) extended this result to general case
a?x
—_— X) = p(t),
Sz H 9 =p()

where p is also smooth.
@ Open question: is there an example for p is only continuous?
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Semilinear case

@ The boundedness problem is more subtle.
@ The first result is due to R. Ortega(1996)
@ The Boundedness is obtained by him for the equation
% +axt —bx™ =1+ep(t) (2)
where a # b two positive constants, € small parameter, p smooth.
@ B. Liu(1998) studies the following equations

d*x

s n’x + ¢(x) = p(t), (3)

where ¢(x) — +oo as x — +co, p smooth.
@ There is no small parameter!
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Ortega(1999) also study the above equation (3) under the
assumption that ¢ is bounded.

More precisely, he assume that ¢(x) is piecewise linear function

#(x) =1 Lx, -1<x<1,
L, x> 1
He prove that if
1 (7 . 2L
— t)eMdt| < —
o7 J. p(t) .

then all solutions of (3) are bounded.
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@ B. Liu (1999) drop the Ortega’s assumption on ¢. Under the condition

1 27

o7 ) p(t)e

(4)

_ 9(+e) = g(-<0)

we get the same conclusion.
@ The inequality (4) is called Lazer-Landesman condition.
@ Open Problem: what is happened if

17 | ¢(0) = ¢(~oo)
5 . p(t)e dt| = p .
@ There is a result (B. Liu) for
1% | #(e0) —g(-00)
g ‘ p(t)e dt| = p =0.

@ B. Liu(2004) also study the same problem when the function ¢
depend on time t.

Bin LIU, (Peking University) Boundedness and quasi-periodic solutions in no April 10, 2018



Isochronous center: sigular case

@ We(Capietto and Liu) study the existence of quasi-periodic solutions
as well as boundedness of solutions for the equation

d’x
o Vi(x) = p(1);
where p is a n-periodic function and, for x > —1
1, 1
V(X)—§X++m—1, v > 0.

@ isochronous case: B. Liu(2009) considers the boundedness of
solutions for isochronous center with singular potential function

d?x
oz T Vx(x¥) +9(x) = p(1).
@ For example
x+1 1
V, = - .
)= A
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@ The lazer-Landesman condition

271' t t 271'
lim sin =) |sin = | dt
' fog(p"zl)"zl >

t
t+0)|sin=|dt
p—+o0 p( + )‘ ! 2’

0

is needed.
@ What will be happened if the above inequality is violated?
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The tool for the proof: Invariant curves for

area-preserving mapping

Consider the mapping
M: 61 =0+a(r)+€f(0,r), rn=r+eg(b,r),

where f, g are smooth functions and o’ # 0.
@ Question: Under what conditions on f, g, the mapping M has
invariant curves.
@ Example: g = 1, there is no invariant curves!
@ Condition: M is area-preserving.

@ Moser(1962) proved the existence of invariant curves for f and g
smooth.
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Assume that f and g are bounded in CP (p > 3). Then there exists ¢y > 0

such that the mapping M has an invariant curve in the domain R x [a, b] if
0<e<eg.

@ This theorem can be used to prove the boundedness of solutions and

the existence of quasi-periodic solutions for superlinear and sublinear
cases.

@ However, it seems that we cannot use it to study the same problem
for semilinear equations.
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Ortega(1999) study the following mapping

61 =60+ B+06l(6,r)+ 5f(6,r,9),
P { 1 pol(6.1) ( ) (0,r) e Rx [a,b],

ry =r+om(6,r)+6g(8,r,06),

where the functions I, m, f, g are 2r-periodic in 0, f(6,r,0) = g(8,r,0) = 0,
B is a constant, 0 < 6 < 1 is a small parameter.

Theorem

Assume that 3/2n is irrational and I(-,-), m(-,-), f(-,-,6),g(-,-,6) € C® and

1 (274l
E 6 E(O,r)d@io

Then there exists Ag > 0 such that the mapping Ms has an invariant curve
in the domain R x [a, b] if 0 < § < Ay.

v

Bin LIU, (Peking University) Boundedness and quasi-periodic solutions in no April 10, 2018 13/27



Theorem

Assume that 8 = 2nr and I(-,-), m(-,-), f(-,-,6), g(:, -, 6) € C®; furthermore,
suppose that

ol
| —
>0, ar >0,
and there is a function ®(0, r) such that
occe, Lo,
ar
od od
1(6,r)— 0,r)— =0.
(6.7) 5 +m(6.1)5 =0

Then there exists Ag > 0 such that the mapping Ms has an invariant curve
in the domain R x [a, b] if0 < 6 < Ay.

v
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The above two theorems can be generalized to quasi-periodic mappings.

61 =0+ B+ 610, r) + 6f(0,r,0),
5" { 1 P 6. ( ) (6,r) e R x [a,b],

ri=r+ém(0,r)+69(0,r,6),
where the functions I, m, f, g are quasi-periodic in 6 with the frequency w,
f(6,r,0) = g(#,r,0) = 0, Bis a constant, 0 < § < 1 is a small parameter.
Theorem

Assume that wq, ws, - - ,wn, 21/B are rationally independent,
I(-,-),m(-,-), f(-,-,6),9(,,6) e C°P (p>2r+1>2n+1) and

.
ol

lim = —(6,r)d6 # 0.

im j;ar(,r) #

Then there exists Ag > 0 such that the mapping Ms has an invariant curve
in the domain R x [a, b] if 0 < § < Ag. The invariant curve is quasi-periodic
with the frequency w.

v

Bin LIU, (Peking University) Boundedness and quasi-periodic solutions in no April 10, 2018 15/27



The functions | and m can be represented in the form

(6.r) =TO.0)+10.r) = > (r)e ™ + 3 f(r)eke

kezZM\K keK
_ Z I(k w)0 + ZI o Zjon/ﬂ lt’@
keZMK teZ
m(0,r) == m(0,r) +m(0,r) = > m(r)e kO 1+ 3 my(r)eike
keZM\K keK
= Z my(r)e" ke 4 Zm[ko(r)e(zjo”/ﬁ)ifg.
kezZMK (e’

6+p,r)=1(6.r), m(6+B.r)=m(6,r).
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@ Suppose that the functions I, m, f, g satisfy
I(-.)eCP™2 (p>2r+1>2n+1), 1(6,r)>0,

m(.,.), f(., .,5), g(-,-,6) e Pt
@ Thereis a function L(6,r) = L(6 + 3, r) satisfying
aL(6,r)

L e CPF?, > 0 (5)

i, r)%(e, ) + (6, r)%(e, N=o, 6)

and two numbers @ and b such that
a<a<b<b
and
Lmax(@) < Lmin(2) < Lmax(@) < Lmin(b) < Lmax(B) < Lmin(b),  (7)
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Lmin(r) == r;lilg L(6,r), Lmax(r):= max L(6,r).

Then there exists Ay > 0 such that if 6 < Ag, the mapping M; has an
invariant curve which is quasi-periodic with the frequency w=(w1, w2, - -+,
wn). The constants A depend only on a, b, a,b, I(6,r), m(6,r) and
L(6,r).
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Application

Consider the following equation
x"+axt—bx~=f(t), (8)

where a, b are two different positive constants, x™ = max{x, 0},
x~ = max{-x, 0}, f(t) is smooth quasi-periodic function with the frequency
w = (w1, w2, ,wn).
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Action and angle variables

Introduce a new variable y = x’, then (8) is equivalent to the following
planar system
x' =y,
_ 9)
y = —axT + bx~ +f(t).
Let C(t) be the solution of the initial value problem
X" 4+ axt — bx™ =0,
x(0) =1, x’(0) =0.
Then it is well known that C(t) € C2(R) which can be given by
cos Vat, it [0, 5%
— JEsin VB(Iti- 5%2). It e [55= %2 + 5%
Define S(t) be the derivative of C(t), then S(t) € C'(R) and
(i) C(=t) = C(t), S(-t) = =S(1).

(i) C(t) and S(t) are 2wqn-periodic functions, wy = %(‘/Lg + %).

c(t) =
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(iii) S2(t) + a(C* (1)) + b(C~(1))? = a.
For r > 0, 6 (mod 27), we define the following generalized polar
coordinates T : (r,0) — (x,y) as

X = Qr%C(woe),
y = or2 S(wob),

where o = 13270 It is easy to check that T is a symplectic transformation.
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system (9) is changed into the following generalized polar coordinate
system
0 = w:' - JoC(weh)f(t r‘1§,
o —200( ) (1) (10)
r' = wooS(web)f(t)rz.
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Now we change the role of the variable t and 6, and yields that

& = [wy' ~ LoC(wod)(t)r 2] . (11)
dr = wpoS(woeb)f( t)l’%[w51 - %QC(wOQ)f(t)I’_%]_1,

which is 2z-periodic in the new time variable 6. Let r, be a positive number
such that

w5' = o ¥c]i > o.

System (11) is well defined for r > r,. Let (t(9), r(Q)) be a solution of (11)
defined in a certain interval | = [6p, 61] and such that r(8) > r. for all @ in I.
The derlvatlve |s positive and the function t is a diffeomorphism from |
onto J = [to, t1] where t(6p) = to and t(61) = t;. The inverse function will
be denoted by 8 = 6(t). It maps J onto .
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The expression of the Poincaré map of (11)

The Poincaré map P of (11) has the expansion

1
t = to + 2wom + Jwio 1y 2foZHC(woe)f(l‘o + wob)dd + O(ry "),
P:

1 1 2 X
ri =12+ wiof; "H(to + wob) S(wo)d + O(ry ?).
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@ Assume that f has the following Fourier series

f(t) = > fee .
k

27
L(ty) = f f(to + wob)C(wof)do £ 0, forall L eR,  (12)
0

Iff(t) € CP (p > 2n + 1) satisfies (12), (k, wwo) ¢ Z for any k € Z"\{0}.
Then system (9) has infinitely many quasi-periodic solutions and all
solution are bounded.
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Theorem

Iff(t) € CP (p > 2n + 3) satisfies (12), (k, wwo) € Z for some k € Z".
Denote by K the lattice of Z" such that (k, wwg) € Z for k € K and
(k,wwop) ¢ Z for k ¢ K, by fr(t) the function

fie(t) = ) fek .

keK
Moreover, if
W2 21
dx(ty) = %f fi (to + wo0)C(woh)dO # 0, forall theR.
0

Then system (9) has many quasi-periodic solutions and all solutions are
bounded.
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Thank you'!
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